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A SIMPLE SCALAR DIRECTIONAL HARDENING MODEL FOR THE
BAUSCHINGER EFFECT COMPARED WITH A TENSORIAL MODEL

MARTIN KROON AND M. B. RUBIN

Modeling the Bauschinger effect is usually accomplished by introducing a second-order back-stress or
directional hardening tensor. The objective of this paper is to propose a simpler scalar model of the
Bauschinger effect based on a scalar directional hardening parameter that is determined by integration of
an evolution equation. The behavior of this scalar model is compared to a tensorial model for a number of
load cases. Strongly objective numerical algorithms are developed for integrating the evolution equations
for both the tensorial and scalar models. Also, a consistent tangent is developed for both models. Obvi-
ously, the numerical implementation of the scalar model is significantly less complicated than for the ten-
sorial model. Examples show that the tensorial and scalar models predict the same results for cyclic pro-
portional triaxial extension and triaxial compression loadings. In contrast, the tensorial model predicts a
Bauschinger effect for cyclic proportional pure torsion loading which is not predicted by the scalar model.
More complicated examples with nonproportional loading paths and inhomogeneous deformations indi-
cate that, relative to the tensorial model, the scalar model accounts for directional hardening fairly well
and the simplicity of the model makes it an attractive option to add to isotropic hardening models.

1. Introduction

The inelastic response of isotropic metals typically exhibits some form of hardening. The simplest
model for hardening introduces an isotropic hardening variable κ , which is determined by integrating
an evolution equation for its rate. Cyclic loading in uniaxial stress using a model with only isotropic
hardening indicates that the magnitude of stress in tension at the onset of unloading is the same as that in
compression at the onset of inelastic response during reverse loading. For many metals, however, cyclic
loading in uniaxial stress also exhibits a Bauschinger effect [Bauschinger 1881], which is observed as
a reduced magnitude of stress and a rounding of the stress-strain curve at the onset of reverse loading.
A review of aspects of the Bauschinger effect in metals up until 1979 can be found in [Sowerby et al.
1979]. There the physical reason for the Bauschinger effect is described as long range stresses caused by
inhomogeneous deformations of the grains that introduce directionality of the resistance to inelastic flow.

The introduction in [Langer et al. 2010] reviews comments by major researchers of hardening in met-
als who conclude that phenomenological models of hardening are necessary since a theory of hardening
based on first-principles has not been developed. Langer et al. [2010] then proceed to develop a theory that
characterizes the thermodynamically irreversible nature of dislocations which successfully predicts the
strain hardening of copper over a wide range of temperatures and strain rates. Specifically, they introduce
an effective temperature of dislocations and a second-law for externally driven systems within the context
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of homogeneous deformations. However, this theory is not relevant for quasistatic experiments. A recent
thermodynamical theory based on nonuniform plastic deformations, which account for excess disloca-
tions due to the incompatibility of plastic distortion, has been developed in [Le and Tran 2018]. This the-
ory explains that the Bauschinger effect is due to movement and annihilation of excess dislocations during
load reversal but it does not predict the observed smoothing of the stress-strain curve during load reversal.

Within the context of small deformations, [Prager 1949] used a yield function with the stress replaced
by the difference between the stress and a kinematic hardening parameter (sometimes referred to as
a back-stress) which he attributed to a conference abstract by Reuss [1935]. This model captures the
Bauschinger effect but it exhibits a sharp elastic-inelastic transition. An early model for cyclic loading
that captures the Bauschinger effect and smooths the elastic-inelastic transition with a finite number of
segments was introduced by Besseling [1958], who used a number of inelastic elements that are activated
at different stress levels. More modern phenomenological continuum models typically introduce kine-
matic hardening, with the yield surface being expressed as a function of the stress T minus back-stress
tensor β. The original report by [Armstrong and Frederick 1966] has been republished with a historical
introduction. Another feature of this formulation of kinematic hardening is that the inelastic deformation
rate is proportional to the difference between the stress and the kinematic hardening variable. This allows
the model to capture more complicated response for nonproportional loadings. A review of plastic and
viscoplastic response with kinematic hardening can be found in [Chaboche 2008].

Directional hardening is an alternative to kinematic hardening (e.g., [Bodner 1968]). In this model
an effective yield strength is determined by a function of the isotropic hardening variable and the inner
product of the stress with a symmetric directional hardening tensor β to account for different yielding
properties in different directions. Moreover, the inelastic deformation rate remains proportional to the
deviatoric stress. Within the context of the directional hardening formulation, the direction of the inelastic
deformation rate was modified in [Rubin and Bodner 1995] to include a component normal to the devia-
toric stress which produced a reduced modulus for nonproportional loading. For both of these directional
hardening models the rate of material dissipation remains nonnegative. In contrast, depending on the
formulation of kinematic hardening, the model can produce negative material dissipation for proportional
cyclic uniaxial stress loading if inelasticity occurs during unloading before the stress changes sign as the
material goes into reverse loading. A more recent alternative formulation to kinematic hardening, which
models the Bauschinger effect, can be found in [Barlat et al. 2011].

For large deformations with the back-stress tensor β being subtracted from the Cauchy stress T in the
yield function it is necessary to propose an evolution equation for β which ensures that β rotates like
T under Superposed Rigid Body Motions (SRBM). This means that the modeling includes an inelastic
spin tensor that needs a constitutive equation (e.g., [Bammann 1990]).

To model more complicated multiaxial response, [Armstrong and Frederick 1966] introduced an
effective kinematic hardening tensor as the sum of a number of hardening tensors which each were
determined by evolution equations. Similarly, motivated by the work in [Hollenstein et al. 2013], which
proposed a large deformation model with a smooth elastic-inelastic transition for both rate independent
and rate-dependent response, LS-DYNA [Gladman 2018] developed a generalized model (MAT_275)
which includes a number of elastic distortional deformation tensors to model more complicated inelastic
effects for cyclic and multiaxial loadings with relaxation.
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The objective of this paper is to propose a simplified scalar model for the Bauschinger effect which
introduces a scalar evolution equation for a directional hardening parameter β. The responses of this
scalar model are compared with those of a tensorial model which introduces an evolution equation for
a directional hardening tensor β. The simplified scalar model predicts the same results as the tensorial
model for cyclic proportional triaxial extension and triaxial compression loadings. However, in contrast
with the tensorial model, the scalar model cannot predict the Bauschinger effect for cyclic proportional
pure torsion loading. Robust and strongly objective numerical integration algorithms are developed for
both the scalar model and tensorial models. In this regard, it is recalled [Rubin and Papes 2011] that
an algorithm will be strongly objective if all of the numerical estimates of tensorial quantities satisfy
the same transformation relations under SRBM as the exact tensorial measures. Moreover, it is shown
that the scalar model predicts nearly the same effective yield strength contours as the tensorial model for
example problems with nonproportional loading and inhomogeneous deformation.

