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CLOSED-FORM SOLUTIONS FOR AN EDGE DISLOCATION INTERACTING
WITH A PARABOLIC OR ELLIPTICAL ELASTIC INHOMOGENEITY

HAVING THE SAME SHEAR MODULUS AS THE MATRIX

XU WANG AND PETER SCHIAVONE

We use complex variable methods to derive closed-form solutions to the problems of an edge dislocation
interacting with a parabolic or elliptical elastic inhomogeneity embedded inside an infinite elastic matrix.
The inhomogeneity and the matrix have the same shear modulus but distinct Poisson’s ratios. The edge
dislocation can be located in the matrix, in the elastic inhomogeneity or precisely on the parabolic or
elliptical interface. Explicit expressions of the image force acting on the edge dislocation as a result of
its interaction with the parabolic or elliptical elastic inhomogeneity are presented. Our analyses indicate
that the image force on an edge dislocation inside a parabolic or an elliptical elastic inhomogeneity is
invariant with the direction of the Burgers vector of the edge dislocation.

1. Introduction

Green’s functions for composites subjected to a line dislocation and/or a line force have been studied
extensively by many investigators (see, for example, [Dundurs 1969; Stagni 1982; 1993; 1999; Warren
1983; Stagni and Lizzio 1983; Suo 1989; 1990; Tsuchida et al. 1991; Gong and Meguid 1994; Qaissaunee
and Santare 1995; Yen et al. 1995; Ting 1996; Chen 1996; Wang and Sudak 2006; Wang 2015; Shi and
Li 2006]). It appears that exact and closed-form representations of Green’s functions exist only in cases
involving two bonded isotropic or anisotropic elastic half-planes and for problems involving circular
isotropic elastic inhomogeneities [Dundurs 1969; Ting 1996; Wang 2015]. Series-form representations of
Green’s functions are available for elliptical and nonelliptical elastic inhomogeneities [Stagni 1982; 1993;
1999; Warren 1983; Stagni and Lizzio 1983; Tsuchida et al. 1991; Gong and Meguid 1994; Qaissaunee
and Santare 1995; Yen et al. 1995; Ting 1996; Chen 1996; Wang and Sudak 2006].

In this paper, we study the plane problems associated with an edge dislocation interacting with a
parabolic or elliptical elastic inhomogeneity. The edge dislocation can be located in the matrix, in the
elastic inhomogeneity or even on the parabolic or elliptical interface. Using Kolosov–Muskhelishvili’s
complex variable formulation [Muskhelishvili 1953], we demonstrate that elementary closed-form so-
lutions can still be obtained when the elastic inhomogeneity and the matrix have equal shear moduli
but distinct Poisson’s ratios. Using the Peach–Koehler formula [Dundurs 1969], explicit expressions of
the image force acting on the edge dislocation are presented. Some interesting features of the image
force are observed, especially when the edge dislocation lies inside the elastic inhomogeneity. The paper
is structured as follows. Kolosov–Muskhelishvili’s complex variable formulation is briefly reviewed in
Section 2. Closed-form solutions are derived in Section 3 for an edge dislocation interacting with a

Keywords: parabolic elastic inhomogeneity, elliptical elastic inhomogeneity, edge dislocation, image force, closed-form
solution.
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parabolic elastic inhomogeneity. Closed-form solutions are derived in Section 4 for an edge dislocation
interacting with an elliptical elastic inhomogeneity. In Section 5, we present a closed-form expression
of the image force on an edge dislocation inside an elastic inhomogeneity of arbitrary shape having
the same shear modulus as that of the matrix. In Section 6, we obtain a closed-from expression of
the image force on an edge dislocation in an infinite matrix reinforced by an elastic inhomogeneity of
arbitrary shape having the same shear modulus as that of the matrix. We summarize our findings and
conclusions in Section 7. We remark that since an edge dislocation is a defect in a crystalline solid, its
mobility and stability resulting from its interaction with an elastic inhomogeneity of parabolic, elliptical
or nonelliptical shape is of fundamental importance in understanding the mechanical properties of the
corresponding composite structure. In our case, this can be clearly observed from the obtained closed-
form expressions for the image force acting on the edge dislocation.

2. Kolosov–Muskhelishvili’s complex variable formulation

A Cartesian coordinate system {xi } (i = 1, 2, 3) is established. For the in-plane deformations of an
isotropic elastic material, the three in-plane stresses (σ11, σ22, σ12), two in-plane displacements (u1, u2)

and two stress functions (φ1, φ2) are given in terms of two analytic functions ϕ(z) and ψ(z) of the
complex variable z = x1+ ix2 as [Muskhelishvili 1953]

σ11+ σ22 = 2[ϕ′(z)+ϕ′(z)],

σ22− σ11+ 2iσ12 = 2[z̄ϕ′′(z)+ψ ′(z)],
(1)

2µ(u1+ iu2)= κϕ(z)− zϕ′(z)−ψ(z),

φ1+ iφ2 = i[ϕ(z)+ zϕ′(z)+ψ(z)],
(2)

where κ = 3− 4ν for plane strain and κ = (3− ν)/(1+ ν) for plane stress, µ and ν (0 ≤ ν ≤ 1/2) are
the shear modulus and Poisson’s ratio, respectively. In fact, energy considerations dictate that the range
of Poisson’s ratio can be relaxed to −1≤ ν ≤ 1/2: materials with a negative Poisson’s ratio are referred
to as ‘auxetic materials’ [Lakes 1987; Argatov et al. 2012]. In addition, the in-plane stresses are related
to the two stress functions through [Ting 1996]

σ11 =−φ1,2, σ12 = φ1,1, σ21 =−φ2,2, σ22 = φ2,1. (3)

In fact, the stress expressions in (1) can be obtained after differentiation of the stress functions in (2)2.
Thus, Equation (2) is fundamental to the formulation.

