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FIELD INTENSITY FACTORS OF THREE CRACKS ORIGINATING FROM
A CIRCULAR HOLE IN A THERMOELECTRIC MATERIAL

QING-NAN LIU AND SHENG-HU DING

The fracture behavior of three cracks originating from a circular hole in a thermoelectric material is
studied. The basic theory of thermoelectric materials is given under the condition of the impermeable
boundary of the heat flux and electric current. By introducing the conformal mapping function, the
infinite plane on the physical plane is mapped into the inner unit circle on the mathematical plane. The
formulas of the relevant temperature and stress fields are derived, and the analytical solutions of the
complex stress functions are obtained by the complex variable function method. According to Cauchy
integral formula, the analytical expressions of the electric current intensity factor and the stress intensity
factor for three cracks originating from a circular hole are obtained. The effects of the hole radius and
the crack lengths on the electric current intensity factor and stress intensity factors were investigated.

1. Introduction

Thermoelectric materials are functional materials that directly convert thermal energy to electric energy
through the movement of a solid internal carrier. They are widely used in energy, refrigeration, micro-
electronics, aerospace military and other fields [Hone et al. 2013; Wu et al. 2018; Roncaglia and Ferri
2011; Wang et al. 2014; Liu et al. 2017]. Thermoelectric materials also have important applications in
thermoelectric power generation [Roncaglia and Ferri 2011], such as industrial waste heat recovery and
waste heat recovery systems, solid-state thermal management, solar energy collection, carbon emission
reduction [Pierce and Vaudo 2010], automobile exhaust, etc.

Thermoelectric materials have become an important branch of modern functional materials [Narasimha
et al. 2014; Yu et al. 2018]. However, thermoelectric materials are brittle materials. Due to the mechani-
cal, thermal and electrical factors, cracks or microcracks will inevitably occur in the machining process
[Bigoni and Movchan 2002; Xie et al. 2017; Shi 2020]. Craciun et al. [2014] studied the mode II fracture
problem of an anisotropic unbounded elastic body with three collinear equal cracks. The effect of thermal
load on the stress intensity factors of a finite length edge crack in an orthotropic infinite strip with finite
thickness is studied by Singh et al. [2019] Therefore, the research on fracture or cracks in thermoelectric
materials has important theoretical and practical significance. In recent years, some scholars have studied
the theory and methods of cracks in thermoelectric materials. Using the complex function method, the
two-dimensional problem of cracks in thermoelectric materials was studied in [Song et al. 2015], and
the effect of a crack on the conversion efficiency of thermoelectric materials was discussed in [Song
and Song 2016]. Considering the electrically and thermally impermeable crack model, Zhang and Wang
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[2013] studied the crack problem in a medium possessing a coupled thermoelectric effect under thermal-
electric loads. Considering the electric impermeable and heat semi-permeable crack model, the interface
crack problem in a layered thermoelectric material is investigated in [Zhang and Wang 2016b]. By using
the integral equation method, the thermal conductivity models of multilayer thermoelectric plates with
Griffith cracks and non-collinear cracks under different loads are established in [Ding and Liu 2018; Ding
and Zhou 2018]. The influence of the strip width of thermoelectric materials on the electric flux intensity
factor and the heat flux intensity factor was studied. The general model of a bi-layered thermoelectric
composite system with an interfacial crack is considered and the effect of interfacial cracking on the
thermoelectric properties is investigated in [Wang et al. 2018]. Clin et al. [2009] studied the stress
distribution of a thermocouple via numerical simulation. Turenne et al. [2010] studied the effects of
the boundary conditions and the length of the thermocouple on the stress distribution of thermoelectric
devices by numerical simulation. A finite element computational scheme for transient and nonlinear
coupling thermoelectric fields and the associated thermal stresses in thermoelectric materials is studied
in [Wang 2017].