An outline of this paper is as follows: Section 2 provides an outline of the general theoretical frame-
work to be used, whereas Section 3 describes the details of the different hardening models employed.
Section 4 summarizes the objectivity properties of relevant entities in the theoretical framework, and
Section 5 contains a description of a strongly objective numerical integration procedure for the state
variables, including an algorithmic tangent stiffness. A number of numerical examples are provided in
Section 6, and a discussion and some concluding remarks are given in Section 7.

2. Basic equations

Let x and v = ẋ denote the position and velocity, respectively, of a material point in the current config-
uration at time t , where (̇ ) denotes the material time derivative. Then, the velocity gradient is given by
L = ∂v/∂x, and the rate of deformation D and the spin W are defined by

L = D+W , D = 1
2(L+ LT ), W = 1

2(L− LT ). (1)

The need for an Eulerian formulation of evolution equations for finite deformation elastic-inelastic
response has been discussed in a series of papers (e.g., [Rubin and Attia 1996; Rubin 2012]). This
Eulerian formulation is insensitive to the choice of reference configuration, an intermediate configuration,
a total deformation measure and an inelastic deformation measure. Eckart [1948] seems to be the first to
propose an evolution equation directly for elastic deformation that is used to determine stress for finite
elastic-inelastic deformations of solids. Leonov [1976] proposed similar equations for polymeric liquids.

Within the context of the Eulerian formulation of isotropic, hyperelastic-inelastic materials, Rubin and
Attia [1996] proposed evolution equations for an elastic dilatational deformation Je and a symmetric,
positive-definite, unimodular second order elastic distortional deformation tensor B̄e. In the absence of
inelastic dilatational deformation, the elastic dilatation is defined by

Je = ρz/ρ (2)

with ρ being the current mass density and ρz being its zero-stress value. Furthermore, the evolution
equations for these quantities were proposed in the forms

J̇e

Je
= D : I, ˙̄Be = L B̄e+ B̄e LT

−
2
3(D : I)B̄e−0Ap, Ap = B̄e−

(
3

B̄−1
e : I

)
I, (3)
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where the scalar function 0 ≥ 0 controls the magnitude of inelastic distortional deformation rate, and the
tensor Ap controls the direction of inelastic distortional deformation rate. This form ensures that inelastic
deformation rate causes a tendency for B̄e to approach the identity I and for B̄e to remain a unimodular
tensor. The evolution equation for Je is appropriate for nonporous metals with no inelastic dilatation rate
and can be determined by the conservation of mass equation. Also, A : B = tr(ABT ) denotes the inner
product of two second order tensors A and B and I is the second order unit tensor.

The formulation in [Rubin and Cardiff 2017] simplifies that in [Simo 1992, 2.19a] and [Simo 1998,
§50] and recorded in [Simo and Hughes 1998, Box 9.1], which corrected that proposed in [Simo 1988,
Table 1]. Specifically, for a neo-Hookean material, the strain energy function 6 per unit mass can be
specified in the form

ρz6 =
1
2 K (Je− 1)2+ 1

2µ(α1− 3), (4)

where K and µ are the zero-stress bulk and shear modulus, respectively, and the first invariant α1 of the
elastic distortional deformation tensor B̄e satisfies the equations

α1 = B̄e : I ≥ 3, α̇1 = 2B̄′e : D−0Ap : I, (5)

where a superscript prime (•)′ is added to the symbol of a tensor to denote its deviatoric part. For example,
the deviatoric part B̄′e of B̄e is defined by

B̄′e = B̄e−
1
3(B̄e : I)I . (6)

It follows that the Cauchy stress T associated with this strain energy function is given by

T =−p I + T ′, p =−ρz
∂6

∂ Je
= K (1− Je), T ′ = 2J−1

e ρz
∂6

∂α1
B̄′e = J−1

e µB̄′e. (7)

Also, the rate of material dissipation D automatically satisfies the restriction that

D = T : D− ρ6̇ = 1
2 J−1

e µ0Ap : I ≥ 0. (8)

Next, consider a yield function of the form

g = 1−
Hκ
γe

, (9)

with g < 0 implying elastic response, and g = 0 defining the elastic-inelastic boundary. In this yield
function, the effective elastic distortional strain γe is defined by

γe =
1
2

√
3
2 B̄′e : B̄′e . (10)

In the expression (9) for the yield function g, κ is a positive measure of isotropic hardening that is
determined by integrating an evolution equation (16) defined later and H is a scalar measure of directional
hardening defined later in (19) for the tensorial model or in (25) for the scalar model.

A simple rate-independent version of the smooth elastic-inelastic transition model proposed in [Hol-
lenstein et al. 2013] is obtained by using the yield function g in (9) and specifying the function 0 in the
form

0 = b1ε̇〈g〉, b1 > 0, (11)
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where b1 is a constant that controls the smoothness of the elastic-inelastic transition, the effective total
distortional rate of deformation ε̇ is defined by

ε̇ =

√
2
3 D′ : D′, (12)

with the Macaulay brackets 〈g〉 defined by

〈g〉 =max(g, 0). (13)

From (3) and (11) it is observed that the material response is elastic when the inelastic deformation rate
vanishes (g ≤ 0) and is inelastic with an overstress when g > 0. Moreover, this model does not require
loading and unloading conditions. Large values of b1 reduce the magnitude of the overstress with the
response asymptotically approaching that predicted by standard loading and unloading conditions with
no overstress (g ≤ 0) in the limit that b1→∞.

Even though a measure of plastic deformation is not necessary in the present Eulerian formulation,
an equivalent plastic deformation may still be introduced to identify regions in a structure which have
experienced inelastic deformation. It can be shown that for small deformations, the inelastic distortional
deformation rate can be approximated by

ε̇p ≈
1
20 B̄′e. (14)

Then, the equivalent inelastic deformation rate is defined as

ε̇p =

√
2
3 ε̇p : ε̇p =

1
20

√
2
3 B̄′e : B̄′e =

2
30γe. (15)

3. Models for hardening

3.1. Prerequisites. A combination of isotropic and directional hardening is used. The same model for
isotropic hardening is used throughout this work, whereas two formulations of directional hardening
models are explored:

(a) a formulation using a second-order directional hardening tensor β, and

(b) a formulation using a single scalar state variable β.