3. An edge dislocation interacting with a parabolic elastic inhomogeneity

3.1. Problem description. As shown in Figure 1, a parabolic elastic inhomogeneity, denoted by S1, is
perfectly bonded to the surrounding matrix, denoted by S2, through a parabolic interface L described by

L : x1 = H −
x2

2

4H
, H > 0. (4)

In addition, an edge dislocation with Burgers vector (b1, b2) is located at z = z0 = x0 + iy0 = reiθ

with x0 and y0 being the Cartesian coordinates of z0 whilst r and θ represent the polar coordinates of z0.
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Parabolic inhomogeneity S θ1

L: x  = H − x  /4H1

x1

0

x2

2
2

( µ, ν  )1

Matrix S2
( µ, ν   )2

H

r

z = z

Figure 1. An edge dislocation interacting with a parabolic elastic inhomogeneity. The
edge dislocation located at z = z0 can be in the matrix, in the inhomogeneity or just on
the parabolic interface.

Throughout the paper, subscript 1 and 2 are used to identify the respective quantities in S1 and S2 (we
remark that this notation clearly does not apply to the two components of the Burgers vector.) In order
to arrive at closed-form solutions, we assume that the parabolic inhomogeneity and the matrix have the
same shear modulus but distinct Poisson’s ratios (i.e., µ1 = µ2 = µ and ν1 6= ν2).

It follows from (2) that the conditions representing continuity of tractions and displacements across the
perfect parabolic interface L can be expressed in terms of the two pairs of analytic functions ϕi (z), ψi (z)
(i = 1, 2) as follows:

ϕ1(z)+ zϕ′1(z)+ψ1(z)= ϕ2(z)+ zϕ′2(z)+ψ2(z),

κ1ϕ1(z)− zϕ′1(z)−ψ1(z)= κ2ϕ2(z)− zϕ′2(z)−ψ2(z), z ∈ L .
(5)

Equation (5) can be conveniently rewritten in the form

ϕ1(z)=
κ2+ 1
κ1+ 1

ϕ2(z)=−
iµ(b1+ ib2)

π(κ1+ 1)
ln(z− z0), z ∈ S1 ∪ S2; (6)

ψ1(z)+
κ2− κ1

κ1+ 1
ϕ2(z)+

κ2− κ1

κ1+ 1
(z1/2
− 2H 1/2)2ϕ′2(z)= ψ2(z), z ∈ L . (7)

Equation (6) serves as an analytic continuation of the two analytic functions ϕ1(z) and ϕ2(z). In
writing (7), we have adopted the identity that z̄1/2

= 2H 1/2
− z1/2 for z ∈ L . This identity will also be

used in the following derivations. It remains to determine the two analytic functions ψ1(z) and ψ2(z)
through satisfaction of (7). In the ensuing three sections, ψ1(z) and ψ2(z) will be derived separately for
the three cases in which an edge dislocation is located in the matrix, in the parabolic inhomogeneity and
on the interface.
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3.2. An edge dislocation in the matrix. When the edge dislocation is located in the matrix, it follows
from (7) and the identity: ln(z̄− z̄0)= ln(z1/2

− z̄1/2
0 − 2H 1/2)+ ln(z1/2

+ z̄1/2
0 − 2H 1/2), z ∈ L that the

two analytic functions ψ1(z) and ψ2(z) can be determined explicitly as

ψ1(z)=
iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln[z− (z̄1/2

0 + 2H 1/2)2]

+
iµ(b1− ib2)

π(κ2+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ2+ 1)
z̄0

z− z0
+

iµ(κ2− κ1)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
(2H 1/2

− z1/2
0 )2

z− z0
,

z ∈ S1; (8)

ψ2(z)=
iµ(b1− ib2)

π(κ2+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ2+ 1)
z̄0

z− z0
+

iµ(κ2− κ1)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
4H 1/2

z1/2+ z1/2
0

+
iµ(κ2− κ1)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln(z1/2

+ z̄1/2
0 − 2H 1/2)+

iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln(z1/2

+ z̄1/2
0 + 2H 1/2),

z ∈ S2, (9)

where the branch cut for z1/2 is chosen as the negative x1-axis. In obtaining (8) and (9), one must ensure
that ψ1(z) defined in the parabolic inhomogeneity is indeed an analytic function of z. The stresses in
the composite induced by the edge dislocation in the matrix can be arrived at by substituting (6), (8)
and (9) into (1). Using the Peach–Koehler formula [Dundurs 1969], the image force acting on the edge
dislocation can be explicitly determined as follows:

F1 =
H 1/2µ(κ2− κ1)

2πr3/2(κ1+ 1)(κ2+ 1)

[
(b2

2− b2
1) cos

3θ
2
− 2b1b2 sin

3θ
2
+

2r(b2
1+ b2

2)

r(1+ cos θ)− 2H
cos

θ

2

]
,

F2 =
H 1/2µ(κ2− κ1)

2πr3/2(κ1+ 1)(κ2+ 1)

[
(b2

2− b2
1) sin

3θ
2
+ 2b1b2 cos

3θ
2
+

2r(b2
1+ b2

2)

r(1+ cos θ)− 2H
sin

θ

2

]
,

(10)

where F1 and F2 are, respectively, the force components along the x1 and x2 directions. We see that the
image force in (10) varies with the direction of the vector (b1, b2).

