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Lights Out for graphs related to
one another by constructions

Laura E. Ballard, Erica L. Budge and Darin R. Stephenson

(Communicated by Kenneth S. Berenhaut)

The Lights Out problem on graphs, in which each vertex of the graph is in one of
two states (“on” or “off”), has been investigated from a variety of perspectives
over the last several decades, including parity domination, cellular automata, and
harmonic functions on graphs. We consider a variant of the Lights Out problem
in which the possible states for each vertex are indexed by the integers modulo k.
We examine the space of “null patterns” (i.e., harmonic functions) on graphs, and
use this as a way to prove theorems about Lights Out on graphs that are related to
one another by two main constructions.

1. Introduction

In the classical version of the Lights Out puzzle, each vertex of a finite graph is
either “on” or “off”. By “pressing” a vertex, the player toggles the state of that
vertex and all adjacent vertices. The goal is to turn off the lights by pressing the
correct sequence of vertices. While the winnable configurations on any particular
graph can be characterized using ordinary linear algebra over Z,, see [Anderson
and Feil 1998], this puzzle has deep connections to various areas of combinatorics,
including parity domination [Amin and Slater 1996; Amin et al. 2002], cellular
automata [Sutner 1990], and harmonic functions on graphs [Zaidenberg 2008].
The generalized Lights Out puzzle can be described as follows. Throughout this
paper, the term graph will mean a finite graph without multiple edges or loops.
Let G = (V, E) be a graph with vertex set V and edge set E, and let k be a prime
number. A state on G is a function s : V — Z;. By fixing an ordering on V, we
may regard a state s as a column vector in Z}, where n = |V |. We will denote the
zero state by 0. For any vertex v € V, we define the closed neighborhood of v as

Xw)y={wlU{ueV:(u,v)ekE}.

MSC2010: 05C50, 05C69.
Keywords: graph theory, Lights Out.
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Given v € V, there is an associated state m, defined by

1 ue X)),

my (1) = {0 u g X ().

We think of the states m, as “moves” in the Lights Out puzzle. Adding state m,,
to state s in Zj, corresponds to the action of “pressing” vertex v. That is, pressing
vertex v increments the state of v and every vertex adjacent to v by 1 in Z;. The
goal in the puzzle is to convert an initial state s into the zero state by adding a
sequence of states of the form m,,. For other recent work on this generalized Lights
Out problem, see [Edwards et al. 2010; Giffen and Parker 2013; Gravier et al. 2003;
Hunziker et al. 2004; Zaidenberg 2009].

It is immediately apparent that the ordering of the vertices in the solution sequence
is unimportant; we only need to keep track of the number of times each vertex is
pressed. Therefore, a pattern on G is a function p : V — Z; where we interpret
p(v) as the number of times vertex v is pressed. Let V = {vy, ..., v,}. Given an
initial state s, we call p a winning pattern for s if

n
s+ pim, =0.

i=1

One goal is to determine which initial states on G have associated winning patterns.

Much of our study involves rephrasing the Lights Out puzzle in terms of linear
algebra, which is introduced for the basic Z; puzzle on grids in [Anderson and
Feil 1998]. Let A = A(G) be the adjacency matrix of G based on the ordering
V ={vy,...,v,}. The matrix N = N(G) = A(G) + I, is called the neighborhood
matrix of G. We use CSy(N), RSk (), and NS; (/) to denote the column space,
row space, and null space of N over Z;, respectively. The numbers rank(/N) and
null(NV) will always be computed over Zj, and null(N) + rank(N) = n.

We note that, for any vertex v; € V, the vector m,, is the same as the i-th column
of N. Therefore, for any pattern p on G, we have

n
> pwym, =Np,

i=1

where p is considered as a column vector in Z}. Thus, p is a winning pattern for s
if and only if N p = —s, and s has a winning pattern if and only if s € CS;(N). A
state s on G will therefore be called winnable if and only if s € CS;(N). Applying
a pattern in NSy (V) to any initial configuration leaves the configuration unchanged.
For this reason, we will refer to elements of NS;(N) as null patterns on G. Since
N is a symmetric matrix, it follows that CS; (V) can be identified with RSz (N),
the orthogonal complement of NS (N). A graph G will be called always winnable
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over Zj if every initial configuration is winnable. A graph is always winnable over
Zy if and only if rank(/N) = n, or, equivalently, det(N) # 0 (mod k).

Our overall goal is to study winnable states by determining null patterns for
various families of graphs. To do this, we develop tools which tell us what happens
to these spaces when graphs are combined with one another. In Section 2, we define
two main operations on graphs, the vertex join and the edge join. Given graphs
G, ..., G, and a chosen vertex v; € V(G;) for each i, the vertex join H is the
disjoint union of Gy, ..., G,, with all of the vertices v; identified to a single vertex.
Theorem 2.14 shows how the space of null patterns on H is related to the spaces
of null patterns on Gy, ..., G,. Given graphs G| and G, with chosen vertices
v e V(Gy) and w € V(G,) we can form the edge join L of G| and G, by simply
adding edge (v, w) to the disjoint union of G| and G;. Theorem 2.18 shows how
the space of null patterns on L relates to the spaces of null patterns on G and G».
Section 3 explores applications of these results.

2. Graph constructions and main results

We now introduce two main constructions, the vertex join and the edge join. Each
of these constructions gives a way of producing a new graph out of two or more
existing graphs. We will describe how the set of null patterns for the newly formed
graph is related to the sets of null patterns for the component graphs.

Both the vertex join construction and the edge join construction rely on choosing
a vertex v in each of the graphs G being joined as a location at which to join. The
characterization of null patterns on the joined graph is related not only to the space
of null patterns on G but also to the space of null patterns on the graph G — v, a
graph formed by removing vertex v and all incident edges from G. We introduce
the notion of null-difference to describe how the nullity of N(G) relates to the
nullity of N(G — v).

Definition 2.1. The null-difference at a vertex v in a graph G will be defined by
ndg (v) = null(N (G — v)) — null(N(G)).

The null-difference at a vertex v may depend on the prime k. Indeed, we will show
in Section 3 that this is the case for cycles. Since k is considered to be a fixed prime,
we will use the notation ndg (v) without reference to k.

Proposition 2.2. Let G be a graph. For all v € V(G), we have ndg (v) € {—1, 0, 1}.

Proof. Let n = |V(G)|. The matrix N(G — v) is formed by deleting the row
and column of N (G) corresponding to v. Let p = null(N(G)), which means that
rank(N(G)) = n — p. Let N be the matrix formed by deleting the column of
N (G) corresponding to v. Then either (a) rank(N;) = rank(N(G)) =n — p and
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null(N;) = p—1 or (b) rank(N;) =rank(N(G)) —1 =n— p—1 and null(N;) = p.
The matrix N (G —v) is obtained by deleting the row of N corresponding to v. This
will cause the nullity of N; to stay the same or go up by 1. Since, as stated above,
null(Ny) € {p — 1, p}, this implies null(N(G —v)) € {p — 1, p, p+ 1}. Because
ndg (v) = null(N (G — v)) — p, this proves the result. O

The three possible values for ndg (v) each tell us something very specific about
Lights Out winnability and null patterns in relation to the vertex v. The next series
of results will look at the cases where ndg (v) equals —1, 0, and 1 separately and
explain what information is determined in each case.

In order to do this, we first establish some notation based on a graph G and a
chosen vertex v € V(G). Let e, be the state on G such that e,(v) =1 and e, (w) =0
if w # v. Let f, be the Z,-linear transformation which extends a pattern on G — v to
a pattern on G that is zero at v. Let r, be the Z-linear transformation that restricts
a pattern on G to a pattern on G — v. Because we are interested in determining
which null patterns on G — v extend to G, the following lemma will be useful.

Lemma 2.3. Let G be a graph, and let v € V (G). Suppose p is a null pattern on
G — v. The pattern f,(p) is either a null pattern on G or a winning pattern on G
for the state \e, for some A € Z}.

Proof. The facts that p is null on G —v and that f,,(p)(v) =0 imply that N (G) f, (p)
is zero except possibly in the position corresponding to v. Thus, N(G) f,(p) = ne,
for some p € Zy. If u =0, then f,(p) is a null pattern on G. If i # 0, then f,(p)
is a winning pattern for Ae,, where A = —u (mod k). [l

We first consider the case in which ndg(v) = —1.
Proposition 2.4. Let G be a graph, and let v € V(G). The following are equivalent:
(1) ndg(v) =—1.
(2) The state e, is not winnable on G.
(3) There exists p € NS (N (G)) with p(v) # 0.

(4) The function f, restricts to an injective linear transformation from the space
NSy (N (G —v)) to NS¢ (N (G)), and the restriction of f, : NSp(N(G —v)) —
NSy (N(G)) has 1-dimensional cokernel.

Proof. (1) = (3): We prove the contrapositive. If p(v) =0 for all p € NS (N(G))
then every null pattern on G restricts to a null pattern on G — v. This would imply

null(N (G —v)) > null(N(G)),

giving ndg (v) € {0, 1}.
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(2) < (3): This equivalence follows immediately from the facts that the winnable
states on G are precisely the elements of CS¢(N(G)), that CSi(N(G)) is the
orthogonal complement of NS; (N (G)), and that p(v) = p - e,.

(2), (3) = (4): Suppose that e, is not winnable on G. This implies that Ae, is not
winnable on G for all A € Z;;. By Lemma 2.3, if p is a null pattern on G — v, then
fuv(p) is anull pattern on G. This ensures that the restriction f, : NS¢ (N (G —v)) —
NSy (N(G)) is well-defined. Clearly, f, is injective. Now by (3), there exists a
null pattern ¢ on G such that g(v) # 0, so f, cannot be surjective. Hence, by
Proposition 2.2, the restriction of f, has 1-dimensional cokernel.

(4) = (1): This is immediate from the definition of ndg (v). U

Corollary 2.5. Let G be a graph, and let v € V(G). Then ndg(v) € {0, 1} if and

only if p(v) =0 for every p € NS (N (G)).

Proof. This follows directly from the equivalence of (1) and (3) in Proposition 2.4. [
Proposition 2.4 also gives the following characterization of always winnable

graphs.

Corollary 2.6. Let G be a graph. Then G is always winnable over Zy if and only if

ndg (v) € {0, 1} for all v € V(G).

Proof. If G is always winnable, we have null(N(G)) = 0. Therefore, for all

v € V(G), we have null(N (G — v)) > null(N(G)). This implies ndg (v) € {0, 1}.
Conversely, if ndg(v) € {0, 1} for all v € V(G), then by Proposition 2.4, the

state e, is winnable on G for all v € V(G). This implies G is always winnable. [

Because it will be useful later, we also include the following consequence of
Proposition 2.4.

Corollary 2.7. Let G be a graph, and let v € V(G). If ndg(v) = —1, then there
exists ¢ € NS (N (G)) such that q(v) = 1.

Proof. Since ndg (v) = —1, the equivalence of (1) and (3) in Proposition 2.4 gives a
null pattern p on G with p(v) # 0. Then ¢ = p(v)~! p is a null pattern on G with
qv)=1. O

Next, we consider the case in which v is a vertex in G with ndg(v) = 0.
Proposition 2.8. Let G be a graph and let v € V (G). The following are equivalent:
(1) ndg(v) =0.
(2) For all ) € 73, the state Ae, is winnable on G, and any winning pattern p for
ey satisfies p(v) # 0.

(3) The functions r, and f, restrict to give bijective linear transformations between
NSi(N(G)) and NS;(N(G — v)), and these restrictions are inverses of one
another.
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Proof. (1) = (2): Suppose that ndg (v) = 0. By Corollary 2.5, g(v) = 0 for every
q € NS;(N(G)). This implies that Ae, L q for all § € NS;(N(G)). Since the space
of winnable states is the orthogonal complement of the space of null patterns, Ae,
is winnable for all A € Z}.

Now suppose that p is a winning pattern for Ae, for some A € Z; with p(v) =0. It
follows that r,, (p) is null, but p is not null on G. For every g e NS; (N (G)), g(v) =0
and thus r,(q) is always a null pattern on G — v. Notice that r,(p) must be distinct
from r,(q) for all g € NS;(N(G)), since the outcome upon applying f, to these
patterns is different. This implies null(N (G — v)) > null(N (G)), contradicting (1).
Thus p(v) #O.

(2) = (3): Suppose (2) is true. Since a pattern ¢ € NS; (N (G)) must be orthogonal to
every winnable pattern, g (v) = 0 in all null patterns ¢ on G. If any ¢ € NS¢ (N (G))
is restricted to G — v, the result is a null pattern on G — v, and therefore, r, restricts
to give a well-defined function from NSy (N (G)) to NS (N (G — v)).

Clearly, r, is injective. Let r € NS; (N (G — v)). Lemma 2.3 implies that f,(r)
is either a null pattern on G or a pattern that wins Ae, for some A € Z;. The latter
is impossible by (2), since f,(r)(v) = 0. Thus, f,(r) € NS¢ (N (G)). This implies
that the restriction of r, is an isomorphism from NS (N (G)) to NS (N (G — v))
with inverse given by f,.

(3) = (1): This is immediate from the definition of ndg (v). Ul

Finally, we consider the case in which v is a vertex in G with ndg(v) = 1. We
will make use of the following fact from linear algebra.

Remark 2.9. Let G be a graph, and let s be a state on G. If p is a winning pattern
for s, then the full set of winning patterns for s is precisely p+NSi (N (G)). Indeed,
since p is a solution to N(G)x = —s, the full solution set to N(G)x = —s is the
coset of NS¢ (N (G)) determined by p.