3.2. Isotropic hardening. For all models discussed in this paper, the isotropic hardening variable κ is
determined by the evolution equation [Chan et al. 1988]

κ̇ = m10(κs− κ)−m2(κ − κa), 0 ≥ 0, m1 ≥ 0, m2 ≥ 0, κa ≤ κ ≤ κs > 0. (16)

This evolution equation includes a competition of strain hardening rate and thermal recovery rate. Strain
hardening causes a tendency for κ to approach its saturated value κs with its rate controlled by the
constant m1. Thermal recovery causes a tendency for κ to approach its fully annealed value κa with its
rate controlled by the constant m2.
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3.3. A tensor-based model for directional hardening. A formulation of directional hardening, using
a second-order tensor, is now presented. To distinguish between the different models for directional
hardening, the present model is termed “Model T” (“T” for “tensor”). Motivated by the work in [Chan
et al. 1988], the evolution equation for the directional hardening tensor β is proposed in the form

β̂ = m30(βsU −β)−m4β, 0≤ βs < 1, m3 ≥ 0, m4 ≥ 0, (17)

where β̂ denotes the objective Jaumann derivative and is defined by

β̂ ≡ β̇ − (Wβ +βW T ). (18)

The function H , which accounts for directional hardening in the yield function (9), is specified by

H = HT = 1+β : U . (19)

In these equations, β is a symmetric, deviatoric, directional hardening tensor, U is defined by the direction
of the deviatoric elastic distortional deformation tensor B̄′e, such that

βT
= β, β : I = 0, U =

B̄′e
|B̄′e|

, U T
= U, U : I = 0, U : U = 1. (20)

Hence, the value of HT in (19) depends on the magnitude of β and on its direction relative the tensor U .
In particular, it can be seen that the evolution equation (17) causes a competition of β increasing towards
the value βsU , with the rate controlled by m3 and thermal recovery with the rate controlled by m4. This
evolution equation causes HT to satisfy the restriction

0< 1−βs ≤ HT ≤ 1+βs, (21)

which ensures that the resistance Hκ to inelastic deformation rate in (9) remains positive for positive κ .

3.4. A scalar-based model for directional hardening. The scalar-based model for directional hardening
is now outlined, and this model is termed “Model S” (“S” for “scalar”). A state variable β is introduced,
whose evolution is given by

β̇ = m30(βsU −β)−m4β, −βs ≤ β ≤ βs, (22)

where the constants m3,m4 and βs satisfy the restrictions in (17), and the Lode parameter U is defined
by

U =


0 for γe = 0,
27 det(T ′)

2σ 3
e
=

27 det B̄′e
16γ 3

e
for γe > 0,

− 1≤U ≤ 1. (23)

Next, introducing the Lode angle ϑ by the expressions

sin(3ϑ)=U, − 1
6π ≤ ϑ ≤

1
6π , (24)

and motivated by the simple failure surface developed in [Rubin 1991], the function H in (9) is specified
by the form

H = HS = 1+βU. (25)
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Figure 1. Normalized yield surfaces displayed in the τ3-τ1-plane for ϑ ∈
[
−

1
6π,

1
6π
]
:

the von Mises curve (solid blue line) and an example of a curve with accumulated direc-
tional hardening (dashed blue line).

This gives the values

HS
(
ϑ = 1

6π
)
= 1+β, HS(ϑ = 0)= 1, HS

(
ϑ =− 1

6π
)
= 1−β. (26)

3.5. Graphical representations of models for directional hardening. Following [Rubin 1991], three
special load cases are identified:

• triaxial extension (TXE), U = 1, ϑ = 1
6π ,

• pure torsion (TOR), U = 0, ϑ = 0,

• triaxial compression (TXC), U =−1, ϑ =− 1
6π .

Notice that the sign of ϑ is opposite to that defined in [Rubin 1991].
The loading state is characterized by B̄′e, whose ordered eigenvalues are denoted by B̄ ′e1, B̄ ′e2, and B̄ ′e3,

with B̄ ′e1 ≥ B̄ ′e2 ≥ B̄ ′e3. The three load states introduced above are then characterized by

• TXE: B̄ ′e1 =
4
3γe, B̄ ′e2 = B̄ ′e3 =−

2
3γe,

• TOR: B̄ ′e1 =
2
√

3
γe, B̄ ′e2 = 0, B̄ ′e3 =−

2
√

3
γe,

• TXC: B̄ ′e1 = B̄ ′e2 =
2
3γe, B̄ ′e3 =−

4
3γe.

The yield function may be illustrated by its contour in the synoptic (or octahedral) plane, whose unit
normal is given by the vector 1

√
3
( p1+ p2+ p3), where pi are the orthonormal eigenvectors of B̄′e. Again,

following [Rubin 1991], two orthogonal unit vectors in the synoptic plane are defined as

ē3 =
1
√

2
( p1− p3), ē1 =

1
√

6
(− p1+ 2 p2− p3). (27)

The yield surface can be described by the vector bs, defined as

bs = B̄′e
[ 1
√

3
( p1+ p2+ p3)

]
=

2
√

2 κ
3

(τ3 ē3+ τ1 ē1), (28)

where
τ3 = H(ϑ) cosϑ, τ1 = H(ϑ) sinϑ. (29)
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Figure 2. Yield surfaces for directional hardening displayed in the τ3-τ1-plane for ϑ ∈[
−

1
6π,

1
6π
]

for different values of β.

(It is noted that µbs/Je is the shearing component of the traction vector applied to the synoptic plane.)
With the specification γe = κH(ϑ), the vector bs in (28) describes the contour of the yield surface in the
synoptic plane; see Figure 1.

The state variable κ governs the isotropic expansion (or contraction) of the yield surface in the synoptic
plane, whereas evolution of β and β cause directional hardening, i.e., different hardening for different
loading modes.

The following discussion starts with the scalar-based model for directional hardening. Figure 2 shows
contours of the normalized yield surface in the τ3-τ1-plane for different values of β. From this figure
it can be seen that loading in uniaxial tension (TXE), causes an increase in β and thereby increased
hardening for loading modes with ϑ > 0 and softening for ϑ < 0. Loading in uniaxial compression
(TXC) causes the opposite tendency. For the model S, the normalized yield surface is pivoting around
the yield point at ϑ = 0 (TOR), which remains unaffected by directional hardening.