When the edge dislocation lies on the x1-axis, Equation (10) becomes

F1 =
H 1/2µ(κ2− κ1)

2πr3/2(κ1+ 1)(κ2+ 1)

[
b2

2− b2
1+

r(b2
1+ b2

2)

r − H

]
, F2 =

H 1/2µ(κ2− κ1)b1b2

πr3/2(κ1+ 1)(κ2+ 1)
. (11)

When the edge dislocation approaches the vertex of the parabola L , Equation (11) reduces to

F1 =
µ(κ2− κ1)(b2

1+ b2
2)

2π(κ1+ 1)(κ2+ 1)(r − H)
, F2 =

µ(κ2− κ1)b1b2

πH(κ1+ 1)(κ2+ 1)
, as r→ H. (12)

The expression for F1 in (12) is simply the classical result for an edge dislocation interacting with a
planar bimaterial interface [Dundurs 1969]. On the other hand, when the edge dislocation lying on the
x1-axis is further from the parabola L , Equation (11) reduces to

F1 ∼=
H 1/2µ(κ2− κ1)b2

2

πr3/2(κ1+ 1)(κ2+ 1)
+ O(r−

5
2 ), F2 =

H 1/2µ(κ2− κ1)b1b2

πr3/2(κ1+ 1)(κ2+ 1)
, as r→∞, (13)
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which implies that the far-field asymptotic behavior of F1 is dominated by the b2 component of the
Burgers vector.

3.3. An edge dislocation in the parabolic inhomogeneity. When the edge dislocation is located in the
parabolic inhomogeneity, it follows from (7) that the two analytic functions ψ1(z) and ψ2(z) can be
explicitly determined as

ψ1(z)=
iµ(b1− ib2)

π(κ1+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ1+ 1)
z̄0

z− z0

+
iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
{ln[z− (z̄1/2

0 − 2H 1/2)2] + ln[z− (z̄1/2
0 + 2H 1/2)2]}, z ∈ S1; (14)

ψ2(z)=
iµ(b1− ib2)

π(κ1+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ1+ 1)
z̄0

z− z0
+

iµ(κ1− κ2)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
(z1/2
− 2H 1/2)2

z− z0

+
iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
[ln(z1/2

− z̄1/2
0 + 2H 1/2)+ ln(z1/2

+ z̄1/2
0 + 2H 1/2)], z ∈ S2. (15)

The stresses in the composite induced by the edge dislocation in the inhomogeneity can be arrived at
by substituting (6), (14) and (15) into (1). Using the Peach–Koehler formula, the image force acting on
the edge dislocation can be explicitly determined as follows

F1 =
2µ(κ1− κ2)(b2

1+ b2
2)

π(κ1+ 1)(κ2+ 1)
H

r2 sin2 θ + 4Hr cos θ − 4H 2
,

F2 =
µ(κ1− κ2)(b2

1+ b2
2)

π(κ1+ 1)(κ2+ 1)
r sin θ

r2 sin2 θ + 4Hr cos θ − 4H 2
,

(16)

which implies that the image force is invariant with the direction of the vector (b1, b2).
When the edge dislocation lies on the x1-axis, (16) becomes

F1 =
µ(κ2− κ1)(b2

1+ b2
2)

2π(κ1+ 1)(κ2+ 1)(H − x0)
, F2 = 0, −∞< x0 ≤ H. (17)

Interestingly, Equation (17) is always identical in form to the result for an edge dislocation near a planar
interface [Dundurs 1969]. We interpret from (17) that as far as the force on the edge dislocation is con-
cerned, an edge dislocation lying on the axis of symmetry of the parabola L can be treated as equivalent to
the same edge dislocation near a planar bimaterial interface at {x1 = H,−∞< x2 <+∞}. We illustrate
in Figure 2 the variation of F1 with an edge dislocation on the x1-axis. It is seen from Figure 2 and from
our previous analysis that as the edge dislocation is further away from the vertex of the parabola L , the
image force decays faster in the matrix than in the parabolic inhomogeneity, especially when b2 = 0.

3.4. An edge dislocation on the parabolic interface. When the edge dislocation is located precisely on
the parabolic interface with z1/2

0 + z̄1/2
0 = 2H 1/2, the two analytic functions ψ1(z) and ψ2(z) can be

obtained either from (8) and (9) or from (14) and (15) as

ψ1(z)=
iµ(b1− ib2)

π(κ2+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ1+ 1)
z̄0

z− z0
+

iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln[z− (z̄1/2

0 + 2H 1/2)2],

z ∈ S1; (18)
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Figure 2. Variation of the image force F1 on an edge dislocation on the x1-axis in the
matrix and in the parabolic inhomogeneity.

ψ2(z)=
iµ(b1− ib2)

π(κ1+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ2+ 1)
z̄0

z− z0
+

iµ(κ2− κ1)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
4H 1/2

z1/2+ z1/2
0

+
iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
[ln(z1/2

+ z1/2
0 )+ ln(z1/2

+ z̄1/2
0 + 2H 1/2)], z ∈ S2. (19)

The development of the (identical) expressions for the two analytic functions ψ1(z) and ψ2(z) in (18)
and (19) whether obtained from (8) and (9) (when the edge dislocation is located in the matrix) or from
(14) and (15) (when the edge dislocation lies inside the inhomogeneity) not only suggests the rationale
for the solutions derived in the following Secs. 4 and 5 but also confirms their correctness. The stresses
in the composite induced by the edge dislocation located precisely on the parabolic interface can be
obtained by substituting (6), (18) and (19) into (1).

4. An edge dislocation interacting with an elliptical elastic inhomogeneity

As shown in Figure 3, an elliptical elastic inhomogeneity, denoted by S1, is perfectly bonded to the
surrounding matrix, denoted by S2, through an elliptical interface L described by

L :
x2

1

a2 +
x2

2

b2 = 1, (20)

with a and b being the semi-major and semi-minor axes of the ellipse L , respectively. In addition, an
edge dislocation with Burgers vector (b1, b2) is located at z = z0 = x0+ iy0 with x0 and y0 being the
Cartesian coordinates of z0. As before, subscript 1 and 2 are used to identify the respective quantities
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Elliptical inhomogeneity S1
( µ, ν  )1

Matrix S2
( µ, ν   )2

0z = z

x1

x2

b

a

L: x  /a   + x  /b  = 11 2
2 22 2

Figure 3. An edge dislocation interacting with an elliptical elastic inhomogeneity. The
edge dislocation located at z = z0 can be in the matrix, in the inhomogeneity or just on
the elliptical interface.

in S1 and S2. The elliptical inhomogeneity and the matrix have the same shear modulus but different
Poisson’s ratios (i.e., µ1 = µ2 = µ and ν1 6= ν2).