As we all know, the holed structures play an important role in engineering. In the process of manufac-
turing and using a holed structure, cracks often appear around the hole [Tada et al. 1973; Ouchterlony
1976; Wu and Carlsson 1991]. In addition, when thermoelectric materials are subjected to thermal and
electrical loads, the stress concentration near the hole will initiate and propagate cracks, which will lead
to the failure of thermoelectric materials. Therefore, it is necessary and important to analyze the fracture
behavior of thermoelectric materials, especially those with holes and cracks. For isotropic materials, the
problem of multiple radial cracks originating from a circular hole using the complex variable method
is studied in [Bowie 1956]. The problem of one and two cracks at the edge of an elliptic hole in an
infinite isotropic material is solved using the integral transforms method from [Tweed and Melrose 1989].
Bertoldi et al. [2007] solved the problem of elliptical inclusions connected by the structural interface to
an infinite matrix analytically. For the case of anisotropic materials, the solutions of the stress intensity
factors of a single or two collinear edge cracks emanating from a curvilinear hole in an infinite anisotropic
plane based on the boundary element method is investigated in [Liaw and Kamel 1991]. Zhang and Wang
[2016a] solved the two-dimensional problem of an elliptical hole in thermoelectric materials by using the
complex function method. The results show that the thermoelectric conversion efficiency can be higher
than the maximum conversion efficiency of one-dimensional thermocouples at the same temperature
when the current flow and heat flux are separated. The theoretical model of thermoelectric coupling
for thermoelectric materials with inclined elliptical holes is established in [Wang and Wang 2017]. The
effective properties of a thermoelectric material in the vicinity of an arbitrarily shaped hole are studied
in [Song et al. 2019b]. The contribution of surface elasticity and electric current density on the ther-
mal stress distribution around a circular nano-hole in a thermoelectric material is considered in [Song
et al. 2019a]. Using complex variable methods, the closed-form solutions describing the corresponding
thermoelastic fields in the vicinity of the nano-hole are given. Using the complex variable function
method and the conformal mapping technique, the model of infinite thermoelectric material containing
a circular hole with a straight crack is considered in [Pang et al. 2018]. Using the same method, Jiang et
al. [2020] studied the two-dimensional problem of a circular hole with two unequal cracks in an infinite
thermoelectric material under the action of uniform current and heat flux. However, the above two papers
are both thermoelectric uncoupled model, which is inconsistent with the actual engineering situation. In
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fact, thermoelectric material is coupled by thermal field and electric field. Therefore, considering the
thermoelectric coupling effect, this paper studied the problem of three cracks at the edge of a circular
hole in thermoelectric material. The effects of various parameters on current intensity factor and stress
intensity factor are given.

The purpose of the present work to study the fracture problem of three cracks originating from a
circular hole in a thermoelectric material under combined thermal and electrical loads. In addition, it is
very interesting and challenging to obtain the analytical solutions for such complicated crack problems,
since these solutions can provide the theoretical bases for fracture problems in thermoelectric materials,
and can also be used as benchmark approximate methods to judge the accuracy and effciency of various
numerical methods.

2. Basic equations

2.1. Governing equations. Consider an infinite thermoelectric material in which all fields are assumed
to depend only on the in-plane coordinates x and y. When no free electric charge and heat source exist,
the coupled transports equations of the heat and electrons in a thermoelectric material were given by
[Perez-Aparicio et al. 2007]

Jq =−

(
T 2γ ε

e

)
1
T
∇V + (T 3γ ε2

+ T 2k)∇
1
T
, (1)

Ju =

(
T 2γ ε

e

)
∇

1
T
−

(
T γ
e2

)
1
T
∇V, (2)

where V = eν, and the electric current density Je is coupled with the heat flux Jq through the Seebeck
coefficient ε. Ju is the energy flux. In the thermoelectric materials, the electric current density can
be derived from the energy flux, where Je = e Ju . In addition T, ν, γ, k are the temperature, electric
potential, electrical conductivity and thermal conductivity.