Proposition 2.10. Let G be a graph, and let v € V(G). Then the following are
equivalent:

(1) ndg(v) = 1.
(2) For all ) € 7%, the state \e, is winnable on G, and any winning pattern p for
ey satisfies p(v) = 0.

(3) The function r, induces an injective linear transformation from NS (N (G)) to
NS, (N(G —v)), and the restriction ry : NS (N(G)) = NSy (N(G — v)) has
1-dimensional cokernel.

Proof. (1) = (2): Suppose that ndg(v) = 1. By Corollary 2.5, every null pattern
on G is zero at v. Therefore, as in the first part of the proof of Proposition 2.8,
the state Ae, is winnable on G for all A € Z;. Suppose there exists i € Z; and a
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winning pattern p for pe, with p(v) # 0. By Remark 2.9, the set of all winning
patterns for pe, is p + NSy (N (G)). From this, we see that for any A € Z7, the set
of all winning patterns for Ae, is A~ p +NSi(N(G)) The facts that p(v) # 0
and that every element of NSz (N (G)) is zero at v shows that every element of
A~p + NSy (N(G)) (i.e., every winning pattern for Ae,) is nonzero at v. By
Proposition 2.8, this would imply ndg (v) = 0, contradicting (1). Therefore, any
winning pattern p for e, satisfies p(v) = 0.

(2) = (3): Assume (2) is true. Since a null pattern on G has to be perpendicular
to every winnable pattern, g (v) = O for all null patterns ¢ on G. Therefore, a null
pattern on G restricted to G — v is still null. Thus, the restriction of r, gives a
well-defined linear transformation NS (N (G)) — NSy (N (G — v)).

Clearly, the restriction of r,, is injective. If the restriction of r,, were also surjective,
then ndg (v) = 0, and this contradicts (2) by Proposition 2.8. The cokernel of the
restriction of r, to NS; (N (G)) is therefore 1-dimensional by Proposition 2.2.

(3) = (1): This is immediate from the definition of ndg (v). Ul

Later in this section, we will formalize the notions of the vertex join of several
graphs and the edge join of two graphs mentioned in the Introduction. Our main
theorems explain how to determine the dimension of the space of null patterns for
the newly formed graph in terms of the dimensions of the spaces of null patterns for
all of the graphs being joined together. We do this by using the null-differences at
each vertex of the component graphs where the joining will take place to determine
the null-difference of the resulting vertex or vertices in the joined graph.

For vertices in the component graphs with null-difference 0, the null-difference
itself does not convey sufficient information to determine the behavior of the
resulting vertex in the joined graph. We therefore introduce an extension of the
null-difference for each vertex v such that ndg(v) = 0.

Definition 2.11. Let G be a graph and suppose v € V(G) with ndg(v) = 0. By
Proposition 2.8, the state e, has a winning pattern ¢, and g (v) € Z;. Let

rAe() =—q) ' €7},

Corollary 2.5 and Remark 2.9 combine to show that ¢(v) (and hence Ag(v)) is
independent of the winning pattern g chosen. For vertices of null-difference 0, we
will write ndg (v) = 0(L) to indicate that ndg(v) =0 and Ag(v) = A.

We include the following as an alternate way to view the numbers A (v), because

it will be helpful when we prove Theorem 2.14.

Lemma 2.12. Let G be a graph and suppose v € V(G) with ndg(v) = 0. There
exists a pattern p on G such that p(v) =1 and p wins jie, for some . € Zj. For
any such p, we have u = —ig(v).
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G, H
G1 V1 v U3 G3
v

Figure 1. The vertex join H of the graphs G, G, and G3 at the
vertices vy, vy and vs.

Proof. By Proposition 2.8, there exists a pattern r on G such that r(v) # 0 and r
wins e, for some A € Z;. Then p = r(v)~'r satisfies p() =1, and p wins ue,
for u =r@)" A

Since p wins jie,, we conclude that ¢ = «~! p wins e,. Then

ro@)=—=g@) == P) T = —pp) = —p. O

In the remainder of this section, we define the operations of vertex join and edge
join, and give theorems that determine the dimensions of the null spaces of the result-
ing graphs if the null-differences on the vertices of the component graphs are known.

Definition 2.13 (vertex join). Let m € Z withm > 2. For 1 <i <m, let G; be a
graph with v; € V(G;). The graph H = VI({G;, v;}) is defined by starting with
the disjoint union | G; and identifying {v;, vy, ..., v,} to a single vertex v. The
graph H is called the vertex join of the graphs G, ..., G,, at the chosen vertices v;;
see Figure 1.

Theorem 2.14. Let G; be graphs for 1 <i < m, and let v; € V(G;). Let H =
VI{G;, vi}):
(1) ndg (v) =1 if and only if ndg, (v;) = 1 for at least one i.

(2) ndy (v) € {0, —1} if and only if ndg, (v;) € {0, —1} for all i. Moreover, in this
case,ndy (v) = —1 ifand only if Y Ag,(v;) =m — 1 (mod k), where the sum
is taken over all vertices v; such that ndg, (v;) = 0.

(3) In the case that ndgy (v) = 0, we have

’u()=1—m+Y ig(v) (modk),
where, again, the sum is taken over all vertices v; such that ndg, (v;) = 0.

Once ndy (v) is known, null(N (H)) can be computed as

null(N(H)) = —ndy (v) + Z(null(N(Gi)) +ndg, (v;)).
i=1
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Proof. (1, =) Suppose that ndg, (v;) = I for some j. By Proposition 2.10, there is a
pattern p on G; that wins e,; with p(v;) =0. Extend p to H such that p(w) =0 for
all vertices w € V (H) not originally coming from G;. Then p is a winning pattern
on H for e, with p(v) = 0. It now follows from Proposition 2.4 that ndg (v) #= —1,
and then Corollary 2.5 implies that every null pattern on H is zero at v. As in
the first paragraph of the proof of Proposition 2.10, Remark 2.9 now implies that,
for every pu € Z7, the full set of winning patterns for a state of the form ue, is
up +NSp(N(H)). Thus, for every u € Z5, every winning pattern g on H for ue,
also satisfies g (v) = 0. By Proposition 2.10, we have ndy (v) = 1.

(1,<) Suppose that ndy (v) = 1. For the purposes of contradiction, suppose that
ndg, (v;) € {0, —1} for all i. Proposition 2.10 implies that e, is winnable on H, and
winning patterns p for e, on H satisfy p(v) = 0. If p is any such pattern, then for
each i, p restricts to a null pattern on G; —v;. By Lemma 2.3, for each i, p restricts
to a pattern on G; that is either null or wins pe,, for some p € Z3. We claim that the
latter of these two possibilities cannot happen. If ndg, (v;) = —1, Proposition 2.4
implies that, for every u € Z}, the state e, is not winnable on G;. If ndg, (v;) =0,
Proposition 2.8 implies that, for all u € Z;, the state jie,, is not winnable on G;
using a pattern with p(v;) = 0. Thus, p restricts to a null pattern on G; for all i.
However, this shows that p € NS, (N (H)), contradicting the fact that p was chosen
as a winning pattern for e, on H. This shows that ndg, (v;) = 1 for at least one i.

(2) The first biconditional statement in (2) follows immediately from (1) and
Proposition 2.2. We prove the second biconditional statement in (2).

(2, second statement =) Suppose that ndy (v) = —1. By Corollary 2.7, there exists
a null pattern p on H with p(v) = 1. Let p; be the pattern on G; given by the
restriction of p.

For all i such that ndg, (v;) = —1, Proposition 2.4 implies that nonzero multiples
of e,, are not winnable on G;. Therefore, p; is a null pattern on G; by Lemma 2.3.

For all i such that ndg, (v;) =0, Corollary 2.5 implies that every null pattern on G;
is zero at v;. This shows that p; is not a null pattern on G;. Lemma 2.3 now shows
that p; is a winning pattern for pe,, for some u € Z;. Lemma 2.12 now implies u =
—Ag, (v;). Thus, if ndg, (v;) =0, then p; is a winning pattern on G; for —Ag, (v;)e,,.

Since p;(v;) = 1 for all i, the contribution of p from all vertices in G; — v; to
the state at v; must be equal to Ag,(v;) — 1 if ndg, (v;) = 0, and equal to —1 if
ndg, (v;) = —1. Because p € NSy (N (H)), we must have

I+ Y [Ge@)-DI+ > (=1)=0 (modk),
{i:ndg; (vi)=0} {i:ndg,; (vi)=—1}

which implies

Y ) =m—1 (modk).

{i:ndg, (v;)=0}
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(2, second statement <=) Suppose that Z{i:ndci (v)=0} Ag;(v;) =m —1 (mod k). To
show that ndy (v) = —1, we construct a null pattern p on H that has p(v) = 1.

For each i such that ndg, (v;) = —1, Corollary 2.7 implies that there exists a null
pattern p; on G; with p;(v;) = 1. For each i such that ndg, (v;) =0, Lemma 2.12
implies that there exists a pattern p; on G; that is a winning pattern for —Ag, (v;)ey,
with p; (v;) = 1.

Since all of the patterns p; have p; (v;) =1, they glue together to form a pattern p
on H, which we will show is null. By construction, p is a winning pattern for
ne, on H for some u € Z;. We need to show that i = 0. By adding up all of the
contributions from the different G;, we see that

—pn=1+ Z [(hg, (v)—1)]+ Z (=) =14(m—1)—m=0 (mod k).
{i:ndg, (v;)=0} {i:ndg; (vi)=—1}
Thus, p € NSx(N(H)). Since p(v) # 0, we have ndy (v) = —1 by Proposition 2.4.
(3) Suppose that ndgy (v) =0. By (2), we must have ndg, (v;) € {0, —1} for all i and
> ) #m—1 (modk).

{i:ndg, (vi)=0}

If ndg, (v;) = —1, then Corollary 2.7 shows that there is a null pattern p; on G;
with p; (v;) = 1. If ndg, (v;) =0, then Lemma 2.12 implies that there is a pattern p;
on G, such that p;(v;) =1 and p; wins —Ag, (v;)e,,. Gluing these patterns together
gives a pattern p on H with p(v) = 1. Again by Lemma 2.12, p is a winning
pattern on H for —A g (v)e,. Adding up the contributions from all of the patterns p;
being glued together gives

a)=1+ Y [Gg)—DI+ Y (=D
{i:ndg; (vi)=0} {i:ndg, (vi))=—1}

=l-m+ Y ). O
{izndg; (v1)=0)

Corollary 2.15. Consider two always winnable graphs G| and G, over Zy, and let
H =VIJ({G1, v2}, {G2, v2}).

Then H is always winnable if and only if ndy (v) = ndg, (v1) +ndg, (v2). This can
happen in only the following two ways:
(1) One of the ndg, (v;) is 1 and the other is 0, in which case ndg (v) = 1.

(2) ndg, (v1) =0(A) and ndg, (v2) = 0(w) with A + 1 # 1 (mod k), in which case
ndg(v) =0A 4+ —1).
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Proof. This is immediate from the m = 2 case of Theorem 2.14. O

One application of Theorem 2.14 is to determine the dimension of the space
of null patterns (and hence, the space of winnable patterns) when P, is attached
to a graph by identifying one of the vertices of P, with a chosen vertex of the
graph.

Corollary 2.16. Let G| be a graph and let v € V(G1). Let P, be a path with two
vertices v and w'. Let

G/l = VJ({Gls U}’ {PZ’ U/})'

Let d = null(N(G1)). Then null(N(G))) is given by the following table:

ndg, (v) | null(N(G))) ndg: (v) ndGrl(w/)
1 d 1 0(1)
—1 d—1 o(—1) 1
OA), A #1 d ox—1|01—=x"hH
0(1) d+1 -1 -1

Proof. For all k we have
ndp, (v') =ndp,(w') = —1.

In forming G, there are three main cases to consider depending on whether ndg, (v)
is 1, 0(A), or —1. For ease of notation, we will refer to the identified vertex v’ = v
of G| as v.

In every case, the graph G| — v is the disjoint union of G| — v and a single
vertex w’. A null pattern p on G| — v must restrict to a null pattern on G; — v and
have p(w’) = 0. Therefore,

null(N (G} —v)) = null(N (G — v)).

Case 1: ndg,(v) =1= [ndG/l(v) =1 and ndG/l(w’) =0(D)].
Suppose ndg, (v) = 1. Then by Theorem 2.14, ndg: (v) = 1, showing that
null(N(G})) = null(N (G} —v)) — 1
=null(N(G; —v)) — 1
=nmull(N(G)) =d.

Then ndG/l(w/) = 0. To win e,y on G}, we press w’ exactly k — 1 times, re-
lying on the fact that the pattern (k — 1)e, can be won on G; without press-
ing v (by Proposition 2.10). Therefore, )LG/] w)=—k-1)""=1, showing that
ndg; (w) =0(1).
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Case 2: ndg, (v) = —1 = [ndg (v) = 0(—1) and ndg (w') = 1].
Suppose ndg, (v) = —1. Then by Theorem 2.14, ndG/] (v) =0(—1), showing that
null(N (G))) = null(N (G| —v))
=null(N(G| —v))
=null(N(Gy)) —1=d—1.
Then ndg; (w') = 1.
Case 3a: ndg, (v) = 0(X), where (A # 1) = [ndG/] (v)=0(x—1) and nd(;/l (w) =
0(1—x"H.
Suppose ndg, (v) = 0(1), where A # 1. By Theorem 2.14, ndG/l (v) =0(x — 1),
showing that
null(N (G})) = null(N (G| —v))
=null(N(G| —v))
=null(N(G)) =d.
Then ndG/1 (w") = 0. We know from Proposition 2.8 that e, is winnable on G. Let
p be a pattern on G| that wins e,,, and suppose p(w’) =¢. Then p, when restricted
to G, gives a pattern on G that wins te, with p(v) = —t — 1. Since v is pressed

—2~! times in winning e, on G 1, it follows that v is pressed —A ! times in winning
te, on G1. Thus —tA~' = —r — 1. Solving for ¢ gives t = (A~' —1)~!. This implies

A (w)=—1""=1-2"".