After some algebraic operations, the continuity conditions of tractions and displacements across the
perfect elliptical interface L in (5) can be rewritten as

ϕ1(z)=
κ2+ 1
κ1+ 1

ϕ2(z)=−
iµ(b1+ ib2)

π(κ1+ 1)
ln(z− z0), z ∈ S1 ∪ S2; (21)

ψ1(z)+
κ2− κ1

κ1+ 1
ϕ2(z)+

κ2− κ1

κ1+ 1
D(z)ϕ′2(z)= ψ2(z), z ∈ L , (22)

where

z̄ = D(z)=
m+m−1

2
z+

m−m−1

2

√
z2− 4m R2, z ∈ L , (23)

with

R =
a+ b

2
,m =

a− b
a+ b

. (24)

When the edge dislocation is located in the matrix, it follows from (22) and the identity: ln(z̄− z̄0) =

ln[R(ξ−1
− ξ̄0)(1−mξ̄−1

0 ξ)], z ∈ L with

ξ = ω−1(z)=
1

2R

(
z+

√
z2− 4m R2

)
and ξ0 = ω

−1(z0)=
1

2R

(
z0+

√
z2

0− 4m R2)
that the two analytic functions ψ1(z) and ψ2(z) can be explicitly determined as
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ψ1(z)=
iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln(z− z1)

+
iµ(b1− ib2)

π(κ2+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ2+ 1)
z̄0

z− z0
+

iµ(κ2− κ1)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
D(z0)

z− z0
, z ∈ S1; (25)

ψ2(z)=
iµ(b1− ib2)

π(κ2+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ2+ 1)
z̄0

z− z0

+
iµ(κ1− κ2)(m−m−1)(b1+ ib2)

2π(κ1+ 1)(κ2+ 1)
z+ z0

√
z2− 4m R2+

√

z2
0− 4m R2

+
iµ(κ2− κ1)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln
[

1−
ξ̄−1

0

ω−1(z)

]
+

iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln
[

1−
m2ξ̄−1

0

ω−1(z)

]
, z ∈ S2, (26)

where
z1 = R(m−1ξ̄0+m2ξ̄−1

0 ). (27)

By using the Peach–Koehler formula, the image force acting on the edge dislocation can be finally derived
as follows:

F1− iF2 =
R2µ(κ2− κ1)(1−m2)

π(κ1+ 1)(κ2+ 1)(z2
0− 4m R2)3/2

×

[
b2

2− b2
1− 2ib1b2+

4(b2
1+ b2

2)(z
2
0− 4m R2)|z0+

√

z2
0− 4m R2

|
2

(|z0+
√

z2
0− 4m R2

|2− 4m2 R2)(|z0+
√

z2
0− 4m R2

|2− 4R2)

]
, (28)

where F1 and F2 are respectively the force components along the x1 and x2 directions.
When an edge dislocation lying on the positive x1-axis approaches the elliptical interface, (28) becomes

F1 =
µ(κ2− κ1)(b2

1+ b2
2)

2π(κ1+ 1)(κ2+ 1)(x0− a)
, F2 =

2µ(κ2− κ1)b1b2

π(κ1+ 1)(κ2+ 1)b2/a
, x0→ a. (29)

The expression for F1 in (29) is just the result for an edge dislocation near a planar bimaterial interface
[Dundurs 1969], whilst the expression of F2 in (29) is consistent with that in (12) by considering the fact
that b2/a is the curvature radius of the ellipse at z = a and 2H is the curvature radius of the parabola at
the vertex.

On the other hand, when the edge dislocation is far from the interface, (28) reduces to

F1− iF2 =
R2µ(κ2− κ1)(1−m2)

π(κ1+ 1)(κ2+ 1)z3
0

[
b2

2

(
1+

z0

z̄0

)
− b2

1

(
1−

z0

z̄0

)
− 2ib1b2

]
, |z0| →∞. (30)

When m = 0 for a circular inhomogeneity, (28) simply reduces to the classical result in Equations (7.8)
and (7.9) by [Dundurs 1969].

When the edge dislocation is located inside the elliptical inhomogeneity, it follows from (22) that the
two analytic functions ψ1(z) and ψ2(z) can be explicitly determined as

ψ1(z)=
iµ(b1− ib2)

π(κ1+ 1)
ln(z−z0)+

iµ(b1+ ib2)

π(κ1+ 1)
z̄0

z− z0
+

iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)
ln[(z−z1)(z−z2)],

z ∈ S1; (31)
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ψ2(z)=
iµ(b1− ib2)

π(κ1+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ1+ 1)
z̄0

z− z0
+

iµ(κ1− κ2)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
D(z)

z− z0

+
iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)

[
ln
[

1−
m2ξ̄−1

0

ω−1(z)

]
+ ln[ω−1(z)−mξ̄0]

]
, z ∈ S2, (32)

where
ξ = ω−1(z)=

1
2R

(
z+

√
z2− 4m R2

)
, z1 = R(m−1ξ̄0+m2ξ̄−1

0 ),

ξ0 = ω
−1(z0)=

1
2R

(
z0+

√
z2

0− 4m R2), z2 = R(mξ̄0+ ξ̄
−1
0 ).

(33)

By using the Peach–Koehler formula, the image force acting on the edge dislocation can be finally derived
as follows

F1− iF2 =
µ(κ1− κ2)(b2

1+ b2
2)

π(κ1+ 1)(κ2+ 1)

(
1

z0− z1
+

1
z0− z2

)
, (34)

which implies that the image force is invariant with the direction of the vector (b1, b2). It will be seen in
the next section that the invariance of the image force with the direction of the Burger vector is invalid
for an edge dislocation inside an elastic inhomogeneity of nonelliptical shape having the same shear
modulus as that of the matrix.