The yielding contour of the tensor-based model is illustrated by considering two cases of accumulated
directional hardening β: one case where the material has experienced uniaxial tension, such that

βTXE
i j =

√
2
3β

1 0 0
0 −1

2 0
0 0 −1

2

 , (30)

and one case where the material has experienced pure torsion, i.e.,

βTOR
i j =

1
√

2
β

0 1 0
1 0 0
0 0 0

 . (31)

Above, βi j denotes the Cartesian components of β, and β is a scalar. The yield contour is then described
by considering load states characterized by

Ui j =

ξ ζ 0
ζ − 1

2ξ 0
0 0 −

1
2ξ

 , 3ξ 2
+ 4ζ 2

= 2, (32)
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Figure 3. Yield surfaces for directional hardening predicted by the tensorial model T
and displayed in the τ3-τ1-plane for ϑ ∈

[
−

1
6π,

1
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]

for different values of β. Left: βTXE.
Right: βTOR.

where Ui j are the Cartesian components of U . By definition, U : U = 1, implying that (32)2 must hold,
and that −

√
2
3 ≤ ξ ≤

√
2
3 and − 1

√
2
≤ ζ ≤ 1

√
2
.

A loading path is now considered where the material starts in a state of uniaxial tension, passes through
a state of pure torsion, then through a state of biaxial tension, then again through a state of pure torsion
but with the opposite sign of the shearing, and finally back to uniaxial tension. The path of U thus passes
through the points

ξ =

√
2
3 , ζ = 0 (TXE),

ξ = 0, ζ = 1
√

2
(TOR),

ξ =−

√
2
3 , ζ = 0 (TXC),

ξ = 0, ζ =− 1
√

2
(TOR),

ξ =

√
2
3 , ζ = 0 (TXE).

(33)

The outcome is shown in Figure 3, where solutions for different values of β are shown. The black
dots indicate the starting point (TXE) of the path, and the arrows indicate the direction of the path. For
β = βTXE, the material has experienced directional hardening and softening for loads with ϑ > 0 and
ϑ < 0, respectively, whereas the yield point for pure torsion remains unaffected. This behavior is similar
to the scalar model S, as seen from Figure 2, even though the functional forms are not identical.

For a material that has experienced pure torsion, i.e., β = βTOR, yield contours are shown in Figure 3,
right. From this figure it can be seen that torsion with a positive shearing component causes hardening in
this torsion direction and softening for shearing in the opposite direction (i.e., with a negative shearing
component). Yielding in TXE and TXC remains unaffected. This ability to distinguish between positive
and negative shearing sets the tensor-based model apart from the scalar-based model, which is not able
to make this distinction.
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4. Invariance under Superposed Rigid Body Motions (SRBM)

Under Superposed Rigid Body Motions (SRBM) a quantity like the stress tensor T transforms to T+,
where a superscript (+ ) is added to indicate the value of a quantity in the superposed configuration. In
the above equations all scalars are uninfluenced by SRBM and the tensors D, B̄e, T ,β and the Jaumann
rate β̂ satisfy the transformation relations

D+ = Q D QT , B̄+e = Q B̄e QT , T+ = QT QT , β+ = Qβ QT , β̂+ = Qβ̂ QT , (34)

where Q(t) is an arbitrary proper orthogonal tensor function of time t only. It follows that the evolution
equation (3) for B̄e and (17) for β remain form-invariant under SRBM.

5. Numerical integration algorithms

5.1. Preliminaries. This section discusses numerical algorithms to integrate the evolution equations (3)
for Je and B̄e as well as the evolution equations (16) for isotropic hardening (κ), (17) for the tensorial
measure β of directional hardening for the tensor-based model and (22) for the scalar measure β of
directional hardening for the scalar-based model. These equations also use the yield function g in (9),
the effective elastic distortional strain γe in (10), the rate of inelasticity 0 in (11) and the effective total
distortional deformation rate ε̇ in (12). Also, the constitutive equation for the Cauchy stress T is given
in (7). Specifically, for the integration algorithms it is assumed that the values Je(tn), B̄e(tn), κ(tn) and
β(tn) or β(tn) are known at the beginning of the time step t = tn . The numerical algorithms determine
the values Je(tn+1), B̄e(tn+1), κ(tn+1) and β(tn+1) or β(tn+1) at the end of the time step t = tn+1 with
increment 1t = tn+1− tn .

Motivated by the work in [Simo 1988; Rubin and Papes 2011], recall that the relative deformation
gradient Fr from the time t = tn , the relative dilatation Jr and the unimodular relative deformation
gradient F̄r, satisfy the equations

Ḟr = L Fr, Fr(tn)= I,

Jr = det Fr, J̇r = Jr(D : I), Jr(tn)= 1,

F̄r = J−1/3
r Fr,

˙̄Fr = L′ F̄r, F̄r(tn)= I .

(35)

In [Rubin 2020], a strongly objective estimate D̃ of the average deformation rate over the time step
was developed and is given by

D̃ =
1

31t
ln[Jr (tn+1)]I + D̃′, D̃′ =

1
21t

[
I −

{
3

B̄−1
r (tn+1) : I

}
B̄−1

r (tn+1)

]
, (36)

where B̄r(tn+1)= F̄r(tn+1)F̄T
r (tn+1). Moreover, using this expression the average effective total distor-

tional deformation rate ε̇ during the time step is approximated by

ε̇ ≈ ˙̃ε =

√
2
3 D̃′ : D̃′. (37)

5.2. Integration of Je, B̄e, κ , and εe
p. It is recalled from [Rubin and Cardiff 2017] that the exact solution

for Je is given by
Je(tn+1)= Jr(tn+1)Je(tn). (38)
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Also, using the elastic trial B̄∗e
B̄∗e = F̄r B̄e(tn)F̄T

r , (39)

it can be shown that its deviatoric part B̄′∗e satisfies the evolution equation

˙̄B′∗e = L′ B̄∗e + B̄∗e L′T − 2
3(B̄

′∗

e : D′)I . (40)

Also, taking the deviatoric part of the evolution equation (3) requires B̄′e to satisfy the evolution equation

˙̄B′e = L′ B̄e+ B̄e L′T − 2
3(B̄

′

e : D′)I −0 B̄′e . (41)

Then, approximating this equation by

˙̄B′e =
˙̄B′∗e −0 B̄′e, (42)

and using a backward Euler approximation of the derivative yields the solution

B̄′e(tn+1)=
B̄′∗e (tn+1)