Thus ndg (w) = 0(1 —27).
Case 3b: ndg, (v) = 0(1) = [ndg; (v) = —1 and ndg/ (w') =—1].
Suppose ndg, (v) = 0(1). Then by Theorem 2.14, ndg/] (v) = —1, showing that
null(N(G})) = null(N (G} —v)) + 1
=null(N(G; —v))+1
=null(N(Gy))+1=d+1.
Then ndg; (') = —1. O

As another application of these results, we determine the dimension of the space
of null patterns for joining two graphs via a new edge.

Definition 2.17 (edge join). Let G| and G, be graphs with v € V(G1) and w €
V(Gy). Let H =EJ({G, v}, {G3, w}) be the graph with V(H) =V (G) UV (G>)
and E(H) = E(G1)U E(G2)U{(v, w)}. The graph H will be called the edge join
of G| and G, at v and w; see Figure 2.
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Figure 2. The edge join H of the graphs G| and G».

Theorem 2.18. Let G| and G, be graphs with v € V(G) and w € V(G3y). Let
d; =null(N (G;)), and let H =EI({G1, v}, {G2, w}). Then null(N (H)) is given by
the following table:

ndg, (v) | ndg,(w) null(N (H))
1 any di+d;
-1 any di +dy+ndg,(w) —1

0(2) 0(1) dy+dy, pp#17!
o) O(w) | di+dy+1, p=xr""

Cases not covered above can be handled by symmetry.

Proof. Let P, be a path with two vertices, v" and w’. We construct H in two steps. Let

G| =VI{G, v}, {P2,V"}) and H =VI{G)|, w'}, {Ga, w}),

where G, G,, and P, are as in Figure 3.

We use Corollary 2.16 and then Theorem 2.14 to find null(N(H)). To ease
notation, we will refer to the identified vertex v =1v’ in G| as simply v, and similarly
we will refer to the vertices v = v" and w = w’ of H as v and w, respectively.

Case 1: Suppose ndg,(v) = 1. Corollary 2.16 implies ndg/1 (w) = 0(1). If
ndg, (w)=1, Theorem 2.14 shows that ndy (w) =1. If ndg, (w) =—1, Theorem 2.14
shows that ndg (w) = —1. If ndg, (w) =0(X), Theorem 2.14 shows that nd i (w) =0,

Figure 3. The graphs G| and G, and the path P, used in the proof
of Theorem 2.18.
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since A + 1 # 1. Therefore, since ndg (w) = [g,(w) in every case,

null(N(H)) =null(N(H — w)) —ndg (w)
=null(N(G1)) +null(N(G, — w)) —ndg (w)
=null(N(G)) +null(N(G2)) +ndg, (w) — ndg (w)
=d| +d;.
Case 2: Suppose ndg, (v) = —1 and ndg,(w) € {0, —1}. Corollary 2.16 implies
ndG/l (w’) = 1. Theorem 2.14 implies ndy (w) = 1. Therefore,
null(N(H)) = null(N(H —w)) — 1
=null(N(G1)) + null(N (G, —w)) — 1
=null(N(G1)) +null(N(G2)) +ndg, (w) — 1
=d; +dr+ndg,(w) — 1.
Case 3: Suppose ndg, (v) = 0(A) and ndg, (w) = 0(w). Using Corollary 2.16, we
find that ndg, (w') = —1if A =1 and ndg (w') = 0(1 — A1) if A # 1. In the case

that A = 1, Theorem 2.14 gives ndgy (w) =0 when u # 1 and ndgy (w) = —1 when
w = 1. In the case that A # 1, Theorem 2.14 gives ndy (w) = 0 when 1 # A~! and

ndy (w) = —1 when = A~!. In terms of computing dimensions, we then have two
possibilities: either y = A~L in which case null(N(H)) =d; +d>+ 1, or # AL
in which case null(N (H)) = dj + d». O

Corollary 2.19. Consider two always winnable graphs G| and G, over Zy, and
let H=EI({G1, v}, {G2, w}). Then H is always winnable if and only if one of the
following occurs:

(1) Either ndg,(v) =1 or ndg,(w) = 1, or both.
(2) ndg, (v) = 0(1) and ndg, (w) = 0() with u # A~" (mod k).

Proof. This is immediate from Theorem 2.18. We note that part (1) gives a different
proof of [Edwards et al. 2010, Corollary 2.11]. (]

One useful application of Theorem 2.14 is the idea of graph reduction, i.e.,
removing a set of vertices, along with all incident edges, from a graph without
changing the dimension of the null space of the neighborhood matrix.

Corollary 2.20. (1) Let G| and G, be graphs with v; € V(G;), and let H =
VI({G1, vi}, {G2, v2}). Suppose G, is always winnable and ndg,(v2) = 1.
Then

null(N (H)) = null(N (G — v})).
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(2) Let H be a graph that has a degree-1 vertex x adjacent to a degree-2 vertex w.
Let v be the vertex of H other than x that is adjacent to w. Then

null(N(H)) =null(N (H — {v, w, x})).

Proof. (1) Let v be the vertex of H corresponding to the identification v; = v;. By
Theorem 2.14, ndg (v) = 1. Therefore,

null(N(H)) =null(N(H — v)) —ndg (v)
=null(N(G1 —v1)) + mull(N (G2 — v2)) —ndgy (v)
=null(N (G| —v1)) + null(N (G2)) + ndg, (v2) — ndg (v)
=null(N (G —v1)),
where the last equality is true since null(N(G2)) =0 and ndg, (v2) =ndg (v) = 1.

(2) This comes from part (1) applied to G; = H — {w, x} and G, = P3, a path with
three vertices {v’, w, x} where deg(w) = 2. For all k, P3 is always winnable, and
ndp,(v') = 1. O

Corollary 2.21. Let H be a graph and {vy, ..., v} € V(H) such that deg(v;) =1
for all i and each v; is adjacent to the same vertex x € V(H). Then

null(N(H)) =null(N(H —{v; :i =1, ..., k})).

Proof. We apply Theorem 2.14 to the graphs {G=H —{v; :i =1,...,k}, x} and
(E; =Py, x}fori=1,...,k, where V(E;) = {x, v;}. We have ndg, (x) = —1 for
all i. By Theorem 2.14, we have
1 if ndg(x) =1,
ndg(x)=41—1 if ndg(x) =—1,
0 if ndg(x) =0(R),
where the last two equalities are true since there are m = k + 1 graphs involved.

Since ndy (x) = ndg(x) in every case and null(N (E; — {x})) = 0 for all i, we have
null(N(H)) = null(N (G)). [l

We close this section with one further result on graphs whose spaces of null
patterns are isomorphic. The initial graph H in the following result has distinct
vertices v, pi, p2, and w in the following configuration:

> P1 P2 U<

We show that the dimension of the space of null patterns does not change if vertices
p1 and p, are removed, along with incident edges, and then v is identified with w.
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Proposition 2.22. Let H be a graph with distinct vertices v, py, p2, w € V(H) such

that deg(p1) = deg(p2) =2, {(v, p). (p1, p2), (P2, w)} € E(H), and (v, w) &
E(H). Let H' be the graph defined by identifying the vertices v and w inside

H —{p1, p2}:
(1) For every p € NS (N(H)), we have p(v) = p(w).

(2) The induced mapping NS, (N (H)) — NS (N (H")) is an isomorphism, and
therefore
null(N (H)) = null(N (H")).

Proof. (1) Let p € NSi(N(H)). Then

p() + p(p1) + p(p2) =0 (mod k),
p(p1) + p(p2) + p(w) =0 (mod k).
This shows that p(v) = p(w) as elements of Z.

(2) Let p € NS¢(N(H)). Since p(v) = p(w), p naturally induces a pattern on
H' which we will denote by p’. We will now show that p’ € NSy(N(H")). Let

= Zuexw)\{u,p]}l’(”) and s = ZueX(w)\{w,pz}p(”)'
Since p is null at v and w, we have

p()+ p(p1) +1t=0 (mod k),
p(p2) + p(w)+s =0 (mod k).

When combined with the equations in part (1), this implies

t = p(p2) (mod k),
s = p(p1) (mod k).
Clearly p’ is null on H’ except possibly at v/, the vertex created by the identification
of v with w. We have
Y P =p' ) +s+i=pw)+p(p)+p(pz) =0 (mod k).
ueX (v’

Hence, p’eNS; (N (H')), and p+—> p’ gives a linear transformation from NSy (N (H))
to NSy (N (H')). To see that this linear transformation is bijective, notice that any
null pattern ¢” on H' can be extended uniquely to a null pattern ¢ on H as follows:

e ¢ is identical to ¢’ away from {v, p1, p2, w}.
s q(v)=qw)=q'(V).

e q(p1)=— ZMGX(U)\{pl} q'(u).

* q(p2) == exp(py 4 @-
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The pattern ¢ is null by construction on vertices of H not in {p;, p»}. To see that q
is null at pq, note that

g +q(p)+a(p) =40~ Y quw— Y  qw

ueX @\{p1} ueX w)\{p2}
=4 —q') - )Y qdw
ueX ')
=0 (mod k),

where the last equality is true because ¢’ is null on H'. Now ¢ is also null at p;
since g (v) = q(w). O
3. Some examples and applications

The following information for paths, cycles, complete graphs, and complete bipartite
graphs can be obtained directly, but also follows from [Giffen and Parker 2013,
Theorem 4.4], which gives the result in terms of winnable states.

Paths. For P,, a path with n vertices, we have

0 ifn#2 (mod3),

null(N (P,)) = {1 it n =2 (mod 3).

This shows that the null-differences of the vertices of P, follow the pattern below:

0(1) -1 -1 1 0= 1 0(D) 1 1 0(D)
° —o ——eo—o ———eo—
-1 —1 1 -1 —1 1 0(=1 1 1 0(=1 1
0(1) 1 1 0(1) 1 1 0(D)

When n =2 (mod 3), a basis for NS; (N (P,)) is given by a pattern of the form
(1,-1,0,1,-1,0,..., 1, =1),
where the vertices are listed in the order that they are connected along the path.

Cycles. Let C, be the n-cycle. Then

0 if3tn and k # 3,
null(N(C,)) =11 if 3{n and k = 3,
2 if3|n.
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If ve V(C,), then

03) if n =1 (mod 3) and k # 3,
ndc, (v) = 10(=3) if n =2 (mod 3) and k # 3,
-1 if 3|nork=3.

If 3 is not a divisor of n and k = 3, a basis for NS (N (C,)) is given by the pattern p
such that p(v) =1 for every vertex v € V(C,). If 3 | n, a basis for NS¢ (N (C,)) is
given by

{(15 _15 09 1’ _1’ 07 DRI 1’ _17 O)s (0’ l’ _17 07 17 _15 ceey 07 1’ _1)}5
where the vertices are listed in the order given by proceeding around the cycle.

Complete graphs. For the complete graph on n vertices K, we have null(N (K,,)) =
n—1, and ndg, (v) = —1 for all v € V(K,). Choose a vertex v € V(K,). A basis of
NSk (N(K})) is given by the set of patterns of the form p,,, where w € V(K,) \ {v},
Pw@) =1, py(w)=—1,and py(u) =0ifu € V(K,) \ {v, w}.

Complete bipartite graphs. Let K, , be the complete bipartite graph on m and n
vertices. We will refer to the set of m vertices as the “left-hand” vertices and the
set of n vertices as the “right-hand” vertices. We have

0 if kf(mn—1),

When & | (mn — 1), a basis of NS (N (K,.»)) is given by the pattern p which has
value n at all left-hand vertices and value —1 at all right-hand vertices.

If k| (mn — 1), then k can divide neither (m — 1)n — 1 nor m(n — 1) — 1, and
therefore, ndg,, , (v) = —1 for all v € V(K ). If k{(mn — 1), then k may divide

neither, one, or both of (m—1)n—1 and m(n—1)—1. We summarize the possibilities
in Table 1.

klmn—1) | k|(m—1Dn—1) | k|(mm—1)—1) | left nd | right nd
yes no no —1 —1
no no no O(xr) | 0(AR)
no no yes O(Ar) 1
no yes no 1 O(AR)
no yes yes 1 1

Table 1. Summary of possibilities for complete bipartite graphs. Here
“left/right nd” means the null-difference on the left/right-hand vertices,
AL =(mn—1)(mn—n—1)""and Ag = (mn —1)(mn —m — 1)~",
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Generalized star graphs. We give an application to generalized star graphs, called
“spider graphs” in [Edwards et al. 2010]. A generalized star is a connected graph of
the form G = VJ({ Py, , v;}), where n; > 2 are integers, Py, is a path with n; vertices,
and v; is a degree-1 vertex of P,,. The vertex v € V(G) is called the center of G,
and G — v is a disjoint union of the paths P,,_;. To avoid trivial cases, we assume
deg(v) > 2. Every vertex of G other than v has degree 1 or 2.

The following result gives a more general version of [Edwards et al. 2010,
Theorem 3.4].