When the edge dislocation lies on the x1-axis, (34) becomes

F1 =
µ(κ2− κ1)(b2

1+ b2
2)

π(κ1+ 1)(κ2+ 1)
x0

a2− x2
0
, F2 = 0, (35)

which is identical to that for an edge dislocation inside a circular elastic inhomogeneity of radius a
[Dundurs 1969]. Equation (35) implies that the semi-minor axis b exerts no influence on the image force
on an edge dislocation lying on the x1-axis inside the elliptical inhomogeneity.
When the edge dislocation lies on the x2-axis, (34) becomes

F2 =
µ(κ2− κ1)(b2

1+ b2
2)

π(κ1+ 1)(κ2+ 1)
y0

b2− y2
0
, F1 = 0, (36)

which is identical to that for an edge dislocation inside a circular elastic inhomogeneity of radius b
[Dundurs 1969]. Equation (36) implies that the semi-major axis a exerts no influence on the image force
on an edge dislocation lying on the x2-axis inside the elliptical inhomogeneity.
Through a limiting process, the two analytic functions ψ1(z) and ψ2(z) can be obtained for the case when
the edge dislocation just lies on the elliptical interface. The specific expressions are suppressed here.

5. An edge dislocation inside an elastic inhomogeneity of arbitrary shape

In this section, we consider an edge dislocation with Burgers vector (b1, b2) located at z = z0 inside
an elastic inhomogeneity of arbitrary shape (denoted as S1) perfectly bonded to the surrounding infinite
matrix (denoted as S2) through a sharp interface L . Here, we use the term “sharp interface” to mean an
interface with vanishing thickness between two dissimilar adjacent phases. As before, subscript 1 and 2
are used to identify the respective quantities in S1 and S2. The elastic inhomogeneity and the matrix have
the same shear modulus but different Poisson’s ratios.
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We consider the following conformal mapping function [England 1971]:

z = ω(ξ)= R
(
ξ +

N∑
n=1

anξ
−n
)
, ξ = ω−1(z), |ξ | ≥ 1, (37)

where R is a real scaling constant, and an, n = 1, 2, . . . , N are N complex constants.
By using the mapping function in (37), the exterior of the inhomogeneity is mapped onto the exterior

of the unit circle in the ξ -plane.
On the interface L , we have

z̄− z̄0 = Rξ−1

(
N∑

n=1

ānξ
n+1
− z̄0 R−1ξ + 1

)
= RāN ξ

−1
N+1∏
n=1

(ξ − ξn), z ∈ L , (38)

where ξn, n = 1, 2, . . . , N + 1, all of which are located outside the unit circle, are the N + 1 roots of the
following (N + 1)-order algebraic equation in ξ

N∑
n=1

ānξ
n+1
− z̄0 R−1ξ + 1= 0. (39)

Furthermore, the following relationship is also valid on the interface L

z̄
z− z0

= G(z), z ∈ L , (40)

where G(z) is analytic in the exterior of the inhomogeneity except infinity where it has a pole of finite
degree determined by its asymptotic behavior

G(z)∼= Q(z)+ O(1), |z| →∞, (41)

where Q(z) is a polynomial in z of (N − 1)-degree. Apparently, the polynomial Q(z) is non-constant for
a nonelliptical inhomogeneity with N ≥ 2 and is constant for an elliptical inhomogeneity with N = 1.

The analytic function φ1(z) defined in the inhomogeneity is still given by (21). Consequently, the
analytic function ψ1(z) defined in the inhomogeneity can be finally determined as

ψ1(z)=
iµ(b1− ib2)

π(κ1+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ1+ 1)
z̄0

z− z0

+
iµ(κ1− κ2)(b1− ib2)

π(κ1+ 1)(κ2+ 1)

N+1∑
n=1

ln(z− zn)+
iµ(κ2− κ1)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
Q(z), z ∈ S1,

(42)

where
zn = ω(ξn), n = 1, 2, . . . , N + 1. (43)

By using the Peach–Koehler formula, the image force acting on the edge dislocation is

F1− iF2 =
µ(κ1− κ2)

π(κ1+ 1)(κ2+ 1)

[
(b2

1+ b2
2)

N+1∑
n=1

1
z0− zn

− (b2
1− b2

2+ 2ib1b2)Q′(z0)

]
, (44)

so that the image force varies with the direction of the vector (b1, b2) for an inhomogeneity of nonellip-
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Figure 4. A rounded triangular interface L described by Equation (45).

tical shape. The image force is known once zn, n = 1, 2, . . . , N + 1 and Q′(z0) have been determined.
For example, we consider a rounded triangular interface in Figure 4 described by

z = ω(ξ)= R
(
ξ +

1
3ξ 2 +

1
45ξ 5

)
, |ξ | = 1. (45)

In this example, N = 5. The polynomial Q(z) is explicitly determined by

Q(z)=
z4
+ z0z3

+ z2
0z2

45R4 + z
(

z3
0

45R4 +
8

27R

)
. (46)

Thus, the term Q′(z0) can be easily determined by

Q′(z0)=
2z3

0

9R4 +
8

27R
. (47)

The image force on an edge dislocation on the x1-axis inside the rounded triangular inhomogeneity is
illustrated in Figure 5. It is seen from Figure 5 that: z0 =−0.1647R is an equilibrium position for an
edge dislocation with b2 = 0; whilst z0 = 0.2240R is an equilibrium position for an edge dislocation with
b1 = 0. The variance of the image force with the direction of the Burgers vector is also clearly reflected
in Figure 5.