It is easy to find that

Je =−γ∇ν− γ ε∇T, (3)

Jq =−γ εT∇ν− (γ ε2T + k)∇T . (4)

The energy flux can be expressed as

Ju = Jq + Jeν. (5)

Assuming that the energy and charge in thermoelectric materials are all conserved, the electric current
density and energy flux have the form

∇ · Je = 0, (6)

∇ · Jq + Je · ∇ν = 0. (7)

2.2. General solution of the thermoelectric field. A new function F is introduced as

F = ν+ εT . (8)
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Then the constitutive equations can be rewritten as

Je =−γ∇F, (9)

Ju =−γ F∇F − k∇T . (10)

For the solution of two-dimensional problems in thermoelectric materials, the temperature field and
electric field can be expressed by two decomposed complex functions. Substituting (9) and (10) into (6)
and (7) respectively, the governing equations become

∇
2 F = 0, (11)

k∇2T + γ (∇F)2 = 0. (12)

Following [Muskhelishvili 1975], let F be the real part of the analytic complex function f1(z), where
z = x + iy. We get

F = Re[ f1(z)]. (13)

Substituting (13) into (9), we obtain

Jex =−γRe[ f1(z)]x =−
1
2
γ ( f ′1(z)+ f ′1(z)),

Jey =−γRe[ f1(z)]y =−
i
2
γ ( f ′1(z)− f ′1(z)).

(14)

or
Jex − i Jey =−γ f ′1(z). (15)

From (3) and (6), we get

Je
2
=−γ k∇2T =

γ k∇2ν

ε
. (16)

Namely

∇
2T =−

γ

k
[∇Re[ f1(z)]]2 =−

γ

k
f ′1(z) f ′1(z). (17)

Considering the two-dimensional thermoelectric problem, the temperature field is superposed by two
functions

T = T1+ T2, (18)

where T1 and T2 satisfy

∇
2T1 =−

γ

k
f ′1(z) f ′1(z) , (19)

∇
2T2 = 0. (20)

By integrating (17), we have

T =−
γ

4k
f1(z) f1(z)+Re[g(z)], (21)

where g(z) is an arbitrary analytic function.
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From (10) and (18), the energy flux can be expressed as

Jux − i Juy =−
γ

2
f1(z) f ′1(z)− kg′(z). (22)

2.3. General solution of the stress field. For plane problems, combined with the compatibility equation,
the stress function Φ satisfies

∇
4Φ =−β∇2T, (23)

where β is a coefficient taking the value Eα for plane stress and Eα/(1−ν) for plane strain, where
E, ν, α are the Young’s modulus, Poisson ratio and thermal expansion coefficient.

For planar two-dimensional problems, the stress function Φ is written as two complex decomposition
functions,

Φ(x, y)= ψ(x, y)+ψ0(x, y), (24)

where ψ(x, y) is the special solution of the stress function, and ψ0(x, y) is the general solution of the
stress function. Combining (20) and (21) with (23), we obtain

ψ =−
γβ f2(z) f2(z)

16k
, (25)

where f ′2(z)= f1(z).
According to the superposition principle, the stresses and displacements can be expressed as

σxx + σyy = 4Re[ϕ′(z)] +
µβγ

2k
f1(z) f1(z),

σyy − σxx + 2iσxy = 2[zϕ′′(z)+φ′(z)] +
µβγ

2k
f2(z) f ′1(z),

(26)

2µ[ux + iu y] = κϕ(z)− zϕ′(z)−φ(z)+ 2µα∗
∫

g(z) dz−
µβγ

4k
f2(z) f1(z), (27)

where ϕ(z) and φ(z) are complex stress functions, κ and α∗ are defined as follows

α∗ =

{
α, for plane stress state

(1+ v)α. for plane strain state

κ =

3− v
/

1+ v, for plane stress state

3− 4v. for plane strain state

(28)

The boundary condition of the stress in thermoelectric materials can be expressed as

ϕ(z)+ zϕ′(z)+φ(z)= i
∫
(px + i py) ds−

µβγ

4k
f2(z) f1(z)+ constant, (29)

where the constants px and py are the external forces exerted on the boundary, and they are assumed to
be zero.
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Figure 1. A circular hole with three cracks in thermoelectric material for z-plane and ξ -plane.