Proposition 3.1. Let G = VI({P,,, vi}) be a generalized star as defined above,

where {ny, na, ..., n,} is a set of integers with n; > 2 and m > 3. For j € {0, 1, 2},
let pj be the number of n; such that n; = j (mod 3). Then
-1 ifpo=0andk|(pr—1),
ndg(v) = {0(1 = p2) if po=0and kt(p2—1),
1 if po #0.
This implies
1 ifpo=0andk|(p>—1),
null(N(G)) =140 if po=0andkt(p, — 1),

po—1 if po #0.
In particular, G is always winnable over 7y, if and only if either py = 1 or both
po=0andkt{(p,—1).

Proof. This follows immediately from Theorem 2.14 and the characterization of
paths given above. U

Star graphs. Let S, be the star with n > 3 edges. By Proposition 3.1 or the results
on complete bipartite graphs given above, we see that null(N(S,)) =1ifk|(n—1)
and null(N (S,)) =0 otherwise. This implies that for v € V (§,,) such that deg(v) =1,

we have
—1 ifk|(n—1),

nds, (v) = 1 if k| (n—2),
0((n—1)(n —2)~1) otherwise.

Proposition 3.2. Let G = VI({S,,, vi}), where {n1, na, ..., ny} is a set of integers
with n; > 2, m > 2 and degsn_(v,-) = 1. Let v be the vertex of G created by
the identification of the vertices v;. Let p, be the number of the n; such that
n;i =2 (mod k). Then

—1 if po=0and Zl’-":](ni —Dm; —2)""'=m—1 (mod k),

ndg(v) = 0 if pop=0and er-"zl(ni — D —2)"'#m—1 (mod k),
L if pp #0,
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which implies

1 if p» =0and Z;":l(ni—l)(ni—2)_1 =m—1 (mod k),
null(N(G)) =40 if pp=0and Z;"zl(n,- —1D(m;—2)"' £m—1 (mod k),
p2—1 if pp#0.
In particular, G is always winnable over Zy, if and only if either p; = 1 or both
p2=0and

D i =D —2)" #£m—1 (mod k).

i=1
Proof. This follows immediately from Theorem 2.14 using the properties of stars

given after Proposition 3.1 and the properties of P, and P; (to handle the case
where n; might be equal to 2 for some values of 7). U

We have a similar result for cycles.

Proposition 3.3. Let G = VI({C,, vi}), where {ny, na, ..., ny} is a set of integers
withn; > 3, m > 2, and v; € V(Cy,). Let v be the vertex of G created by the
identification of the vertices v;. For j € {0, 1,2}, let p; be the number of n; that
are congruent to j modulo 3. Then

ndg(v) = {_1 if 3(p1 — p2) =m —1 (mod k),
CETL 0 if3(pi—p2) #Am—1 (mod k),

which implies
po+1 if 3(p1 — p2) =m—1 (mod k),
if 3(p1 — p2) #m —1 (mod k).

In particular, G is always winnable over 7y, if and only if po = 0 and 3(p1 — p2) #
m —1 (mod k).

null(N(G)) = {

Proof. This follows from Theorem 2.14 and the characterization of cycles given
above. ([
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A characterization of the sets of periods
within shifts of finite type

Madeline Doering and Ronnie Pavlov

(Communicated by Kenneth S. Berenhaut)

We characterize precisely the possible sets of periods and least periods for the
periodic points of a shift of finite type (SFT). We prove that a set is the set of
least periods of some mixing SFT if and only if it is either {1} or cofinite, and
the set of periods of some mixing SFT if and only if it is cofinite and closed
under multiplication by arbitrary natural numbers. We then use these results to
derive similar characterizations for the class of irreducible SFTs and the class
of all SFTs. Specifically, a set is the set of (least) periods for some irreducible
SFT if and only if it can be written as a natural number times the set of (least)
periods for some mixing SFT, and a set is the set of (least) periods for an SFT if
and only if it can be written as the finite union of the sets of (least) periods for
some irreducible SFTs. Finally, we prove that the possible sets of (least) periods
of mixing sofic shifts are exactly the same as for mixing SFTs, and that the same
is not true for the class of nonmixing sofic shifts.

1. Introduction

Modern dynamical systems theory has a relatively short history, though scientists
from many disciplines have begun to use nonlinear dynamics techniques to de-
scribe problems ranging from physics and chemistry to ecology and economics.
Fundamentally, a dynamical system is a set or space with structure, usually denoted
by X, partnered with a function or map, usually denoted by f, that preserves that
structure through repeated iterations. This function f can then be applied arbitrarily
many times to subsets or elements of X, which incites certain possible patterns.
One of the simplest is when a point returns to itself after some number (say n) of
iterations of f; such a point is said to be periodic with period n. Different points of
the system can have different periods, and so a simple natural object of study is the
set of periods of points of a given dynamical system. The celebrated Sharkovsky’s

MSC2010: primary 37B10; secondary 37E15.
Keywords: periodic points, shifts of finite type, Sharkovsky’s theorem.
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theorem gives some surprising information about this set of periods for dynamical
systems given by continuous self-maps of intervals.

Sharkovsky’s theorem [1964]. For any interval I in R, if f : I — I is continuous
and has a point of least period k, then there exist points of all least periods less
than k in the Sharkovsky ordering, where the ordering is as follows:

3<5<7<9<11<---<2-3<2-5<2-7<2-9<2-11<---

<22.3<22.5<22.7<22.9<2% 1 <--- <24 <232 <22 22«1,

In particular, Sharkovsky’s theorem implies that for any such f, the set of natural
numbers which are least periods of periodic points for f is a downward closed set
with respect to the Sharkovsky ordering. In fact, examples are also constructed in
[Sharkovsky 1964] which, given any such (nonempty) downward closed set, yield
an f which realizes that set as the least periods of periodic points. This then yields
a complete characterization of which sets can appear as the sets of least periods
for such f. The goal of the present work is to obtain such a characterization for a
completely different class of dynamical systems, called the shifts of finite type. In
the process, we also prove some results about the more general class of so-called
sofic shifts.

Here we step into the realm of symbolic dynamics. For symbolic dynamical
systems, one begins with a finite set of symbols called the alphabet, denoted by A.
Elements of A are called letters and can be combined to form “words” or “blocks”.
A symbolic dynamical system, or shift space, is a subset of all possible biinfinite
sequences created with the alphabet A based on a collection of “forbidden blocks” F,
essentially rules on what words or symbols can and cannot appear in these biinfinite
sequences. For shift spaces, the dynamics are always given by the shift map o,
which shifts a sequence in the space one unit to the left. A shift space described by a
finite set of forbidden blocks is called a shift of finite type (SFT). An example of an
SFT would be where X is the set of all binary sequences with no two 1s next to each
other, induced by F = {11}. This is known as the golden mean shift, because its
so-called topological entropy is equal to the logarithm of the golden mean. Because
they have a simple representation using a finite, directed graph (see Section 3),
SFTs are attractive to study, as questions about the SFT can typically be phrased
as questions about the graph which can be translated back to the original shift.

A periodic point of a shift space is just a biinfinite sequence made only of a
word w of length p repeated biinfinitely with no additional words, which is then said
to have period p. In this work, we study periodic points in SFTs as, though they are
in some sense the “simplest” shifts, they play an important role in dynamical systems
by facilitating the study of more complex systems. We prove a characterization for
shifts of finite type analogous to Sharkovsky’s theorem, along with a corresponding
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characterization for the sets of (not necessarily least) periods for shifts of finite
type. Unlike the f : I — [ case above, our characterizations do not come from any
ordering of N, but rather from structural properties of the sets. Our main results are
the following.

Theorem 1.1. A set S is closed under N-multiples and cofinite if and only if there
exists a topologically mixing SFT such that S is the set of periods of its periodic
points.

Theorem 1.2. A set R can be written as p - S, where p € N and S is a cofinite set
which is closed under N-multiples, if and only if there exists an irreducible SFT
such that R is the set of periods of its periodic points.

Theorem 1.3. A set Q can be written as | J;_, pi - Si for some p; € N and cofinite
sets S; which are closed under N-multiples if and only if there exists an SFT such
that Q is the set of periods of its periodic points.

Theorem 1.4. A set S is either {1} or cofinite if and only if there exists a topologi-
cally mixing SFT such that S is the set of least periods of its periodic points.

Theorem 1.5. A set R is either a singleton or can be written as p - S, where p € N
and S is a cofinite set, if and only if there exists an irreducible SFT such that R is
the set of least periods of its periodic points.

Theorem 1.6. A set Q can be written as U U J;_, p; - S; for some finite set U,
pi €N, and cofinite sets S;, if and only if there exists an SFT such that Q is the set
of least periods of its periodic points.

In addition to the relation to Sharkovsky’s theorem already outlined, these results
also connect to other characterizations of various other important objects for SFTs,
most notably topological entropy [Lind 1983] and the Artin—Mazur zeta function
[Kim et al. 2000]. The latter is most relevant to our work, due to the connection
of the zeta function to periodic points. The zeta function is a formal power series

defined by
o0 Zn
¢(x) = exp(Z pn;>,
n=1

where p, is the number of points of period n in the system. For SFTs, the zeta
function always has the form 1/p(z) for some polynomial p, see [Bowen and
Lanford 1970], and the classification from [Kim et al. 2000] is in terms of these
p(z), more specifically in terms of the sets of nonzero complex numbers (with
multiplicity) which can be realized as the roots of such p(z). Relevant for this
work is the fact that knowledge of the zeta function is theoretically equivalent
to knowledge of p, for all n, and the set of periods is the set of exponents with
positive coefficients. Therefore, theoretically speaking, the classification from [Kim
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et al. 2000] contains enough information to derive a classification of the sets of
periods for SFTs. However, practically speaking, it is not at all simple to turn
information about roots of p(z) into information about the set of exponents with
positive coefficients for the power series expansion of 1/p(z).

Finally, we note that the possible sets for a generalized notion of least periods for
multidimensional SFTs (which consist of Z%-indexed arrays of letters rather than
sequences) were recently characterized in [Jeandel and Vanier 2010]. As is often the
case for multidimensional SFTs, their characterization is in recursion-theoretic terms
and much more complicated than the ones we derive in one dimension. It is noted in
[Jeandel and Vanier 2010] that the set of least periods for a (one-dimensional) SFT
must be semilinear, i.e., a finite union of sets of the form {ao + Zf: | nia; in; € N}
for fixed a; € N. However, as our results show, not all semilinear sets are realizable
in this way; for instance, the set of positive odd integers is semilinear and yet is not
the set of least periods of any (one-dimensional) SFT. It is strange that the much
more complicated and difficult results of [Jeandel and Vanier 2010] appeared even
though the one-dimensional characterization does not seem to be present anywhere
in the literature; we hope that our results fill this gap.

In addition to the previous theorems, our results yield a characterization of the sets
of (least) periods for mixing sofic shifts. Sofic shifts are the shift spaces which are
so-called factors of SFTs, i.e., images (of SFTs) under continuous shift-commuting
maps, and are a significantly larger class. They can be alternatively defined using
labeled graphs; see Definitions 24 and 25.

Theorem 1.7. A set S is closed under N-multiples and cofinite if and only if there
exists a topologically mixing sofic shift such that S is the set of periods of its periodic
points.

Theorem 1.8. A set S is either {1} or cofinite if and only if there exists a topo-
logically mixing sofic shift such that S is the set of least periods of its periodic
points.

The problem of finding similar characterizations for irreducible and general sofic
shifts is quite interesting, but seems to be more difficult; in particular, it is not true
that the same characterizations as in Theorems 1.2, 1.3, 1.5, and 1.6 hold. We
comment further on this in Section 6.

2. Definitions

Definition 1. A ropological dynamical system is a pair (X, T') where X is a compact
metric space and 7 : X — X is a continuous map.

Definition 2. For any finite set of symbols A (which we call an alphabet), the full
A-shift is the collection A? = {x = (x;)icz : xi € A for all i € Z} of all biinfinite
sequences of symbols from A.
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Definition 3. A word on the alphabet A is a finite sequence of elements of A.

Definition 4. The shift map o on the full shift A maps a point x to the point
y = o (x) whose i-th coordinate y; is x;11, the (i+1)-th coordinate of x.

Definition 5. A point x is periodic for o if " (x) = x for some n > 1. The point x
is then said to have period »n under o.

Definition 6. For a point x that is periodic, the smallest positive integer n for which
0" (x) = x is the least period of x.

Definition 7. Let (X, T) and (Y, S) be two topological dynamical systems. The
systems (X, T) and (Y, S) are conjugate if there exists between them a homeomor-
phism % : X — Y such that h(T (x)) = S(h(x)) for all x € X.

We note that if (X, T') and (Y, S) are conjugate viah : X — Y, then T"x = x
if and only if S"/h(x) = h(x), and so conjugacy preserves the number of points of
(least) period n in any dynamical system.

Definition 8. A shift space is a subset X of a full shift AZ such that, for some
collection F of forbidden blocks over A, the subset X is equal to X (F), the set of
all possible biinfinite sequences that do not contain any blocks from F.

Whenever X is a shift space, (X, o) is a topological dynamical system when X
is given the induced product topology from AZ.

Definition 9. A shift of finite type (or SFT) is a shift space X that is equal to X (F)
for some finite collection F of forbidden blocks.

Definition 10. A sofic shift is any shift space which is the image of an SFT under
a continuous map which commutes with the shift o.

Definition 11. The language is the set of all possible blocks of length » € N of a
shift space X, denoted by B(X).

Definition 12. A shift space X is irreducible if for every ordered pair of blocks
u,v € B(X) there exists w € B(X) such that uwv € B(X).

Definition 13. A shift space X is mixing if, for every ordered pair u, v € B(X),
there is an N such that for each n > N there exists w € B, (X) such that uwv € B(X).