1+10
= λB̄′∗e (tn+1), (43)

where 10 is defined by
10 =1t0(tn+1), (44)

and 0(tn+1) is the value of function 0 defined in (11) at the end of the time step. It can be seen that the
solution (43) is similar to the radial return algorithm proposed by [Wilkins 1963] with the final value of
elastic distortional deformation being a scalar time its elastic trial value. Once B̄′e(tn+1) is known, the
value B̄e(tn+1) can be determined by solving the cubic equation

det
[ 1

3α1 I + B̄′e(tn+1)
]
= 1 (45)

for α1, as discussed in [Rubin and Attia 1996; Hollenstein et al. 2013].
The evolution equation (16) for the isotropic hardening variable κ can be integrated using an backward

Euler estimate of the derivative to obtain

κ(tn+1)=
κ(tn)+m110κs+1tm2κa

1+m110+1tm2
. (46)

Also, the equivalent inelastic strain is determined by integrating the evolution equation

εp(tn+1)= εp(tn)+ 2
310λγ

∗

e . (47)

5.3. Integration of β. Using the Jaumann derivative (18), the evolution equation for the deviatoric tensor
β can be written in the form

β̇ =Wβ +βW T
+m30(βsU −β)−m4β. (48)

Now, following the work in [Rubin 2020], it is convenient to introduce the elastic trial value β∗, which
is the solution for β in the absence of inelasticity and thermal recovery, i.e.,

β̇∗ =Wβ∗+β∗W T
= Lβ∗+β∗LT

−
2
3(β
∗
: D)I − R, β∗(tn)= β(tn), (49)
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with

R = R(β∗, D)= Dβ∗+β∗D− 2
3(β
∗
: D)I . (50)

Equation (48) can then be approximated by

β̇ ≈ β̇∗+m30(βsU −β)−m4β . (51)

To solve (49), it is also convenient to introduce the auxiliary deviatoric tensor β ′, which satisfies the
equations

β = Frβ(tn)FT
r , β ′(tn)= β(tn),

˙
β ′ = Lβ ′+β ′LT

−
2
3(β
′
: D)I, (52)

and rewrite (49) in the approximate form

β̇∗ ≈
˙
β ′− R(β ′, D). (53)

Using a backward Euler approximation of the derivatives, (53) is integrated to obtain

β∗(tn+1)≈ α(β
′(tn+1)−1R), 1R =1t R(β ′(tn+1), D̃), α =

|β(tn)|

|β ′(tn+1)−1R|
, (54)

where the scalar α is a correction factor that ensures that the elastic trial β∗(tn+1) is consistent with a
pure rotation, since it has the same magnitude as β(tn).

Also, with the help of (20) and (43) it can be shown that

U(tn+1)= U∗ =
B̄′∗e
|B̄′∗e |

=

√
3
8

B̄′∗e
γ ∗e
, (55)

with

γ ∗e =
1
2

√
3
2 B̄′∗e : B̄′∗e . (56)

Finally, using a backward Euler approximation of the derivative in (51), the value β(tn+1) is determined
by

β(tn+1)=
β∗(tn+1)+m3βs10U(tn+1)

1+m310+m41t
, (57)

where 10 is defined by (44).

5.4. Integration of β. Using the fact that the Lode parameter U defined in (23) has the same value at
the end of the time step as its value based on the elastic trial solution

U (B̄′e(tn+1))=U∗(B̄′∗e )=
27 det B̄′∗e

16γ ∗3e
, (58)

the evolution equation (22) for the directional hardening parameter β can be integrated to obtain

β(tn+1)=
β(tn)+m3βs10U (tn+1)

1+m310+m41t
. (59)
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5.5. Determination of 10. The numerical approximations of the state variables above depend on the
increment 10, which has not been specified yet. If γ ∗e ≤ κ

∗H∗, where κ∗ and H∗ denote the values
of κ(tn+1) and H(tn+1) evaluated for 10 = 0, then the step is elastic and 10 = 0 holds. On the other
hand, if γ ∗e > κ

∗H∗, then the step is inelastic, and 10 needs to be determined by solving (44), which
implicitly defines 10, since the right-hand side of (44) is a function of the updated state variables that
in turn depend on 10. In the present work, (44) is solved through a Newton–Raphson scheme.

5.6. Strong objectivity. These numerical estimates Je(tn+1), B̄e(tn+1), κ(tn+1), β(tn+1) and β(tn+1) are
strongly objective in the sense discussed in [Papes 2012] and [Rubin and Papes 2011] since they satisfy
the same transformation under SRBM as the exact values

J+e (tn+1)= Je(tn+1), B̄+e (tn+1)= Q B̄e(tn+1)QT , (60)

κ+(tn+1)= κ(tn+1), β+(tn+1)= Qβ(tn+1)QT , β+(tn+1)= β(tn+1), (61)

for arbitrary SRBM.

5.7. Algorithmic tangent stiffness. In the derivation of the algorithmic (consistent) tangent stiffness
below, entities are understood as pertaining to the end of the time step, i.e., t = tn+1, unless otherwise
specified. To simplify the notation, two tensor operators are introduced:

(Q⊗ R)i jkl = Qi j Rkl, (62)

(Q⊕ R)i jkl =
1
2(Qik R jl + Ril Q jk). (63)

The Kirchhoff stress is given by τ = JeT and is a function of Fr. The variation of τ is given by

δτ =
∂τ

∂Fr
: δFr =

[(
∂τ

∂Fr

)
FT

r

]
: (δFr F−1

r ). (64)

The consistent tangent modulus, C, is then identified as

C=
1
Je

(
∂τ

∂Fr

)
FT

r =
1
Je

[
K I ⊗

∂ Je

∂Fr
+µ

(
∂ B̄′e
∂Fr

)]
FT

r . (65)

A few simplifications are made when deriving the consistent tangent modulus. In practice, the fac-
tor α in (54) is close to unity, and the influence of α on the algorithmic stiffness is therefore ignored.
Furthermore, the approximation of D is replaced by the simpler expression [Hollenstein et al. 2013]

D ≈ 1
21t

(Br− I), (66)

where Br = Fr FT
r . However, the forms (36) and (54) are used in evaluating the constitutive equations.