3. Thermoelectric field for a circular hole with three cracks

3.1. Formulation of problems. Consider a circular hole with three equal-length cracks on an infinite
plane. The radius of the circle is R and the length of the crack is c− R. The boundary conditions on the
circular hole surfaces are regarded as electrically and thermally insulated. The medium is subjected to
a uniform electric current density and a uniform heat flux at infinity. Thus, the boundary conditions can
be expressed as 

Jqx = 0, Jqy = 0, |z| = R or R < |x |< c or R < |y|< c,

Jex = 0, Jey = 0, |z| = R or R < |x |< c or R < |y|< c,

Jex = 0, Jey = Je0, |x | →∞, |y| →∞,

Jux = 0, Juy = Ju0. |x | →∞, |y| →∞.

(30)

As shown in Figure 1, we transform the exterior of a circular hole with three cracks in the z-plane into
the interior of a unit circle on the ξ -plane by introducing the conformal mapping function z = ω(ξ) by

z = ω(ξ)=
R
2ξ

[√
−m1ξ 2+m2(ξ 2+ 1)2+

√
−m1ξ 2− 4ξ 2+m2(ξ 2+ 1)2

]
, (31)

where
m1 =

(c2
− R2)2

R2c2 , m2 =
c4
+ R4

2R2c2 , (32)

in which
√
−1= i , and we take ω−1(c)→ 1, ω−1(−c)→−1, ω−1(ci)→ c.

Substituting (31) into (26) and (29), we have

σθ + σρ = 4Re
[
ϕ′(ζ )

ω′(ζ )

]
+
µβγ

2k
f1(z) f1(z),

σyy − σxx + 2iσxy = 2
[

z
(
ϕ′(ζ )

ω′(ζ )

)′
+
φ′(ζ )

ω′(ζ )

]
+
µβγ

2k
f2(z) f ′1(z),

(33)

φ(ζ )+
w(ζ )

w′(ζ )
φ′(ζ )+ϕ(ζ )= i

∫
(px + i py) ds−

µβγ

4k
f2(ζ ) f1(ζ )+ constant, (34)

where θ and ρ are the polar angle and polar radius of the polar coordinates at the crack tip of the ξ -plane.
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3.2. Solution of the cracks. To solve the two-dimensional plane crack problem, the boundary conditions
of the circular surfaces are electrically and thermally insulated, and the material plate is subjected to a
uniform electric current density (Jex = 0, Jey = Je0) and an energy flux (Jux = 0, Juy = Ju0) at infinity.
When the potential difference and temperature difference are given, the current density and energy flux
in the thermoelectric material are constantly distributed, and the heat flux is non-linear with spatial
coordinates. Therefore, it is more convenient to use Je0 and Ju0 to solve the far-field thermoelectric
boundary conditions for circular hole problems with the boundary conditions of the electric current
density and energy flux given by

f1(z)− f1(z)=−
∫

Jen(s) ds+ constant, (35)

Im
[γ

4
f 2
1 (z)+ κg(z)

]
=−

∫
Jun(s) ds+ constant, (36)

where n indicates the normal direction, Jen and Jun stand for the electric current density and energy flux
in the direction normal to s, respectively.

With considering the electric current impermeable cracks and the boundary conditions of the current
density insulation at the edge of the hole, (35) can be rewritten as

f1(z)− f1(z)= 0. (37)

According to the electric current density condition at infinity, the complex function f1(z) can be
expressed as

f1(z)= a1z+ f0(z), (38)

where a1 is a complex constant related to the electric current density at infinity and f ′0(∞)= 0.
Substituting (38) into (15), and then taking the limit z→∞ gives

a1 =
i Je0

γ
. (39)

Substituting (31) and (39) into (37) and noting ξ = σ = eiθ on the circular surface, we have

f0(σ )− f0(σ )=−
i Je0R
2σγ

[√
−4m1σ 2+ 4m2(σ 2+ 1)2+

√
−4m1σ 2− 16σ 2+ 4m2(σ 2+ 1)2

]
. (40)

Multiplying both sides of (40) by 1
2π i

dσ
σ−ξ

and carrying out the Cauchy integration yields, we obtain

f0(ζ )=−i
2Je0

γ

[
w(ζ )−

R
√

m2

ξ

]
. (41)