Definition 14. A graph G consists of a finite set V = V (G) of vertices (or states)
together with a finite set £ = E(G) of edges. All of the graphs discussed in this
paper are directed graphs, meaning that each edge points from one vertex, called
the initial vertex, to another, called the terminal vertex.

Definition 15. A path in a graph G is a finite sequence of edges such that the
terminal vertex of each is the initial vertex of the next.

Definition 16. A cycle is a path which begins and ends at the same vertex. A cycle
is simple if each vertex along it is visited exactly once.
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Definition 17. A cycle C of an arbitrary graph G is called nonelementary if C is
composed of a single smaller cycle followed two or more times. A cycle is called
elementary if it is not nonelementary.

Definition 18. A graph G is irreducible if for every ordered pair of vertices I and J
there is a path in G starting at / and terminating at J.

Definition 19. Given a graph G, the period of G, denoted per(G), is the greatest
common divisor of its cycle lengths.

Definition 20. A graph is aperiodic if per(G) = 1.
Definition 21. A graph is primitive if it is irreducible and aperiodic.

Definition 22. A set S is closed under N-multiples if for all n € S, mn is also in S
for all m € N.

3. Preliminaries

The following theorems, definitions, and descriptions are used extensively in the
proofs of our results. We will see that any SFT can be studied by way of an
associated graph, every graph can be broken down into primitive pieces, and from
these primitive graphs we can build our results.

Definition 23. For an arbitrary graph G with set of edges E(G), the edge shift x¢
is the shift space over the alphabet A = E(G) consisting of all biinfinite sequences
of edges which are connected end-to-end in G.

By Proposition 2.2.6 from [Lind and Marcus 1995], for any graph G, the asso-
ciated edge shift x¢ is an SFT. Surprisingly, every SFT can also be depicted as a
graph.

Proposition 3.1. For any SFT X, there exists a graph G such that X is conjugate
to the edge shift xg. In addition, if X is irreducible, then G can be taken to be
irreducible, and if X is mixing, then G can be taken to be primitive.

Proof. The first sentence follows from Theorem 2.3.2 in [Lind and Marcus 1995].
The reader may check that the remaining statements hold for the construction done
there. U

This then allows a connection to be made between the periodic points of an SFT
and the cycle lengths of its associated graph G:

Proposition 3.2. For any SFT X, there exists a graph G such that for all p € Z, the
number of points of (least) period p in X equals the number of (elementary) cycles
of length p in G.
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Proposition 3.3. For any irreducible SFT X, there exists an irreducible graph G
such that for all p € Z, the number of points of (least) period p in X equals the
number of (elementary) cycles of length p in G.

Proposition 3.4. For any topologically mixing SFT X, there exists a primitive
graph G such that for all p € Z, the number of points of (least) period p in X equals
the number of (elementary) cycles of length p in G.

Proof of Propositions 3.2—3.4. By Proposition 3.1, for any SFT X we can find a
graph G such that X = xg, where G is irreducible if X is irreducible and G is
primitive if X is mixing. Then by Proposition 2.2.12 from [Lind and Marcus 1995],
the number of cycles of length m in G is equal to the number of points in the edge
shift x with period m. (To prove this, Lind and Marcus use an object called the
adjacency matrix, but we will not need this object in our work.) X is conjugate to xg,
and as we defined, conjugacy preserves periodic points, completing the proof. [

Thus, in light of Propositions 3.1-3.4, the following six theorems are equivalent
to Theorems 1.1-1.6:

Theorem 3.5. A set S is closed under N-multiples and cofinite if and only if there
exists a primitive graph G such that S is the set of cycle lengths in G.

Theorem 3.6. A set R can be written as p - S, where p € N and S is a cofinite set
which is closed under N-multiples, if and only if there exists an irreducible graph H
such that R is the set of cycle lengths in H.

Theorem 3.7. A set Q can be written as | J;_, p; - Si for some p; € N and cofinite
sets S; which are closed under N-multiples if and only if there exists a graph F such
that Q is the set of cycle lengths in F.

Theorem 3.8. A set S is either {1} or cofinite if and only if there exists a primitive
graph G such that S is the set of elementary cycle lengths in G.

Theorem 3.9. A set R is either a singleton or can be written as p - S, where p € N
and S is a cofinite set, if and only if there exists an irreducible graph H such that R
is the set of elementary cycle lengths in H.

Theorem 3.10. A set Q can be written as U U\ J;_, p; - Si for some finite set U,
pi € N, and cofinite sets S;, if and only if there exists a graph F such that Q is the
set of elementary cycle lengths in F.

Now, the graphs themselves can be decomposed into irreducible and primitive
components, the consequences of which will be used extensively in the proofs of
our results.

Proposition 3.11. For every graph G, there exist irreducible subgraphs G, G,
..., G such that the set of (elementary) cycles that appear in G is the disjoint union
of the sets of (elementary) cycles that appear in the G;.
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Proof. Begin by separating G into communicating classes C; C V(G) defined by
the collections of vertices such that, for each pair of vertices / and J within a
collection, there exists a path I to J and J to I. Let G; be the subgraph G|c,. We
claim that no cycles of G can contain vertices from two different communicating
classes. To see this, let C, B be two communicating classes. Then suppose for a
contradiction there exists an edge connecting a vertex of C to a vertex of B and
another edge connecting a vertex of B to a vertex of C. This would create a larger
communicating class, which is a contradiction by definition. By again considering
the definition of communicating classes, we see the G; are irreducible. It is clear
that every cycle of G is part of some G;; thus the set of cycles that appear in G is
the disjoint union of the sets of cycles that appear in the G;. ]

Proposition 3.12. Any irreducible graph G has an associated primitive graph G’
Jor which the set of (elementary) cycles of G is p - S, where p = per(G) and S is
the set of (elementary) cycle lengths of G'.

Proof. Let G be irreducible. By Proposition 4.5.6 from [Lind and Marcus 1995],
V(G) can be grouped into exactly p period classes which can be ordered as
Dy, Dy, ..., D,y so that every edge that starts in D; terminates in D;; (or in
Dy if i = p —1). The comment following Proposition 4.5.6 states that there is an
associated graph G?, called the higher power graph, that consists of p primitive
(aperiodic and irreducible), disjoint subgraphs Gy, ..., G,. In Exercise 4.5.6 from
[Lind and Marcus 1995], it is shown that the edge shifts x¢g, associated to each G;
are conjugate to each other, and therefore contain the same numbers of points with
(least) period n for every n. Then by Propositions 3.1 and 3.2, the G; all contain
the same (elementary) cycle lengths.

Since all G; have the same (elementary) cycle lengths, we consider any G;. By
definition of the higher power graph (not given here), the set of (elementary) cycle
lengths in G is p-times the set of (elementary) cycle lengths in G;; thus there exists
acycle in G; of length & if and only if there exists a cycle in G of length pk. [J

Any SFT X can therefore be represented by an associated graph G. Through
use of the irreducible components and higher power graph, this G can be reduced
to a primitive graph which is far simpler to work with; this fact will be useful in
the proofs of the following results.

Remark. We should remark that those directions of our results which guarantee
cofiniteness of sets of (least) periods for mixing SFTs can be alternately proven
by using some more advanced results involving so-called topological entropy.
Extremely roughly speaking, entropy measures the exponential growth rate of the
number of words with n-letters in an SFT/paths with n edges in a graph. It is
well known, see Theorem 4.3.6 and Corollary 4.3.8 in [Lind and Marcus 1995],
that in a primitive graph, the number of cycles/elementary cycles of length n grow
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exponentially with the same growth rate, and so in particular that this number is
eventually positive, yielding the desired cofiniteness. We elected here to instead give
direct proofs in order to avoid introducing entropy and keep proofs at an elementary
level.

4. Results on general cycle lengths

4.1. Primitive graphs. The proof of Theorem 3.5, which as noted in Section 3 is
equivalent to Theorem 1.1, now follows. Most of the work is devoted to, for any set
S which is closed under N-multiples and is cofinite, constructing a graph G whose
set of cycle lengths is S. Interestingly, even when § is not necessarily closed under
N-multiples, the set of elementary cycle lengths of G will still be S; this will be
addressed in the later proof of Theorem 3.8.

Proof of Theorem 3.5. “=" Let S be a set that is closed under N-multiples and is
cofinite. We will now construct a graph G with the set S as the set of cycle lengths
of G. Since S is cofinite, there exists N € S such that for all n > N, we have n € S.
Build a simple cycle of length N. For all s € S such that s < N, build a simple
cycle of length s such that it shares a vertex with the N-cycle, but does not share a
vertex with any other cycle of length less than N. This is possible as the N-cycle
has N vertices and there exist at most N — 1 elements s € S such that s < N. Call
these cycles of length less than NV the “small cycles”. Then, on the smallest cycle k,
build simple cycles of length N +i, withi € {1, ..., k — 1}, each sharing a unique
vertex with the k-cycle. Call these cycles of length at least N the “large cycles”.
Call the resulting graph G. (See Figure 1.)

Every cycle shares a vertex with either the N-cycle or the k-cycle, the N-cycle
and the k-cycle themselves sharing a vertex. Thus, there exists a path between
vertices in any two cycles, and so G is irreducible. The gcd of the lengths of cycles
in G is 1 since G contains cycles of lengths N and N + 1. Thus G is aperiodic.
Therefore, G is primitive.

Let P be the set of cycle lengths of G. Then let s be any element of S. By
construction, for all s € S such that s < N, there exist cycles of length s. Thus
if s < N, the s-cycle already exists within G by construction. Else, s > N. Then
there exists i, 0 <i <k — 1, such that s = N + i (mod k) since the N + i cover
all k residue classes. Thus s = N +i +mk. If m <0, then s < N +i and because
i e{l,...,k—1}, we have s < N. This violates the assumption of s > N; hence
m > 0. Thus if s > N, the s-cycle can be achieved by going around the (N+i)-cycle
once and the k-cycle m times. Therefore, s € P and since s € S was arbitrary,
SCP

Let ¢ be any element of P, where C is an associated cycle of G with length c.

There are two cases we consider:
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small cycles

. large cycles

Figure 1. The graph G. All labels refer to lengths of the corre-
sponding cycles. The lengths of small cycles are all elements of
SNn{l,...,N—1}.

(1) The cycle C contains at least one edge from a large cycle. Then by construction
C must contain the entire large cycle. If C contains even one large cycle, c > N
and thus ¢ € S since S contains all integers greater than or equal to N.

(2) The cycle C contains no edges from any large cycle. Then C must be made up
entirely of small cycles. By construction no small cycles share a vertex; thus
C is acycle of length ¢ = ms, where m e Nand s € S. Hence c € § as S is
closed under N-multiples.

Thus, since C was arbitrary, P C S, and therefore S represents the set of cycles
of G.

“«=" First, it is clear by definition that the set of cycle lengths of any graph is closed
under N-multiples. It will be shown in the proof of Theorem 3.8 that the set of
elementary cycle lengths of a primitive graph is cofinite, which trivially implies the
same of the even larger set of cycle lengths. ([

4.2. Irreducible graphs.

Proof of Theorem 3.6. “=" Let R = p - S, where p € N and S is a set that is
closed under N-multiples and is cofinite. By Theorem 3.5, there exists a primitive
graph G such that the set of cycle lengths of G is S. Take this graph G and, for
every directed edge between two vertices / and J in G, create a path of p directed
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edges and p — 1 vertices beginning at / and ending at J; all such sets of newly
created vertices are disjoint. Call the new graph G,.

Each cycle length of G has been multiplied by p in G,; thus per(G,) = p since
per(G) =1 as G is primitive. Then take I and J, two vertices of G,. There are
three cases:

(1) Both exist in G. Then there exists a path in G starting at / and terminating
at J. Such a path then also exists in G, but its length has been multiplied by
a factor of p.

(2) One vertex exists in G. Assume [ exists in G and J exists only in G,. By
construction, there exist p — 1 directed edges forming a path starting at a
vertex V existing in G and terminating at J. By case (1) there exists a path in
G, starting in I and terminating in V. Then V is at most p — 1 directed edges
away from J; thus there is a path from 7 to J consisting of the path / to V
then V to J. The case where I exists only in G, and J exists in G is similar.

(3) Both exist only in G,. Then by construction there exist at most p — 1 directed
edges forming a path starting at / and terminating at a vertex existing in G,
call it A, and there exist at most p — 1 directed edges forming a path starting at
a vertex existing in G, call it B, and terminating at J. By case (1) there exists
a path starting at A and terminating at B thus there exists a path from / to J.

In each case, for any two vertices I and J there exists a path in G, starting at [
and terminating at J. Therefore G, is irreducible.

“&” Let H be an irreducible graph with period p. By Proposition 3.12, H can
be associated to a primitive graph G with set of cycle lengths T so that the set of
cycle lengths of H is p - T where, by Theorem 3.5, T is a set that is closed under
N-multiples and is cofinite. ]

4.3. Arbitrary graphs.

Proof of Theorem 3.7. “=" Let Q = |J'_, R;, with R; = p; - S;, where p; € N
and S; is closed under N-multiples and is cofinite. By Theorem 3.6, for each
i €{l,...,n}, there exists an irreducible graph G; such that each G; has set of
cycle lengths R;. Place them together, with no edges connecting any G; to any
other, and call the resulting graph G. As there do not exist any edges connecting
vertices from different G;, the cycles of G are only the cycles of the individual G;;
thus the set of cycles of G is Q0 = J;_, R;.