Recalling that the current value of Je is given by Je = Je(t1)Jr, it follows that

∂ Je

∂Fr
FT

r = Je(t1)
∂ Jr

∂Fr
FT

r = Je(t1)Jr F−T
r FT

r = Je I . (67)

The second term in (65) is given by(
∂ B̄′e
∂Fr

)
FT

r = ∂(λB̄′∗e )∂Fr FT
r =−λ

2 B̄′∗e ⊗
(
∂(10)

∂Fr
FT

r

)
+ λ

(
∂ B̄′∗e
∂Fr

)
FT

r . (68)



524 MARTIN KROON AND M. B. RUBIN

For the last derivative in the expression above, it is first noted that(
∂ B̄∗e
∂Fr

)
=−

2
3 B̄∗e ⊗ F−T

r +
1

J 2/3
r

∂[Fr B̄e(t1)FT
r ]

∂Fr
, (69)

and that
∂[Fr B̄e(t1)FT

r ]

∂Fr
= 2(I ⊕ Fr)B̄e(t1). (70)

A fourth-order tensor D1 is then defined as

D1 =

(
∂ B̄′∗e
∂Fr

)
FT

r = 2I ⊕ B̄∗e −
2
3(I ⊗ B̄∗e + B̄∗e ⊗ I)+ 2

9(B̄
∗

e : I)I ⊗ I . (71)

Differentiation of 10 in (44) yields(
1+ λζ1+

ζ1ζ2

κ

)
δ(10)=

10

ε̇
δε̇+

ζ1

γ ∗e
δγ ∗e −

ζ1

H
δH, (72)

where

δε̇ =
2
3ε̇

D′ :
(
∂D′
∂Fr

)
: δFr, (73)(

∂D′
∂Fr

)
=

1
1t

(
I ⊕ Fr−

1
3 I ⊗ Fr

)
, (74)

δγ ∗e =
3

8γ ∗e
B̄′∗e :

(
∂ B̄′∗e
∂Fr

)
: δFr, (75)

and

ζ1 =
b1ε̇1tκH

γe
, ζ2 =

dκ
d(10)

=
m1(κs− κ)

1+m110+m21t
. (76)

For the scalar model (model S) it follows that

δH = δHS =Uδβ +βδU =Uζ3δ(10)+ (β + ζ4U )δU, (77)
where

ζ3 =
dβ

d(10)
=

m3(βsU −β)
1+m310+m41t

, ζ4 =
m3βs10

1+m310+m41t
, (78)

and

δU = MS :

(
∂ B̄′∗e
∂Fr

)
: δFr, (79)

where

MS =U
(

B̄′∗−1
e −

9
8γ ∗2e

B̄′∗e

)
. (80)

For the tensorial model (model T) it follows that

δH = δHT = U : δβ +β : δU = ζ5U : δβ∗+U : MTδ(10)+ (β + ζ4U) : δU, (81)
where

ζ5 =
1

1+m310+m41t
, MT =

m3(βsU −β)
1+m310+m41t

. (82)
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Moreover, we have

δβ∗ =
(
∂β∗

∂Fr

)
: δFr,(

∂β∗

∂Fr

)
=
(
2I − 1

2 Br
)( ∂β ′
∂Fr

)
+

1
3 I ⊗[Br :

(
∂β ′

∂Fr

)
+ 2β ′Fr] − I ⊕ (β ′Fr)−β

′
⊕ Fr, (83)(

∂β ′

∂Fr

)
= 2

(
I ⊕ Fr−

1
3 I ⊗ Fr

)
β(tn), (84)

δU =MT :

(
∂ B̄′∗e
∂Fr

)
: δFr, (85)

MT =

√
3
8

1
γ ∗e

(
I−

3
8γ ∗2e

B̄′∗e ⊗ B̄′∗e

)
, (86)

where I= I ⊕ I is the fourth-order unit tensor. This finally gives

∂(10)

∂Fr
FT

r = H =
κ

ζ6

{
210Hγ ∗2e

3
D′ : D2+ ζ1ε̇

2
[3H

8
B̄′∗e − γ

∗2
e N1,S/T

]
: D1− N2,S/T

}
, (87)

where

ζ6 = ε̇
2γ ∗2e (κH + ζ1λκH + ζ1ζ2 H + NS/T), (88)

D2 =

(
∂D′
∂Fr

)
FT

r =
1
1t
[
I ⊕ Br−

1
3 I ⊗ Br

]
, (89)

NS = ζ1ζ3κU, NT = ζ1κU : MT, (90)

N1,S = (β + ζ4U )MS, N1,T = (β + ζ4U) :MT, (91)

N2,S = 0, N2,T = ζ1ζ5ε̇
2γ ∗2e U : D3, (92)

D3 =

(
∂β∗

∂Fr

)
FT

r = 4
(
I ⊕β − 1

3 I ⊗β
)
+ I ⊕ (β ′Br+ Brβ

′)

+β⊕ Br+ Br⊕β −
2
3 Br⊗β +

2
3 I ⊗ (B′rβ +β

′Br). (93)

Above, the entities (•)S/T take on the values (•)S and (•)T for model S and model T, respectively. It then
follows that (

∂ B̄′e
∂Fr

)
FT

r = H= λ

(
∂ B̄′∗e
∂Fr

)
FT

r − λ
2 B̄′∗e ⊗

∂(10)

∂Fr
FT

r = λD1− λ
2 B̄′∗e ⊗ H . (94)

The total mechanical stiffness is then given by

C= K I ⊗ I + µ

Je
H. (95)

6. Examples

6.1. Prerequisites. The stress response and evolution of relevant state variables for different loading
paths and cases are now considered. The components, Ti j of the stress tensor T referred to the fixed



526 MARTIN KROON AND M. B. RUBIN

rectangular Cartesian base vectors ei are defined by

Ti j = T : ei ⊗ e j , (96)

with a⊗ b denoting the tensor product between the two vectors a and b. The following examples consider
steel at room temperature with thermal recovery inactive so that

m2 = m4 = 0. (97)

In addition, the material is assumed to be initially in a zero-stress fully annealed state with the initial
conditions specified by:

Je(0)= 1, B̄e(0)= I, κ(0)= κa, β(0)= 0, β(0)= 0. (98)

6.2. Cyclic uniaxial stress loading — comparison with experiments. For cyclic uniaxial stress loading,
the deformation gradient F is specified by

F = ae1⊗ e1+ b(e2⊗ e2+ e3⊗ e3), (99)

where a is the stretch in the loading direction and b is the lateral stretch. The axial stretch a is a specified
function of time only and the lateral stretch b is determined by the lateral boundary condition

T22 = 0, (100)

where it is noted that T33 = T22 for this deformation.
Figure 4 considers uniaxial tension to different extensions a − 1 followed by reverse loadings into

compression. The experimental data for austenitic stainless steel (316L) at room temperature is taken
from [Choteau et al. 2005] and is denoted by symbols. It should be noted that for this case of uniaxial
stress, models T and S predict exactly the same response for the same material constants. The following
model material constants

µ= 69 GPa, K = 167 GPa, b1 = 2.5 · 103, m1 = 0.0017,

κa = 0.0012, κs = 0.01, m3 = 0.15, βs = 0.35,
(101)

have been calibrated, and the results in Figure 4 show excellent comparison of model predictions to the
experimental data.