6. An edge dislocation outside an elastic inhomogeneity of arbitrary shape

We now consider an edge dislocation with Burgers vector (b1, b2) located at z = z0 in an infinite matrix
(denoted as S2) perfectly bonded to an elastic inhomogeneity of arbitrary shape (denoted as S1) through
a sharp interface L . As before, subscript 1 and 2 are used to identify the respective quantities in S1 and
S2. The elastic inhomogeneity and the matrix have the same shear modulus but different Poisson’s ratios.
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Figure 5. The image force on an edge dislocation on the x1-axis inside the rounded
triangular inhomogeneity. F2 ≡ 0.

We consider the conformal mapping function [Muskhelishvili 1953; Jarczyk and Mityushev 2012]

z = ω(ξ)= R
M∑

n=1

cnξ
n, ξ = ω−1(z), |ξ | ≤ 1, (48)

where R is a real scaling constant, and cn, n = 1, 2, . . . ,M are M complex constants. Without losing
generality, one can set c1 = 1.

By using the mapping function in (48), the interior of the inhomogeneity is mapped onto the interior
of the unit circle in the ξ -plane.

On the interface L , the following relationship is valid

z̄− z̄0 =−ξ
−M
(

z̄0ξ
M
− R

M∑
n=1

c̄nξ
M−n

)
=−z̄0ξ

−M
M∏

n=1

(ξ − ξn), z ∈ L , (49)

where ξn, n = 1, 2, . . . ,M , all of which are located inside the unit circle, are the M roots of the following
M-order algebraic equation in ξ

z̄0ξ
M
− R

M∑
n=1

c̄nξ
M−n
= 0. (50)

The following relationship is also valid on the interface L:

z̄
z− z0

= H(z), z ∈ L , (51)
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where H(z) is analytic in the interior of the inhomogeneity except the point at z = 0 where it has a pole
of finite degree determined by its asymptotic behavior

H(z)∼= P(z)+ O(1), z→ 0, (52)

where P(z) is a polynomial in z−1 of degree M .
The analytic function φ2(z) defined in the matrix is still given by (21). Consequently, the analytic

function ψ2(z) defined in the matrix can be finally determined as

ψ2(z)=
iµ(b1− ib2)

π(κ2+ 1)
ln(z− z0)+

iµ(b1+ ib2)

π(κ2+ 1)
z̄0

z− z0

+
iµ(κ2− κ1)(b1− ib2)

π(κ1+ 1)(κ2+ 1)

M∑
n=1

ln
z− zn

z
+

iµ(κ1− κ2)(b1+ ib2)

π(κ1+ 1)(κ2+ 1)
P(z), z ∈ S2, (53)

where

zn = ω(ξn), n = 1, 2, . . . ,M. (54)

By using the Peach–Koehler formula, the image force acting on the edge dislocation is

F1− iF2 =
µ(κ2− κ1)

π(κ1+ 1)(κ2+ 1)

[
(b2

1+ b2
2)

M∑
n=1

zn

z0(z0− zn)
− (b2

1− b2
2+ 2ib1b2)P ′(z0)

]
, (55)

which also implies that the image force varies with the direction of the vector (b1, b2) when P ′(z0) 6= 0.
When M = 1 for a circular inhomogeneity, we have z1 = R2/z̄0 and P ′(z0)= R2/z3

0. In this special case,
(55) simply recovers the classical result in Equations (7.8) and (7.9) by [Dundurs 1969].

For example, as illustrated in Figure 6, we consider an interface described by

z = ω(ξ)= R(ξ + cξ 2), −1
2 ≤ c ≤ 1

2 , |ξ | = 1. (56)

In this example, M = 2. The two roots of Equation (50) can be explicitly given by

ξ1,2 =
R±

√
R2+ 4Rcz̄0

2z̄0
, |ξ1,2|< 1, (57)

and thus,

z1 =
cR3
+ R2 z̄0(2c2

+ 1)+ R(z̄0+ Rc)
√

R2+ 4Rcz̄0

2z̄2
0

,

z2 =
cR3
+ R2 z̄0(2c2

+ 1)− R(z̄0+ Rc)
√

R2+ 4Rcz̄0

2z̄2
0

.

(58)

In addition, the polynomial P(z) is determined by

P(z)=−
R2(1+ 2c2

+ Rz−1
0 c)

z0z
−

R3c
z0z2 . (59)
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Figure 6. Shapes of the interface described by (56) for different values of c.

Thus, the term P ′(z0) can be easily determined by

P ′(z0)=
R2z0(1+ 2c2)+ 3R3c

z4
0

. (60)

Consequently, the image force can be given explicitly by

F1− iF2

=
µ(κ2− κ1)

π(κ1+ 1)(κ2+ 1)

×

(
2R2z−1

0 (b2
1+ b2

2)[[cR+ z̄0(2c2
+ 1)][2z0 z̄2

0− cR3
− R2 z̄0(2c2

+ 1)] + R(z̄0+ Rc)2(R+ 4cz̄0)]

[2z0 z̄2
0− cR3− R2 z̄0(2c2+ 1)]2− R3(z̄0+ Rc)2(R+ 4cz̄0)

−R2z−4
0 (b2

1− b2
2+ 2ib1b2)[z0(1+ 2c2)+ 3Rc]

)
(61)

In particular, if we set c = 1/2 and z0 = R(2 + i), the image force on the edge dislocation can be
determined from (61) as follows:

F1 =
µ(κ2− κ1)(0.2704b2

1+ 0.2848b2
2− 0.3792b1b2)

πR(κ1+ 1)(κ2+ 1)
,

F2 =
µ(κ2− κ1)(−0.0345b2

1+ 0.3447b2
2+ 0.0144b1b2)

πR(κ1+ 1)(κ2+ 1)
.

(62)
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It can be seen from (60) and (61) that when the dislocation is located at the following particular point

z0 =−
3Rc

1+ 2c2 , 0.2779≤ |c| ≤ 0.5, (63)

the image force remains invariant with the direction of the Burgers vector and is given by

F1 =
µ(κ2− κ1)(b2

1+ b2
2)(2c2

+ 1)5

6πR(κ1+ 1)(κ2+ 1)c(c2− 1)(4c6+ 12c4+ 12c2− 1)
, F2 = 0. (64)

The component F1 in (64) becomes infinite as c→ ±0.2779 since now the edge dislocation just ap-
proaches the interface L in view of (56) and (63).