“«<" Let F be an arbitrary graph. By Proposition 3.11, F' can be broken down into
irreducible subgraphs F; for 1 <i < n. By Theorem 3.6, the set of cycle lengths
of each F; can be written as R; = p; - T;, where T; is a set that is closed under
N-multiples and is cofinite and p; is the period of F;. Hence the set of cycle lengths
of Fis | J/_, Ri. O
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5. Results on elementary cycle lengths

5.1. Primitive graphs.

Proof of Theorem 3.8. “=" Let S’ be either {1} or cofinite. If S’ is {1}, then we
can create the primitive graph consisting of a single vertex with a self-loop; this
graph clearly has only one elementary cycle, with length 1. We then assume §’ is a
cofinite set. By the same construction found in the proof of Theorem 3.5, use S’ to
construct a primitive graph G’. Let P’ be the set of elementary cycle lengths of G'.
Note that, since S C P in Theorem 3.5 and all cycles created are elementary cycles,
S'cP.

Then let ¢’ be an element of P’, where C’ is an elementary cycle of G’ of length ¢’.
The analysis from the proof of the forward direction of Theorem 3.5 can be repeated
with only one change: S was closed under N-multiples, which may not be true of S".
However, the only place this was used was to treat cycles composed of multiple
traversals of a small cycle, which C” cannot be since it is elementary. Therefore, as
before, P’ C .

“«&” Let G be a primitive graph. By definition, as G is primitive, G is irreducible and
aperiodic. First, we consider the case where G contains only a single elementary
cycle. Since G is aperiodic, this must be a self-loop and G must be the graph
consisting of a single vertex v with a self-loop. Thus, in this case, the set of
elementary cycle lengths is {1}. We can then assume that for the remainder of the
proof, G contains multiple elementary cycles.

By Lemma 4.5.6 from [Lind and Marcus 1995], since G is irreducible, for an
arbitrary v € V(G), the ged of all lengths of cycles starting and ending at v is
per(G). Since per(G) = 1, there exist cycles Dy, D», ..., D; beginning and ending
at v such that ged(|D;|) = 1.

If a cycle D; visits v more than only at the beginning and end, it can be written as

1

a concatenation of cycles C;, C 12 ..., C", which each visit v only at the beginning

and end. Then, |D;| = |Cl-1|+ -+++|C!"|, and we claim that

ged(Cil, ., IC' [ 1D1l, -, IDical [Disals - [Py = 1.
Assume for a contradiction that

ged(|C 1. ..., IC". IDil, ..., IDicyl, [Digtl, ... 1 Dy]) # 1.
Then there exists a factor g such that

ged(IC}, ..., 1G], IDal, <o IDials [Dial, -, [ DI =g

Since |Ci1| +---+|C/"| = |D;| and q is a factor of all the |Cl.j|, we know ¢ is a
factor of | D;|. Thus ged(|D;|) = g, but this is a contradiction since ged(|D;|) = 1.
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Continuing in this way, we have shown that we can decompose Dy, ..., D; into cy-
cles Cy, ..., C; which only contain v at their beginning and end, and whose lengths
still have a gcd of 1. In addition, we can assume without loss of generality that
|C1]| < |C3| < --- < |Ck| by removing cycles with repeated lengths and reordering.

We then break into two cases: either |Ci| =1 or |C| > 1. Assume first that
|C1| > 1, which implies that k > 1, and define

Sy ={nm|Ci|+---+ni|Ci| : n; = 0}.

It is well known that Sy is cofinite in N and so there exists N such that for all n > N,
n e S;. Let

S> = {n|Cy| +---+ng|Ck| : there exist j, j* such that nj,nj > 0};

we will show that S, is also cofinite. Choose an n bigger than N and all possible
|C;i||C;|for 1 <i, j <k. Then there exists n; > 0 such that n =n[Cy|+- - - +ni|Cy].
We then break into subcases:

(1) If at least two of the n; are positive, n € S, by definition.

(2) Else, since k > 1, there exists i such that for all j # i, we have n; = 0.
Then choose any j # i. Thus we have n = |C;||C;| + |C;|(n; — |C|]). Recall
n > |C;||C;l|. As n = n;|C;|, this implies n; > |C;|. Thus n; —|C;| > 0. Then
I’lj:|Ci| and n € §;.

In either case, n € S,; therefore S, is cofinite.

For all n € S,, where n = n1|Cy| + - - - + ng|Ck|, we now construct a cycle of
length n by beginning at v and following C; ni-many times, then C, ny-many
times, ..., and finally Cy ni-many times. Call this cycle C. We can then write
C = Cfl‘CZ . Cl’f where £ > 1,01 <ip <--- < iy, and all f; > 0. We claim that
any such C is elementary. To see this, consider the sequence of numbers of edges
between visits to the vertex v as C is traversed. This sequence is |C;, |, ..., |Ci,|,
which is nonconstant and nondecreasing since |C| < - - - < |C|. It is clear that this
precludes C being multiple traversals of a smaller cycle.

Hence, for every n € S, we have an elementary cycle C in G, and so in this
case the set of elementary cycle lengths of G is cofinite.

Our only remaining case is |C;| = 1, indicating that a self-loop exists at v. As
we have already dealt with the case where G consists of a single cycle, G must
contain a different elementary cycle, C. Then by irreducibility of G, a cycle exists
that begins at v and traverses C before returning to v; this path is not just a repeated
traversal of the self-loop since we assumed C to be elementary. Then, every cycle
consisting of C followed by any number of traversals of the self-loop is elementary,
yielding a cofinite set of elementary cycle lengths, and completing the proof. [
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5.2. Irreducible graphs.

Proof of Theorem 3.9. “=" Let R = p- S, where p € N and § is either {1} or
a cofinite set. In both cases, we can use Theorem 3.8 and the same construction
as in the proof of Theorem 3.6 to construct an irreducible graph H whose set of
elementary cycle lengths is R.

“«<" Let G be an irreducible graph where R is the set of elementary cycle lengths
of G. Let p = per(G). By Proposition 3.12, G has an associated primitive graph G’
such that the set of elementary cycle lengths of G is given by p - S, where § is the
set of elementary cycle lengths of G’. By Theorem 3.8, S is {1} or cofinite. Since
R=p-S, either R={p}or R=p-S for S cofinite. (|

5.3. Arbitrary graphs.

Proof of Theorem 3.10. “=" Consider any set Q which can be written as U U
U?:l pi - S; for some finite set U, p; € N, and cofinite sets S;. Then Q can be
written as a finite union of singletons and sets of the form p; - S;, each of which is
the set of elementary cycle lengths of an irreducible graph by Theorem 3.9. We can
use the same construction as in the proof of Theorem 3.7 to construct a graph F
whose set of elementary cycle lengths is Q.

“«&” Let F be an arbitrary graph. By Proposition 3.11, F can be broken down into
irreducible subgraphs F;. By Theorem 3.9, the set of elementary cycle lengths
of each F; can be written as p; - T;, where T; is a cofinite set or a singleton
and p; = per(F;). Hence the set of elementary cycle lengths of F is the union
UUUJ/_, pi - Si, where U is the finite union of the singletons and {S;}"_, is the
collection of all 7; which are cofinite. O

6. Results on sofic shifts

The forward directions of Theorems 1.7 and 1.8 follow immediately from those
of Theorems 1.1 and 1.4, since all mixing SFTs are mixing sofic shifts. For the
reverse directions, we will adapt the proof of the reverse direction of Theorem 3.8,
which will require some well-known structural facts about sofic shifts.

We begin by introducing an alternative definition of sofic shift which will be far
more useful for our purposes.

Definition 24. A labeled graph consists of a graph G along with a (usually not
injective) map £ on E(G), called a labeling.

Definition 25. For a labeled graph (G, €), the labeled edge shift x¢ . is the shift
space over the alphabet A = ¢£(E(G)) consisting of all labels of biinfinite sequences
of edges which are connected end-to-end in G.
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Theorem 6.1 [Lind and Marcus 1995, Theorem 3.2.1 and Proposition 3.3.11]. A
shift space X is sofic if and only if it is a labeled edge shift x¢ ¢ for some labeled
graph (G, £). If G is irreducible, then ¢ ¢ is as well.

In fact more can be said about this graph when X is irreducible.

Definition 26. For a labeled graph (G, £), a word w on the alphabet £(E(G))
synchronizes to a vertex v if every path in G which is labeled by w has terminal
vertex v.

Theorem 6.2 [Lind and Marcus 1995, Theorem 3.3.2 and Propositions 3.3.9, 3.3.11,
and 3.3.17]. For any irreducible sofic shift X, there exists a labeled graph (G, £)
where G is irreducible, (G, £) has a word w synchronizing to some vertex v, and
X = Xq.e

We may now prove the following.

Theorem 6.3. For any mixing sofic shift X, the set of least periods of X is either
{1} or cofinite.

Proof. Assume that X is a mixing sofic shift. By Theorem 6.2, there exists a labeled
graph (G, £) where G is irreducible, (G, £) has a word w synchronizing to some
vertex v, and X = x¢ ¢. Denote by L the length of w. We will use a similar argument
to that of Theorem 3.8 to create points in X with least periods in a cofinite set.

First, we note that by the definition of topological mixing, there exist N and
words u, u’ of lengths N and N + 1 respectively where wuw, wu'w € B(X). Since
X = x¢.¢, this means that there exist paths P; and P, labeled by wuw and wu'w
respectively. Since w synchronizes to v, we may remove the first L letters from
Py and P, to get cycles Dy and D, beginning and ending at the vertex v, and for
which £(P;) and £(P,) end with w. In addition, ged(| D], | D>2|) = 1 since |D;| and
| D,| differ by 1.

We can now proceed as in the proof of Theorem 3.8; exactly as was done there,
we can break D; and D; into cycles Cy, Cy, ..., C which start and end at v, and
whose labels end with w and contain no other w. For exactly the same reasons as
before, we can assume without loss of generality that |Cy| < |C3| < - -+ < |Ck|, and
that ged(|Cy], ..., |Ck]) = 1.

As before, we break into cases |C;| =1 and |Cy| > 1. If |C{| > 1, then k > 1,
and again the set

Sy = {n|Cy| +- - - +ni|Cy| : there exist j, j* such that nj,nj >0}

is cofinite. For every s € S, we may construct a cycle in G of length s made by
concatenating the cycles Cq, ..., Cy traversed n, . . ., ny times respectively; denote
this cycle by C®) and its label by w®). The same argument as was used in the proof
of Theorem 3.8 (where “visits to the vertex v” is replaced by “occurrences of the
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subword w”) shows that no w'® is made up of multiple concatenated copies of a
single word, and so the biinfinite point - - - w®w®w® ... has least period s. In
addition, this point is in X = x¢., since C*) is a cycle. We have then shown that
every s in the cofinite set S, is in the least period set of X, and so the least period
set of X is cofinite in this case.

Finally, we consider the case |C| = 1. First, this means that w is a single letter,
labeling a self-loop at v. If every edge of G is labeled by w, then clearly the set
of least periods in X is {1}. If instead G has an edge not labeled by w, then by
irreducibility, that edge is part of a cycle C starting and ending at v, with label £(C)
containing a non-w letter. For every k > 0, repeating a cycle composed of C
followed by k traversals of the self-loop at v yields a point - - - £(C)w*£(C)w* - - -
in X with least period |C| + k. This shows that the least period set of X is cofinite
in this case, completing the proof. ([

We may now prove Theorems 1.7 and 1.8.

Proofs of Theorems 1.7 and 1.8. As noted above, the forward directions of each of
these results follow immediately from those of Theorems 1.1 and 1.4. The reverse
direction of Theorem 1.8 is precisely Theorem 6.3. For the reverse direction of
Theorem 1.7, we need only note that the period set of any shift space is closed by
definition under N-multiples, and that if the set of least periods is {1}, then the set
of periods is forced to be N and therefore cofinite. ([

Finally, we will briefly describe the issues in trying to find characterizations of
(least) period sets for irreducible and general sofic shifts. The general obstacle is
simple to describe: for a labeled graph (G, £), it is not necessarily true that the
(elementary) cycle lengths of G are the same as the (least) periods of X = xg ¢. Itis
true that every cycle gives rise to a periodic point, but the least period of that point
can now be strictly smaller than the cycle length, even when the cycle is elementary.
For instance, suppose that G consists of a single cycle of length 4, and that the
labels given to its edges are 0, 1, 0, 1 (in order). Then, though the smallest cycle in
X has length 4, the point of X induced by it has least period 2.

If X is irreducible, then by Theorem 6.2, we can find (G, £) so that X = xg ¢,
and G has some period p > 1. The same argument used to prove Theorem 6.3
can be used to show that the least period set of X contains a cofinite subset of pN.
However, it is no longer the case that this least period set must be a subset of pN at
all, and this is what makes the problem of characterization more difficult.

Example. Consider an irreducible graph G with 11 vertices and 12 edges, composed
of two 6-cycles which share a single vertex. Define a labeling £ which labels the
edges of the first cycle (starting from the shared vertex) by A, B, A, B, A, B, and
which labels the edges of the second cycle (starting from the shared vertex) by
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ABABAB®*

Figure 2. The labeled graph (G, £) inducing the irreducible sofic
shift X. All cycles of G are concatenations of the cycles on the
left and right halves of G.

C,D,E,C,D, E. (See Figure 2.) Define X to be the labeled edge shift x¢ ¢,
which is an irreducible sofic shift by Theorem 6.1.

Clearly the only biinfinite paths in G consist of concatenations of traversals
of the two cycles. This means that there are three types of periodic points in X:
the shifts of --- ABABAB - - -, the shifts of - --CDECDE - - -, and points with
least period containing both cycle labels ABABAB and CDEC DE as subwords.
It’s clear that the first type has least period 2 and the second has least period 3.
Points of the third type clearly must have least period which is a multiple of 6 and
strictly greater than 6, and all such least periods occur in X; for k£ > 1, the point
.--(ABABAB)*"'CDECDE(ABABAB)*"'CDECDE - -- is clearly in X and
has least period 6k.