Substituting (31) and (41) into (38), we have

f1(z)=−
i Je0 R
2γ ξ

[√
−m1ξ 2+m2(ξ 2+ 1)2+

√
−m1ξ 2− 4ξ 2+m2(ξ 2+ 1)2− 4

√
m2
]
. (42)

From (21) and (42), the function g(z) related to the temperature function can be expressed as

g(z)= a2z2
+ b2z+ g0(z), (43)
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where a2 and b2 respectively represent the complex constants of the electric current density and energy
flux at infinity, and g′0(∞)= 0

Substituting (42) and (43) into (22), and then taking the limit z→∞ gives

a2 =
Je0

2

4kγ
, b2 =

i Ju0

k
. (44)

Substituting (42) and (44) into (36), considerating ξ = σ = eiθ on the circular surface and Jun = 0,
and carrying out the Cauchy integration yields

g(z)=−
i Ju0 R
2kξ

[√
−m1ξ 2+m2(ξ 2+ 1)2+

√
−m1ξ 2− 4ξ 2+m2(ξ 2+ 1)2− 4

√
m2
]

Je0
2 R2

16kγ

[
−2m1+ 2m2(ζ + ζ

−1)2− 4+
√
[−m1+m2(ζ + ζ−1)2]2+ 16m1− 16m2(ζ + ζ−1)2

]
. (45)

Considering the problem of two-dimensional thermal stresses, the complex potentials ϕ(ζ ) and φ(ζ )
in thermoelectric material have the form

ϕ(ζ )= A1(ζ ) ln ζ +ϕ0(ζ ), φ(ζ )= A2(ζ ) ln ζ +φ0(ζ ), (46)

where A1(ξ) and A2(ξ) are unknown complex functions at infinity.
Substituting (46) into (34), we obtain

A1(ξ)= R2m2 A0,

A2(ξ)= A1+ 2R3 P0
[√

4m2(ξ + ξ−1)2− 4m1+
√

4m2(ξ + ξ−1)2− 4m1− 16
]
,

(47)

where

A0 =−
2µα∗i Ju0

k(κ + 1)
, P0 =

µβ J 2
e0

8kγ
. (48)

By setting px and py as zero, the stress boundary condition in (34) can be rewritten as

ϕ(σ)+
ω(σ)

ω′(σ )
ϕ′(σ )+φ(σ)=−

µβγ

4k
f2(σ ) f1(σ ). (49)

From (31), we have

ω′(ζ )=m2 R(ζ+ζ−1)(1−ζ−2)[(−4m1+4m2(ζ+ζ
−1)2)−

1
2 +(−4m1+4m2(ζ+ζ

−1)2−16)−
1
2 ], (50)

which leads to the following expression for M = ω(ξ)/ω′(ξ):

M =
R
4ξ

√
4m2(ξ 2+ 1)2− 4m1ξ 2+

√
4m2(ξ 2+ 1)2− 4m1ξ 2− 16ξ 2

m2 R(ξ + ξ−1)(1− ξ 2)
[
(4m2(ξ + ξ−1)2− 4m1)

−
1
2 + (4m2(ξ + ξ−1)2− 4m1− 16)−

1
2
] (51)

It can be deduced that ω′(ξ) and w(ζ )

w′(ζ )
ϕ′0(ζ ) are analytically outside the unit circle and can be extended

to an analytic function on the circle. Then using of the Cauchy integral at infinity leads to

1
2π i

∫
σ

w(σ)

w′(σ )

ϕ′0(σ )

σ − ζ
dσ = 0. (52)
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Note that on the circular surface, we have ξ = σ = eiθ . Then, substituting (51) and (52) into (49) and
carrying out the Cauchy integration yields

ϕ0(ξ)=
R2m2 A0

ζ
, φ0(ξ)= (8R3 p0

√
m2+ R2m2 A0)ζ

−1. (53)

From (46) and (53), ϕ(ζ ) and φ(ζ ) can be expressed as

ϕ(ξ)= m2 R3 p0ζ
[
4
√

m2ζ
−1
− 8
√

m2(ζ
2
+ ζ−2)