7. Conclusions

We have obtained simple and closed-form Green’s function solutions for an edge dislocation interacting
with a parabolic or elliptical elastic inhomogeneity under the assumption that the inhomogeneity and
the matrix have equal shear moduli. For the interaction between an edge dislocation and a parabolic
elastic inhomogeneity, the two analytic functions ψ1(z) and ψ2(z) are obtained in (8) and (9) for an
edge dislocation in the matrix, in (14) and (15) for an edge dislocation in the parabolic inhomogeneity
and in (18) and (19) for an edge dislocation located on the parabolic interface; the image force is given
by (10) when the dislocation lies in the matrix and by (16) when the dislocation lies in the parabolic
inhomogeneity. For the interaction between an edge dislocation and an elliptical elastic inhomogeneity,
the two analytic functions ψ1(z) and ψ2(z) are obtained in (25) and (26) for an edge dislocation in the
matrix, in (31) and (32) for an edge dislocation in the elliptical inhomogeneity; the image force is given
by (28) when the dislocation lies in the matrix and by (34) when the dislocation lies in the elliptical
inhomogeneity.

We have also obtained closed-form expressions in (44) and (55) for the image force on an edge
dislocation in the interior and exterior of an elastic inhomogeneity of arbitrary shape. It is stressed
that the mapping function in (37) that maps the exterior of an inhomogeneity onto the exterior of the unit
circle in the image plane is distinct from the one in (48) that maps the interior of an inhomogeneity onto
the interior of a unit circle in the image plane.

Acknowledgements

This work is supported by the National Natural Science Foundation of China (Grant No. 11272121) and
through a Discovery Grant from the Natural Sciences and Engineering Research Council of Canada
(Grant No. RGPIN-2017-03716115112).

References

[Argatov et al. 2012] I. I. Argatov, R. Guinovart-Díaz, and F. J. Sabina, “On local indentation and impact compliance of
isotropic auxetic materials from the continuum mechanics viewpoint”, Int. J. Eng. Science 54 (2012), 42–57.

[Chen 1996] D. H. Chen, “Green’s functions for a point force and dislocation outside an elliptic inclusion in plane elasticity”,
Z. angew. Math. Phys. 47 (1996), 894–905.

[Dundurs 1969] J. Dundurs, “Elastic interaction of dislocations with inhomogeneities”, pp. 70–115 in Mathematical theory of
dislocations, edited by T. Mura, American Society of Mechanical Engineers, New York, 1969.

http://dx.doi.org/10.1016/j.ijengsci.2012.01.010
http://dx.doi.org/10.1016/j.ijengsci.2012.01.010
http://dx.doi.org/10.1007/BF00920040


554 XU WANG AND PETER SCHIAVONE

[England 1971] A. H. England, Complex variable method in elasticity, John Wiley and Sons, New York, 1971.

[Gong and Meguid 1994] S. X. Gong and S. A. Meguid, “A screw dislocation interacting with an elastic elliptical inhomogene-
ity”, Int. J. Eng. Sci. 32 (1994), 1221–1228.

[Jarczyk and Mityushev 2012] P. Jarczyk and V. Mityushev, “Neutral coated inclusions of finite conductivity”, Proc. R. Soc. A
468:2140 (2012), 954–970.

[Lakes 1987] R. S. Lakes, “Foam structures with a negative Poisson’s ratio”, Science 235:4792 (1987), 1038–1040.

[Muskhelishvili 1953] N. I. Muskhelishvili, Some basic problems of the mathematical theory of elasticity, Noordhoff, Gronin-
gen, 1953.

[Qaissaunee and Santare 1995] M. T. Qaissaunee and M. H. Santare, “Edge dislocation interacting with an elliptical inclusion
surrounded by an interfacial zone”, Quart. J. Mech. Appl. Math. 48:3 (1995), 465–482.

[Shi and Li 2006] J. Shi and Z. Li, “An approximate solution of the interaction between an edge dislocation and an inclusion
of arbitrary shape”, Mech. Res. Commun. 33 (2006), 804–810.

[Stagni 1982] L. Stagni, “On the elastic field perturbation by inhomogeneities in plane elasticity”, Z. Angew. Math. Phys. 33
(1982), 315–325.

[Stagni 1993] L. Stagni, “Edge dislocation near an elliptic inhomogeneity with either an adhering or a slipping interface: A
comparative study”, Phil. Mag. 68 (1993), 49–57.

[Stagni 1999] L. Stagni, “The effect of the interface on the interaction of an interior edge dislocation with an elliptical inhomo-
geneity”, Z. angew. Math. Phys. 50 (1999), 327–337.

[Stagni and Lizzio 1983] L. Stagni and R. Lizzio, “Shape effects in the interaction between an edge dislocation and elliptical
inhomogeneity”, J. Appl. Phys. A 30 (1983), 217–221.

[Suo 1989] Z. G. Suo, “Singularities interacting with interfaces and cracks”, Int. J. Solids Struct. 25 (1989), 1133–1142.

[Suo 1990] Z. G. Suo, “Singularities, interfaces and cracks in dissimilar anisotropic media”, Proc. Roy. Soc. London Ser. A
427:1873 (1990), 331–358.

[Ting 1996] T. C. T. Ting, Anisotropic elasticity: theory and applications, Oxford University Press, New York, 1996.

[Tsuchida et al. 1991] E. Tsuchida, M. Ohno, and D. A. Kouris, “Effects of an inhomogeneous elliptic insert on the elastic field
of an edge dislocation”, Solids Mater. 53 (1991), 285–291.