So, the set of least periods of X is {2} U {3} U6(N + 1), and the set of periods
of X is 2N U 3N, the set of all positive integer multiples of the set of least periods.
Note that the period of the graph G is 6, and yet there are least periods of points in
X which are not multiples of 6. ([

The reader may note that though neither the period set nor least period set of
X above satisfies the conditions of Theorems 1.2 or 1.5 respectively, and so the
characterizations from those theorems are definitely not correct for irreducible sofic
shifts. However, the period set 2N U 3N is the finite union of two sets as described
in Theorem 1.2, and the least period set {2} U {3} U6(N 4 1) is just the union of a
finite set with a set as described in Theorem 1.5. This gives some indication that
slight changes to our results could give characterizations of sets of periods/least
periods for irreducible (and maybe general) sofic shifts, but at the moment we are
not able to prove this.
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Numerical secondary terms in a Cohen—Lenstra
conjecture on real quadratic fields

Codie Lewis and Cassandra Williams

(Communicated by Yves-Francois Pétermann)

In 1984, Cohen and Lenstra made a number of conjectures regarding the class
groups of quadratic fields. In particular, they predicted the proportion of real
quadratic fields with class number divisible by an odd prime. We numerically
investigate the difference between reality and these predictions. Using 4 million
data points, we perform a curve fitting of the difference with a monomial term
and demonstrate that there is reason to believe the term can be effectively ap-
proximated within the scope of our data set for odd primes less than 30. We use
cross-validation to show that including our monomial term as a secondary term
to the original conjecture reduces the overall error.

1. Introduction

Though class groups of number fields have been studied by the number theory
community since the latter half of the 19th century, it was not until the rise of
modern computing that it was possible to compute a large set of examples. In the
early 1980s it was noted that certain finite abelian groups occur much less frequently
than others as class groups. In their classic paper, Cohen and Lenstra [1984] gave
the theoretical basis for a heuristic to explain these experimental observations on the
frequency with which groups occur as the class group of a number field. Cohen and
Lenstra then used their heuristic to generate a set of 12 conjectures about various
attributes (such as size or group structure) of class groups of imaginary and real
quadratic fields.

With advances in both technology and the efficiency of algorithms for computing
class groups, various authors produced larger and larger data sets of class groups,
often framing their numerical results as support for the conjectures of Cohen and
Lenstra. For example, each of [Jacobson 1998; Jacobson et al. 2006; Mollin and
Williams 1992; te Riele and Williams 2003] gave new or improved algorithms
for computing class groups of quadratic fields, followed by a data comparison to
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conjectures from [Cohen and Lenstra 1984]. Both Jacobson [1998] and te Riele
and Williams [2003] constructed real quadratic fields and gave numerical tables
to support various conjectures for small primes. Jacobson [1998] computed the
density of fields of odd discriminant less than 10° and with a class number having a
given prime divisor. On the other hand, te Riele and Williams [2003] considered the
actual density of fields with prime discriminant less than 2 - 10'! and a given odd
class number. In each case, the actual densities approach those of the conjecture.

However, it also appears that the convergence of the data to the conjectured
densities is quite slow in many cases. (See, for example, Figure 1.) This implies
that we may be able to refine the original conjectures via secondary terms.

There have been recent attempts to define such secondary terms analytically. For
example, Hough [2016] conjectured a negative secondary term for the mean size of
the k-part of the class group of an imaginary quadratic field. Taniguchi and Thorne
[2013] and Bhargava, Shankar, and Tsimerman [Bhargava et al. 2013] each proved
the secondary term for the number of cubic number fields conjectured in [Roberts
2001]. The two papers used very different methods: Taniguchi and Thorne used the
Shintani zeta function, while Bhargava, Shankar, and Tsimerman gave a geometric
argument. The result on cubic number fields can be reformulated to instead give
a secondary term for the size of the 3-part of the class group of a real quadratic
field.

Unfortunately, for many of the original Cohen—Lenstra conjectures the methods in
[Bhargava et al. 2013; Hough 2016; Taniguchi and Thorne 2013] do not apply. In the
present work, we focus on predicting secondary terms for one of the Cohen—Lenstra
conjectures for real quadratic fields using strictly numerical methods.

2. Real quadratic fields and the Cohen—Lenstra heuristics

Let d be a positive square-free integer so that Q(+/d) is a real quadratic field with
fundamental discriminant D. We collect in this section some classical results on
real quadratic fields and their class groups that will be useful in the sequel.

Lemma 1. Let d be a square-free integer. Then the discriminant D of the quadratic
field Q(v/d) is also a fundamental discriminant and is given by

. d ifd=1mod4,
" |4d if d=2,3 mod 4.
Remark 2. A corollary to Lemma 1 is that quadratic fields with the same fundamen-

tal discriminant are isomorphic, and so counting fields by fundamental discriminant
ensures that we have only counted unique fields.

The next lemma counts such fields, and is a standard result in analytic number
theory.
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Lemma 3. Ler Q(X) be the number of nonisomorphic real quadratic fields with
fundamental discriminant less than or equal to the positive integer X. Then

_ 3 1/2
0(X)= =X+ 0(X"7).
T

In [Jia 1993], the author proves that, assuming the Riemann hypothesis, the error
term for Q(X) can be reduced to O(X'7/54+¢). However, in this work, we will
choose not to assume the Riemann hypothesis, and so will only assume the classical
error term for Q(X) given in Lemma 3.

The class group of a number field K is a finite abelian group constructed as
the quotient of the fractional ideals of K modulo the principal fractional ideals
of K, and the class number is its cardinality. If the ring of integers of K has unique
factorization, the class group will be trivial and the class number will be 1. The
class group (and thus the class number) can be interpreted as a measure of the
extent to which unique factorization fails in the ring of integers of K.

Many of the conjectures in [Cohen and Lenstra 1984] are stated as the probability
of a class group having a given attribute. Conjecture C7 concerns the probability of
an odd prime dividing the class number.

Conjecture C7 [Cohen and Lenstra 1984]. Let d be a positive squarefree integer,
let p be an odd prime, and let h be the size of the odd part of the class group of
Q(«/d). Then the probability that p divides h is

1=-TTa-p™.
k>2

In what follows, we denote this probability by &,.

For our investigation it is more useful to consider this conjecture as an asymptotic
density statement in terms of a discriminant bound X. We restate Conjecture C7 in
this context below.

Conjecture C7*. Let d be a positive squarefree integer so that Q(v/d) is a real
quadratic field with fundamental discriminant D. Let p be an odd prime, and let h
be the size of the odd part of the class group of Q(\/d). Then

lim #HQd): p|lhand D < X}
X—o0 0(X)

=1-JJa-pH =5,

k>2

In the next section we will use data to empirically investigate the discrepancy
between this conjectured value and the actual density of such real quadratic fields.

3. Methods

In order to calculate the actual statistics for Conjecture C7*, we first generated the
class numbers of a large set of real quadratic fields. Computations were done in Sage
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[Stein et al. 2016]. Utilizing the class_number method for the quadratic_field
class, we computed the class numbers of all real quadratic fields K = Q(+/d)
for square-free integers 0 < d < 4 - 10° (about 2.4 - 10° fields). Each of these
fields is unique (see Remark 2), and we used these class numbers, ordered by the
field discriminant, to complete the following computations of statistics related to
Conjecture C7*. Fields with fundamental discriminant D > 4 - 10° were not used
in our calculations.

Even using this class and function in Sage, computing the list of class numbers
was the most computationally expensive process. The class_number method by
default does not assume the generalized Riemann hypothesis [Stein et al. 2016];
therefore all of our class numbers are unconditionally correct although the data-
generation process was significantly slowed by this choice. Additionally, the
computation of class numbers is parallelizable, although we lacked the technology
to do so. Therefore, a future investigation could generate a larger data set more
quickly even if the default method for class_number was again used.

Jacobson [1998] also investigated Conjecture C7 for real quadratic fields, but
presented data only for fields of odd discriminant less than 10°. Odd discriminants
account for (asymptotically) one third of all fundamental discriminants. Thus, while
our discriminant bound is lower than theirs, using all fundamental discriminants
below that bound gives us a denser set of data points from which to work.

Conjecture C7* is stated in terms of the density of fields with class number
divisible by an odd prime. The calculation of the actual density of such fields is
also parallelizable although such a consideration is not necessary since a pattern
can be discerned from calculating the statistics at fixed intervals instead of at every
valid fundamental discriminant. In what follows, we compute any statistics for
discriminant bounds X at intervals of 10,000 and for all odd primes less than 100.

Our script counted the number of fields of discriminant D < X with class number
divisible by the chosen prime p and then divided by the number of fields with
discriminant D < X. This actual density is denoted o, (X) in the following equations.
That is, as X — oo

#{Qd): p|hand D < X} :ap(X):jT—);.

Apply Lemma 3 to Conjecture C7* and rearrange the terms. Then for X suf-
ficiently large, the number of distinct quadratic fields with discriminant D < X
which have class number divisible by the odd prime p is approximately the product
of Q(X) and &,. More concisely we have that as X — 0o, Cohen and Lenstra’s
conjecture predicts that

#{@(ﬁ):p|handD<X}~§pi—)§.
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Figure 1. Plots of the actual number of fields (solid line) and
predicted number of fields (diamonds) for p =5, 7, 11, and 29.

Plots of the actual and predicted number of fields satisfying Conjecture C7 at
each discriminant bound X show that there is a discrepancy between these values.
In particular, as the discriminant bound X grows, the predicted value overestimates
the actual value fairly dramatically, as seen in Figure 1.

Consider the difference between the predicted and actual field counts,

3X
F[gp —op(X)]. (3-D

Fitting a curve to this difference will yield a function which could be used as a
secondary term to modify the original Conjecture C7. The plot of this difference is
concave down and increasing for each p (as seen in Figure 2), so we will model
the error as a monomial of form C X* with 0 < s < 1. (A logarithm model for the
error was attempted but failed to produce a sufficient fit to the data.)

Then, as X — oo, we predict

3X s
;[Sp —0p(X)]=Cp X" (3-2)
and thus

33X
#HOQWd):plhand D < X} = 0p(X) 5 =65 =X,

It is the function C, X*» that we will analyze for the remainder of the paper.
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Applying the logarithm to (3-2), we have

3X ,
log<F[sp - ap(X)]) =log(C,X*7) =1og(Cp) + 5, log(X).  (3-3)

We apply to the log of the data points a standard linear fit by least squares to find
the coefficient and the exponent for the secondary term for each prime p and each
discriminant bound X (again, in intervals of 10,000). The fitted curve was then
compared to the actual difference, the left-hand side of (3-2). Additionally, we
looked for patterns in the coefficients and exponents for each prime as we increased
the discriminant bound.

Finally, we calculated the error between our fit and the actual difference using
cross-validation. For this, we divided our data (every 10,000-th statistic) into
five bins for a total of 80 data points per bin. Then we computed the fit model
excluding one bin. After the fit model was determined, we calculated the fit error
for the excluded bin. After repeating this process five times, once for each bin, we
then averaged the five errors into one fit error for the prime p. This was done for
each odd prime up to 29, and is called “CV error” in what follows.

Because the number of fields satisfying the conjecture for a given prime divisor is
dramatically different between primes, we scaled the error from the cross-validation
so that we could compare these errors between primes. We chose to scale by
the Cohen—Lenstra prediction &,, which is equivalent to scaling by the predicted
number of fields.

4. Results

Although the differences and curves of best fit, (3-1) and (3-2) respectively, were
computed for all odd p less than 100, the number of fields in our sample with
large odd prime factors in their class number is too small to confidently identify
any patterns in the exponents or coefficients of those curves. Therefore we present
results only for odd primes less than 30 because they exemplify the patterns we
found while also including values of p for which there were not enough data points
to suggest convergence of s, or C, as X increased.

In all plots, the discriminants on the x-axis are the discriminant bounds X. For
example, a point above X = 100,000 represents the value using all real quadratic
fields with fundamental discriminant less than 100,000. Some markers are omitted
in the plots to prevent marker overlap.

Figure 2 below gives plots of the difference (3-1) with their curves of best fit
determined by (3-2) for four primes. (For the plots of the difference (3-1) and the
curves of best fit for other primes, please see Appendix A.)

We computed the coefficients C,, and exponents s, as the discriminant bound
X increased for each p with the goal of determining whether these coefficients and
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exponents showed convergent behavior within or across primes. As X increased,
many of the primes’ coefficients and exponents demonstrated seemingly stable
behavior while others varied too much to support any conjectures without more data
(see Figures 3 and 4). Overall, despite the values not stabilizing within the reach of
our data for some primes, there does seem to be some predictability to the monomial
term given by (3-3). We view this as evidence that the assumption of a monomial
secondary term is valid. Further discussion of these values is in the next section.

Table 1 contains the parameters for the error function when we use every
10,000-th statistic over our full data set. We also include the root-mean-square error
of the fit for each prime as a measure of how much variability should be expected
when more data points are calculated.

We found small proportions of error when applying the cross-validation calcula-
tion to our models for each prime. That is, we computed C,, and s, using a subset of
our data, then computed the error between our predicted fit and the remaining data.
In Table 2, the cross-validation error (CV error) is the average of the absolute errors
given by the five trials in the cross-validation method (measured in number of fields)
and the scaled CV error gives that error scaled by &, in order to produce values that
can be compared between primes. Both errors are truncated to an integer value.