6.3. Cyclic loading with simple deformation modes. For the remaining examples in this paper, the ma-
terial constants are specified by

µ= 77 GPa, K = 167 GPa, b1 = 105, m1 = 0.001,

κa = 0.002, κs = 0.012, m3 = 0.2, βs = 0.3.
(102)

Also, in this subsection attention is limited to isochoric deformation with the deformation gradient F
specified by

F = ae1⊗ e1+

(
aγ e1+

1
√

a
e2

)
⊗ e2+

1
√

a
e3⊗ e3, Je = det F = 1, (103)
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Figure 4. Material response for cyclic uniaxial stress with loading up to different max-
imum extensions a− 1 followed by reversed loading; data from [Choteau et al. 2005]
(symbols) for austenitic stainless steel (316L) together with the calibrated model re-
sponses (solid lines).

where a and γ are functions of time only. Using this expression it can be shown that the rate of defor-
mation tensor D and the spin tensor W can be expressed in the forms

D = ȧ
a
[
e1⊗ e1−

1
2(e2⊗ e2+ e3⊗ e3)

]
+

1
2a3/2γ̇ (e1⊗ e2+ e2⊗ e1),

W = 1
2a3/2γ̇ (e1⊗ e2− e2⊗ e1).

(104)

From these expressions is can be seen that a controls the rates of stretching of material fibers and γ
controls shearing.

Two modes of simple deformation are considered:

(1) cyclic isochoric extension and contraction, and

(2) simple shear.

For cyclic isochoric extension and contraction, a and γ are specified by

a = 1+ 0.1 sin(2π t), γ = 0. (105)

In particular, for this loading it can be shown that

B̄e = a2
e e1⊗ e1+

1
ae
(e2⊗ e2+ e3⊗ e3),

N ′ =
√

2
3

[
e1⊗ e1−

1
2(e2⊗ e2+ e3⊗ e3)

]
, (106)

B̄′e = Be N ′, Be =

√
2
3

(
a2

e −
1
ae

)
,

U = sign(Be), U =U N ′, β = βN ′,
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Figure 5. Isochoric extension and contraction: model T (solid blue lines) and S (dashed
red lines). Left: stress-strain response. Right: evolution of βU and β : U vs. strain.

where the function sign(x) is defined by

sign(x)=


−1 for x < 0,

0 for x = 0,
1 for x > 0.

(107)

Using these expressions with U and U being constants, it follows that the tensorial evolution equation
(48) for β yields the same equation for β as the scalar equation (22). Also, the expressions (19) for
the tensorial model and (25) for the scalar model yield the same value of H . Consequently, the two
models yield exactly the same results for cyclic isochoric extension and contraction. This is illustrated in
Figure 5. The tensorial model and the scalar-based model predict exactly the same stress-strain response
in Figure 5, left, and also the same evolution for H in Figure 5, right. Even though it is not evident from
Figure 5, right, it should be noted that the evolution of β vanishes during elastic deformation.

The main difference between the scalar model of directional hardening and the tensorial model can
be seen for cyclic pure shear (TOR) for which U vanishes. For this loading, the scalar model exhibits
no Bauschinger effect, whereas the tensorial model does. Although pure shear and simple shear are not
identical, the following example considered cyclic simple shear specified by

a = 1, γ = 0.1 sin(2π t), (108)

to demonstrate the differences between the models.
Figure 6 shows the stress-strain response and the evolution of the relevant state variables for directional

hardening for the two models. From Figure 6, left, it is evident that directional hardening is present in the
tensorial model, whereas the scalar model only exhibits isotropic hardening for this load case. The reason
is that for this load case, the loading variable U is close to zero, implying that directional hardening is not
activated in the scalar model. This is further illustrated in Figure 6, right, where β : U evolves whereas
βU for the scalar model remains close to zero. There is, in fact, some evolution of β due to the fact
that for large deformations and nonlinear kinematics, U is not exactly zero, but β remains very small in
comparison to β.
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Figure 6. Cyclic loading in simple shear: model T (solid blue lines) and model S (dashed
red lines). Left: stress-strain response. Right: evolution of βU and β : U vs. strain.

6.4. Cyclic extension and contraction followed by simple shear. A load case is now considered where
the material is first exposed to a cycle of isochoric extension and contraction, in accordance with the
paths in Figure 5. After that, the material is exposed to a cycle of simple shear, as discussed in the
previous subsection. In Figure 7, the stress-strain response and the evolution of the relevant directional
hardening variable during the shearing cycle are shown.

During the preceding extension/contraction cycle the material has accumulated both isotropic and
directional hardening. The evolution of the stress components T11, T22, and T33 is identical for models
T and S, i.e., these components quickly drop to zero (or close to zero) once the extension/contraction
loading mode ceases and the shearing mode is initiated. The shear stress curves in Figure 7, bottom-left,
show a higher amplitude than the corresponding curves without any preceding deformation shown in
Figure 6, left. In the tensorial model, directional hardening is accumulated in the variables β11, β22, and
β33 during the first isochoric extension/contraction. Hence, when the shear loading starts, the evolution of
β12 virtually starts from zero. This interaction causes an initial drop in β:U , as seen in Figure 7, bottom-
right. However, when β12 has accumulated some hardening, β:U soon starts to increase again. For the
scalar-based model, directional hardening is accumulated in β during the isochoric extension/contraction
cycle. During the shear loading, the hardening value decreases from 0.3 down to zero, since U is close
to zero for this load case.