[Wang 2015] X. Wang, “Eshelby’s inclusion and dislocation problems for an isotropic circular domain bonded to an anisotropic
medium”, Acta Mech. 226 (2015), 103–121.

[Wang and Sudak 2006] X. Wang and L. J. Sudak, “Interaction of a screw dislocation with an arbitrary shaped elastic inhomo-
geneity”, ASME J. Appl. Mech. 73 (2006), 206–211.

[Warren 1983] W. E. Warren, “The edge dislocation inside an elliptical inclusion”, Mech. Mater. 2:4 (1983), 319–330.

[Yen et al. 1995] W. J. Yen, C. Hwu, and Y. K. Liang, “Dislocation inside, outside, or on the interface of an anisotropic elliptical
inclusion”, ASME J. Appl. Mech. 62 (1995), 306–311.

Received 8 May 2020. Revised 21 Jul 2020. Accepted 1 Aug 2020.

XU WANG: xuwang@ecust.edu.cn
School of Mechanical and Power Engineering, East China University of Science and Technology, 130 Meilong Road,
Shanghai, 200237, China

PETER SCHIAVONE: p.schiavone@ualberta.ca
Department of Mechanical Engineering, University of Alberta, 10-203 Donadeo Innovation Center for Engineering,
Edmonton AB 6G 1H9, Canada

mathematical sciences publishers msp

http://dx.doi.org/10.1016/0020-7225(94)90033-7
http://dx.doi.org/10.1016/0020-7225(94)90033-7
http://dx.doi.org/10.1098/rspa.2011.0230
http://dx.doi.org/10.1126/science.235.4792.1038
http://dx.doi.org/10.1093/qjmam/48.3.465
http://dx.doi.org/10.1093/qjmam/48.3.465
http://dx.doi.org/10.1016/j.mechrescom.2006.03.001
http://dx.doi.org/10.1016/j.mechrescom.2006.03.001
http://dx.doi.org/10.1007/BF00944440
http://dx.doi.org/10.1080/01418619308219356
http://dx.doi.org/10.1080/01418619308219356
http://dx.doi.org/10.1007/s000330050154
http://dx.doi.org/10.1007/s000330050154
http://dx.doi.org/10.1007/bf00614769
http://dx.doi.org/10.1007/bf00614769
http://dx.doi.org/10.1016/0020-7683(89)90072-3
http://dx.doi.org/10.1007/bf00357189
http://dx.doi.org/10.1007/bf00357189
http://dx.doi.org/10.1007/s00707-014-1175-4
http://dx.doi.org/10.1007/s00707-014-1175-4
http://dx.doi.org/10.1115/1.2073307
http://dx.doi.org/10.1115/1.2073307
http://dx.doi.org/10.1016/0167-6636(83)90023-6
http://dx.doi.org/10.1115/1.2895932
http://dx.doi.org/10.1115/1.2895932
mailto:xuwang@ecust.edu.cn
mailto:p.schiavone@ualberta.ca
http://msp.org


JOURNAL OF MECHANICS OF MATERIALS AND STRUCTURES
msp.org/jomms

Founded by Charles R. Steele and Marie-Louise Steele

EDITORIAL BOARD

ADAIR R. AGUIAR University of São Paulo at São Carlos, Brazil
KATIA BERTOLDI Harvard University, USA

DAVIDE BIGONI University of Trento, Italy
MAENGHYO CHO Seoul National University, Korea

HUILING DUAN Beijing University
YIBIN FU Keele University, UK

IWONA JASIUK University of Illinois at Urbana-Champaign, USA
DENNIS KOCHMANN ETH Zurich

MITSUTOSHI KURODA Yamagata University, Japan
CHEE W. LIM City University of Hong Kong

ZISHUN LIU Xi’an Jiaotong University, China
THOMAS J. PENCE Michigan State University, USA

GIANNI ROYER-CARFAGNI Università degli studi di Parma, Italy
DAVID STEIGMANN University of California at Berkeley, USA

PAUL STEINMANN Friedrich-Alexander-Universität Erlangen-Nürnberg, Germany
KENJIRO TERADA Tohoku University, Japan

ADVISORY BOARD

J. P. CARTER University of Sydney, Australia
D. H. HODGES Georgia Institute of Technology, USA

J. HUTCHINSON Harvard University, USA
D. PAMPLONA Universidade Católica do Rio de Janeiro, Brazil

M. B. RUBIN Technion, Haifa, Israel

PRODUCTION production@msp.org

SILVIO LEVY Scientific Editor

Cover photo: Mando Gomez, www.mandolux.com

See msp.org/jomms for submission guidelines.

JoMMS (ISSN 1559-3959) at Mathematical Sciences Publishers, 798 Evans Hall #6840, c/o University of California, Berkeley,
CA 94720-3840, is published in 10 issues a year. The subscription price for 2020 is US $660/year for the electronic version, and
$830/year (+$60, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues, and changes of address
should be sent to MSP.

JoMMS peer-review and production is managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/jomms/
mailto:production@msp.org
http://www.mandolux.com
http://msp.org/jomms/
http://msp.org/
http://msp.org/


Journal of Mechanics of Materials and Structures
Volume 15, No. 4 July 2020

Wave propagation in three-dimensional graphene aerogel cylindrical shells resting
on Winkler–Pasternak elastic foundation

CHEN LIANG and YAN QING WANG 435
Semiinfinite moving crack in a shear-free orthotropic strip

SANATAN JANA, PRASANTA BASAK and SUBHAS MANDAL 457
A Bernoulli–Euler beam model based on the local gradient theory of elasticity

OLHA HRYTSYNA 471
Nonlinear deflection experiments: wrinkling of plates pressed onto foundations

NICHOLAS J. SALAMON and PEGGY B. SALAMON 489
Buckling of circular CFDST slender columns with compliant interfaces: exact

solution SIMON SCHNABL and BOJAN ČAS 499
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