+

√
−4m1ζ 2+ 4m2(ζ 2+1)2+

√
−4m1ζ 2− 16ζ 2+ 4m2(ζ 2+1)2

]
, (54)

φ(ζ )= m2 R3 p0ζ
[√
−4m1ζ 2+ 4m2(ζ 2+1)2

+4
√

m2(ζ
−1
− 2ζ−4

− 2)+
√
−4m1ζ 2− 16ζ 2+ 4m2(ζ 2+ 1)2

]
−M2ϕ

′

0(ζ ). (55)

For the problem of hole edge cracks, the current intensity factors at the crack tip c are defined as

Ke = Kex − i Key = lim
z→R+c

√
2π(z− R− c)(Jex − i Jey)

=−γ lim
ξ→1

√
2π [ω(ξ)−ω(1)]

f ′1(ξ)
ω′(ξ)

.

(56)

Substituting (42) and (54) into (56), we have

Ke = Kex − i Key = i
√
πR

√
c4
+ R4

Rc
je0. (57)

For the problem of hole edge cracks, the stress intensity factor at the crack tip c can be expressed as

K I − i KII = lim
z→R+c

2
√

2π(ω(ξ)− R− c)ϕ′(z)= lim
ξ→1

2
√

2π(ω(ξ)−ω(1))
ϕ′(ξ)

ω′(ξ)
. (58)

Substituting (50) and (54) into (58), we have

K I =
m2 R3µβ J 2

e0

8kγ

√
π

c

(
16m2− 2m1
√

16m2− 4m1
+

16m2− 2m1− 8
√

16m2− 4m1− 16
− 8
√

m2

)
., (59)

KII =
µα∗ Ju0

k(κ + 1)

√
π

c
c4
+ R4

c2 . (60)

Under limiting conditions, the new configuration can be simulated from the present result. If the
length of crack c-R tends to zero, using (42), (15) reduces to

Jex − iJey = iJe0
1+ ξ̄ 2

ξ̄ ξ−2
(60)

which is the result for an infinite thermoelectric material containing only a circular hole [Zhang and
Wang 2016a].
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Figure 2. Variation of the electric intensity factor Ke with R (left) and c/R (right).

4. Numerical examples

When an infinite thermoelectric plate with three cracks originating from circular hole is subjected to a
uniform current at infinity, the electric intensity factor at the crack tip c is shown in Figure 2. From (57),
it can be seen that the electric intensity factor is related not only to the radius R of the circle, but also to
the length c/R of the crack. When the radius of the circular hole is larger and other conditions remain
unchanged, the electric intensity factor Ke at the crack tip increases as R increases, and the change speed
becomes faster as R increases. When R is a constant value, the electric intensity factor Ke at the crack tip
increases with an increase of c/R, and the change speed becomes faster as R increases. Figure 3 shows
the variation of the stress intensity factor K I at the crack tip c with parameters R/c and R. It can be found
that when the orifice radius is constant, c/R increases as the value of K I increases. When R/c is a fixed
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value, the stress intensity factor at the crack tip c increases as the aperture radius increases. When R/c is
larger, the rate of K I increases faster. Figure 4 shows the variation of the stress intensity factor KII with
parameters R/c and R. When the radius of the circular hole is larger and the other conditions remain
unchanged, the stress intensity factor KII at the crack tip c increases as R increases and the change speed
becomes faster with an increase of R/c value. When R is a constant value, the stress intensity factor KII at
the crack tip c increases with the increase of c/R, and the change speed becomes faster as c/R increases.

5. Conclusions

Based on the general form of the temperature field and stress field in thermoelectric materials, the explicit
solutions of the electric current density and heat flux are obtained by using the complex function method.
A more practical case, thermoelectric coupling is considered in this paper. To solve the problem of a
circular hole with three cracks, the boundary conditions and conformal mapping were used to map the
outer part of the z-plane circular hole to the inner part of the ξ -plane unit circle. The influences of the
radius of the hole and the length of the cracks on the electric intensity factor and the stress intensity
factor are studied under the condition that the thermoelectric material plate is insulated only by the
electric current at infinity.
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