6.5. Cyclic loading with complex a deformation mode. A load case is now considered where the mate-
rial is exposed to a more complex loading mode, i.e., a combination of isochoric extension and shearing.
For this case, the velocity gradient is specified in the form

L = D = D′ = D
√

3
2 [cos 2π t UE+ sin 2π t US],

UE =

√
2
3

[
e1⊗ e1−

1
2(e2⊗ e2+ e3⊗ e3)

]
,

US =
1
√

2
[e1⊗ e2+ e2⊗ e1],

(109)

UE : UE = 1, US : US = 1, UE : US = 0,
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Figure 7. Cyclic loading in simple shear that was preceded by one cycle of isochoric
extension and contraction: model T (solid blue lines) and model S (dashed red lines). Top
and bottom-left: stress-strain response. Bottom-right: evolution of βU and β : U vs. strain.

where D = 1s−1. The deformation gradient is then attained by integrating the evolution equation

Ḟ = L F, F(0)= I . (110)

In Figure 8, the outcome from the complex loading path is shown. The responses for T ′11, T ′22, and
T ′33 in Figure 8, top, for models T and S are virtually identical. The responses for T12 for models T and
S differ somewhat. Especially the stress peaks differ by about 100 MPa between models T and S. The
associated variations in βU and β:U are shown in Figure 8, bottom-right. In the beginning of the load
path, both β:U and βU quickly approach the saturation level βs = 0.3. The value of β:U then decreases
slowly during the rest of the loading cycle, whereas βU oscillates between βs and (approximately) zero.

6.6. Cyclic loading of a plate with a circular hole. As a last numerical example, cyclic deformation of
a plate with a circular hole is considered. In order to study this 3D problem, the material model was
implemented in Abaqus as a UMAT user subroutine. The geometry of the plate is shown in Figure 9.
The outer dimensions of the plate are given by Hp = 4cm and Bp = 2cm. The radius of the central hole
is Rp = 1cm, and the thickness of the plate is Tp = 2mm.
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Figure 8. Cyclic loading in combined isochoric extension and contraction and simple
shear: model T (solid blue lines) and model S (dashed red lines). Top and bottom-left:
stress vs. time response. Bottom-right: evolution of βU and β : U vs. time.
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2Rp 2Bp

δ

X1

X2

Figure 9. Geometry and loading of plate with a hole.

The plate (gray) is clamped between two rigid blocks (black). The lower block is fixed, whereas the
upper block moves with a pure translation, δ, relative to the lower block. The translation is defined by



532 MARTIN KROON AND M. B. RUBIN

Model T Model S

0.25s

0.5s

0.75s

1s

0.25s

0.5s

0.75s

1s

σe[MPa]

1200

1000

800

600

400

200

0

Figure 10. Distributions of σe at t = 0.25 s, 0.5 s, 0.75 s, and 1 s.

the velocities
δ̇1 = 4π cos(2π t)mm/s, δ̇2 = 4π sin(2π t)mm/s, t ∈ [0, 1], (111)

implying that the upper block moves in a circle, causing a combination of tension/compression and
shearing of the plate.

Wedge elements (i.e., triangular elements with thickness) with quadratic shape functions were used
in the finite element analyses, and the characteristic length of the elements close to the hole, where the
gradients of stress and strain are strongest, was 1 mm. One layer of elements was used in the thickness
(X3) direction of the plate. Due to symmetry, only half the plate was modeled in the through thickness
direction, the material was allowed to slide freely on the symmetry plane X3 = 0 and the surface of the
plate was traction free.

Figures 10–13 show results from the plate simulations. In Figure 10, the distribution of the von Mises
stress, σe, is shown at four different times. In general, the peaks in the stress fields are more pronounced
in the solutions for model T than for model S. Besides that, the patterns of the stress fields are very
similar for the two models. It can also be noted, that for this type of boundary condition, where the plate
is fixed to the rigid blocks, significant stress concentrations appear at the corners of the plate. In the areas
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at the hole where the highest stress peaks appear, the peak stress differs by about 100 MPa between the
two models.

In Figure 11, distributions of the functions for directional hardening, i.e., HT and HS, are shown. The
discrepancy between HT and HS is significant, where large areas of HT are more or less saturated with
HT ≈ 1+ βs = 1.3, whereas the distribution of HS doesn’t deviate much from unity. This observation
holds not only at the end of the simulation but also for the earlier stages of the simulation, as seen in the
upper images in Figure 11.

Figure 12 shows the distribution of the effective hardening, i.e., κH , for the two models and at the
same points in time as before. It can be seen, that the difference in total hardening is not as dramatic as
the difference in the H -function. This is also the reason why, in the end, the distributions of effective
stress for the two models in Figure 10 agree fairly well.

Finally, Figure 13 shows the distributions of the accumulated equivalent inelastic strain εp. By defini-
tion, this entity can only increase at a material point. The distribution of this entity is very similar for the
two models, not only in the final state of the analysis, but throughout the analysis. Again, the corners of
the plate experience stress concentrations with large cyclic shear stresses, which cause large amounts of
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Figure 12. Distributions of (left) κHT and (right) κHS at t = 0.25 s, 0.5 s, 0.75 s, and 1 s.

accumulated inelastic strain. Peaks in the equivalent inelastic strain also appear to the left and right of
the hole. The magnitude of these peaks is more or less the same for the two models.

7. Discussion and concluding remarks

One approach to modeling the Bauschinger effect is to introduce a history-dependent back-stress tensor
with the stress in a yield function replaced by the difference of the stress and the back-stress. Directional
hardening is an alternative approach which introduces a history-dependent directional hardening tensor
β with the effective hardening being a function of isotropic hardening κ and the inner product of β with
a normalized stress (or elastic deformation) tensor. The main idea of the present work is to propose a
simplified version of directional hardening which introduces a history-dependent directional hardening
scalar instead of a history-dependent directional hardening tensor. To test this idea, the predictions of
scalar model are compared with those of the tensorial model.

Example problems indicate that the two models predict the same response for cyclic proportional
triaxial extension and triaxial compression loadings. In contrast, for cyclic proportional pure torsion
loading the tensorial model predicts a Bauschinger effect but the scalar model does not. However, in
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Figure 13. Distributions of equivalent plastic strain εp at t = 0.25 s, 0.5 s, 0.75 s, and 1 s.

practical problems the stress field is usually inhomogeneous so the material is not in a state of pure torsion.
Consequently, additional examples with complex nonproportional loading paths were considered which
indicate that the discrepancy between the two models in terms of stress levels is not dramatic. For the
3D analysis of a plate with a hole, the amplitudes of the peak stresses around the hole differed by less
than 10% between the two models even though the value of βs = 0.3 would indicate a potential effective
yield stress κH in the range of 0.7κ ≤ κH ≤ 1.3κ .

Strongly objective numerical algorithms were developed to integrate the evolution equations for both
models. Also, a consistent tangent operator was developed for both models. Obviously, the numerical
implementation of the scalar model is significantly less complicated than for the tensorial model. Overall,
the scalar model accounts for directional hardening fairly well and the simplicity of the model makes it
an attractive option to add to isotropic hardening models.
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