Notice that while the absolute error is very different between primes, the scaled
error is comparable between all primes.
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prime (p) | exponent (s,) coefficient (C,) RMSE
3 0.822 0.107 50.425

5 0.712 0.109 31.896

7 0.709 0.067 22.967

11 0.696 0.047 22.500

13 0.701 0.035 9.494

17 0.731 0.017 7.906

19 0.730 0.015 18.370

23 0.740 0.011 14.982

29 0.775 0.005 15.599

Table 1. Parameters and root-mean-square error (RMSE) for the
error function up to discriminant bound X =4 - 106,

prime (p) | CV error scaled CV error

3 23,408 146,473

5 7914 159,625

7 3869 163,020
11 1623 178,704
13 1129 176,258
17 661 180,072
19 495 169,324
23 356 180,490
29 185 150,771

Table 2. Quality of fit.

difference

0.0 0.5 1.0 15 2.0 2.5 3.0 35 4.0

. . . 1le6
discriminant bounds

Figure 5. Comparison of the data points and fit curves for p =5, 7, 11, 29

Table 2 shows that the fit curve for p = 5 is a worse fit for the data than the fit
curve for p = 29. This may seem counterintuitive looking at the comparison of
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the fit curves and plots given above in Figure 2. In Figure 5, we plot the fit curves
for p=15,7, 11, and 29 on the same axes to avoid the effect of scale on the visual
representation of error.

5. Discussion

Some interesting patterns emerge in the coefficients and exponents. First, as the
discriminant bound X increases, the exponents s, seem to converge for each odd
prime p. Moreover, the exponents s, approach similar limit values (between 0.7
and 0.8) for all p less than 30. On the other hand, the coefficients C, seem to vary
depending on the value of p, but do appear to approach a limit for constant p and
increasing discriminant bound X.

The p = 3 case defies both of these general trends. For this prime, there is an
approximately linear change of the exponent and coefficient values for increasing
X greater than 1.5 million (for plots, see Appendix B). However, it might be
reasonable to suspect that since there are so many more fields, especially with
smaller discriminant, for which p = 3 divides its class number, the exponents and
coefficients may not fit the overall pattern as well as those for larger primes.

Analysis of our two measures of error in the secondary term suggest that the
coefficients and exponents we obtained were a reasonable fit for the data and
therefore we believe that a single monomial secondary term could give rise to
significant improvement in Conjecture C7 of [Cohen and Lenstra 1984].

Though these results are experimental and represent a small portion of the possible
data, they do lend support to the existence of a secondary term for Conjecture C7.
Under our assumption of a monomial model for the error, a modification of the
conjecture might be of the form

3X
#QWd): plhand D < X} ~ & — CpX”,

where C,, depends on p, and 5, may be coherent for odd primes and may have
value(s) between 0.7 and 0.8. In future work, we hope to recreate this numerical
investigation on a larger data set to refine a possible conjecture.

We note that there are actually two sources of error that contribute to the secondary
term as we have estimated it here; one is the actual error in the Cohen—Lenstra
conjecture, while the other is the error in approximating Q(X) by only 3X /72
Although we chose not to control for the error arising from Q(X), we believe it
would be possible in future work to separate these two sources and identify an
error term for each of them. In that case, one could consider the effect on error of
assuming the Riemann hypothesis and using the smaller error term on Q(X) given
in [Jia 1993]. (See the discussion after Lemma 3.)
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At the time of this writing, we are not aware of any analytic approach to finding
a secondary term for Conjecture C7, even for particular primes. We would be
interested to see such a method and compare to our numerical results.

Appendix A: Cohen-Lenstra error fitting for other p < 30
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Curves of constant curvature
and torsion in the 3-sphere

Debraj Chakrabarti, Rahul Sahay and Jared Williams

(Communicated by Colin Adams)

We describe the curves of constant (geodesic) curvature and torsion in the three-
dimensional round sphere. These curves are the trajectory of a point whose motion
is the superposition of two circular motions in orthogonal planes. The global
behavior may be periodic or the curve may be dense in a Clifford torus embedded
in the 3-sphere. This behavior is very different from that of helices in three-
dimensional Euclidean space, which also have constant curvature and torsion.

1. Introduction

Let (M, (,)) be a three-dimensional Riemannian manifold, let / C R be an open
interval, and let y : I — M be a smooth curve in M, which we assume to be
parametrized by the arc length 7. It is well known that the local geometry of y is
characterized by the curvature k and the torsion t. These are functions defined
along p and are the coefficients of the well-known Frenet—Serret formulas [Spivak
1975b, pp. 21-23]

D1t = KON,

DN@® =T ) +T (B, -
D

D= —TON@),

where the orthogonal unit vector fields T, N, B, with T = y’, along the unit-speed
curve p, constitute its Frenet frame and d—Dt denotes covariant differentiation along y
with respect to the arc length . We will assume that each of the functions x and
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is either nowhere zero or vanishes identically. Additionally, if « is identically zero,
then t is also taken to be identically zero. For completeness, we include a proof of
the set of equations given in (1-1) in Section 3A below. We make the following
definition:

Definition 1.1. Let M be a Riemannian manifold of dimension 3. A curve p :
I — M, where I C R is an open interval, will be called a helix (plural: helices) if
its curvature « and torsion T are nonnegative constants. A helix is nondegenerate
if k¥ and 7 are both positive, and degenerate otherwise. We say that the helix y is
periodic if thereisa T > 0 such that y(r + T) = y (¢) foreach ¢ € I.

We take t to be nonnegative since we use the nonoriented form of the Frenet—
Serret equations (see Section 3). Definition 1.1 is motivated by the example of the
Euclidean space R3, where nondegenerate helices are curves of the form

y(t) = cos(wt)A + sin(wt)B +tC + D, (1-2)

where A, B, C, D € R3, A, B, C are nonzero and orthogonal with |A| = |B]|, and
o > 0. These are elegant curves that are invariant under a one-parameter group
of isometries of the ambient space. Note that there are no nondegenerate periodic
helices in R3.

The aim of this paper is to study helices in the three-dimensional round sphere S°.
Thanks to the fact that S3 is compact, we expect that a nondegenerate helix in
S should “come back where it started from” provided we wait long enough, and
therefore, there is a possibility that, for a favorable choice of the curvature and
torsion, the helix is actually periodic, though locally it is not much different from
a helix in R>. Globally, a nondegenerate helix in S* has two fundamental angular
frequencies, @ and wy, as opposed to the single fundamental angular frequency, w,
of the helix given by (1-2) in R. A nondegenerate helix in S* may be thought of
as the trajectory of a particle which performs two superimposed circular motions
with frequencies w; and w;. These fundamental angular frequencies must satisfy

a)2>1>a)1,

a constraint which arises because a curve with nonzero curvature and torsion must
lie in the positively curved compact space S°. Unlike in R* where nondegenerate
helices are embedded noncompact submanifolds, depending on the fundamental
angular frequencies w; and w,, a nondegenerate helix in S* can either be periodic
(when it is a compact embedded submanifold) or be dense in a flat 2-torus contained
in S (when the image of the helix is not an embedded submanifold of S3). This
divergence of global behavior from the flat case is the main topic of this paper.
The properties of helices in the 3-sphere and other spaces of constant curvature
have been studied before; see, e.g., [Arroyo et al. 2004; Barros 1997]. While some
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of the results of this paper can be found scattered in these and other references,
we use a completely elementary and direct approach to the problem, based on an
explicit integration of the Frenet equations, the possibility of which does not seem
to be widely known in the context of spheres. Our method uses nothing beyond
undergraduate calculus and linear algebra. Of course, the questions considered
in this paper can be asked in any number of spatial dimensions, and for other
Riemannian manifolds. Here, for simplicity we consider the special case of S°,
which allows us to visualize helices using the stereographic projection of S* onto
R? (see Section 2A below). The method used in this paper will likely generalize to
round spheres of any number of dimensions.

2. Main results

We consider S° to be embedded in the Euclidean space R* in the natural way as the
hypersurface {xl2 + x22 + x32 + x‘% =1}, and endow S? with the Riemannian metric
induced from R* This entails no loss of generality because the metric so induced
is the same as the standard round metric of S* with constant sectional curvature 1.
To state our results concisely, let us introduce the following definition:

Definition 2.1. A smooth curve y in R* will be called a Lissajous curve if there
are numbers wy > w; > 0 and vectors A, B, A,, B, € R* such that, for each ¢,

y(t) = cos(wit)A| + sin(w;t) By 4 cos(wat) Ay + sin(wat) Bs. 2-1)
We will call w and w; the fundamental angular frequencies of the curve y and
A1, By, Ay, B; the coefficient vectors of p.

Therefore, a Lissajous curve, in our sense, can be thought of as the trajec-
tory of a point in R* which oscillates with frequency w; in the A;B;-plane and
with frequency w» in the A, B;-plane. Note also that the projection of y on any
two-dimensional linear subspace different from the A B;- and A, B,-planes is a
planar Lissajous curve in the usual sense of the term [Hasselblatt and Katok 2003,
pp. 114-115]. We are now ready to describe helices in S°:

Theorem 1. Let k, T > 0 be given numbers where, if k =0, then T = 0:

(1) There exists a helixy : R — S3 with constant curvature k and torsion T.
(2) Such a helix y is a Lissajous curve in the form of (2-1).

(3) The fundamental angular frequencies of y are distinct and are given by

o1 =/ L2 = Vyt —an), (2-2)
wor =\ L2+ — ), (23)
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with
=il (2-4)
4) If k > 0, then the frequencies w| and w; satisfy
wy > 1> w]. (2'5)

(5) If T # 0 then the four coefficient vectors Ay, By, Ay, By are orthogonal in R*,
and their magnitudes are given by

1l—w

|Al|2=|31|2=w2 652’ (2-6)
1~ 2
1 —w?

|A2|2=|32|2=w2 ai2 (2-7)
27 %

(6) If T =0, then y is a circle given by
y(t) = Ay +cos(wt)Ay + sin(wt) By,

w=vK2+1.

Further, the coefficient vectors Ay, Ay, By are mutually orthogonal and we

have
1 1
|A2| = [Bo| = — and |Ai|=,/1-—.
w w

Several interesting features may be noted here:

where

(a) The local existence of helices follows from the existence theorem for solutions
of systems of ordinary differential equations on manifolds. However, we prove the
existence of helices directly by solving the Frenet—Serret equations and obtain an
explicit representation of the solution.

(b) When «, T > 0, the curve y may be thought of as the trajectory of a motion
consisting of two superimposed circular motions in perpendicular planes: one at a
“slow” frequency w; < 1 and the other at a “fast” frequency w; > 1. This global
behavior arises from the fact that the curve ¥ must lie on the compact surface S°.
Observe that there is no such restriction on the angular frequency w of the Euclidean
helix given by (1-2).

(c) When « = 0, by definition we have t = 0. Such a curve is a geodesic; i.e.,
its unit tangent field is autoparallel along the curve. Therefore, geodesics on the
sphere S3 are of the form

y(t) =cos(t)A +sin(?) B,
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where |A| = |B| =1 and A, B are mutually orthogonal. Thus, we recapture the
well-known fact that geodesics in S* are great circles.

(c) An alternative approach to the study of curves in S? is given by the use of the
Hopf map, which is a smooth map from S3 to the 2-sphere S?(4); see [Pinkall 1985;
Arroyo et al. 2004; Barros 1997] for details. Given a curve y in S2(4), its complete
lift under the Hopf map is a flat surface in S3, called the Hopf cylinder shaped on y .
It turns out that helices in S* can be thought of as geodesics of Hopf tori shaped on
circles in $?(4), and from this relation more general versions of some of the results
in this paper can be deduced; see [Arroyo et al. 2004; Barros 1997].

As already pointed out, our method is based on a direct integration of the Frenet
equations, and yields explicit formulas for the helices. For the particular problem
of characterizing curves of constant curvature and torsion considered in this paper,
our method enjoys several advantages over that based on the Hopf map. First of all,
it is explicit and gives very simple formulas describing the helices. It is certainly
much simpler and uses nothing beyond elementary calculus and linear algebra.
But the most important advantage is that it can be generalized to study curves of
functions with constant Frenet curvature in higher-dimensional spheres. Indeed, on
the sphere S”, it is easy to write down an analog of (3-6), or its matrix form (5-2).
Clearly, C will be replaced by an (n+ 1) x (n+ 1) matrix which is skew symmetric,
tridiagonal and whose entries are the functions of the helix with constant Frenet
curvature, and therefore the Frenet equations can again be explicitly integrated.
While the method based on the Hopf map is very powerful, it is also specific to S°
and does not generalize to higher dimensions.

We now turn to the question of uniqueness and periodicity of helices. First, note
that if y is a helix in a Riemannian 3-manifold M and f : M — M is a self-isometry
of M, then f oy is also a helix in M with the same curvature and torsion as that
of y. In R3, the converse holds; i.e., helices with the same curvature and torsion
are congruent under an isometry of R>. This is a special case of the well-known
fundamental theorem of curves, see, e.g., [Stoker 1969, pp. 65-67], according to
which a Frenet curve is determined up to congruence by its curvature and torsion as
functions of arc length. It is easy to see that a similar statement must also hold in S3,
and using the explicit form of helices determined above, we verify this fundamental
theorem in this special case below. We also determine when helices are periodic.

Recall that a Clifford torus is a Riemannian 2-manifold which is the metric
product of two circles. Clearly, a Clifford torus is flat; i.e., its Gaussian curvature
vanishes identically. It is well known that there are Clifford tori embedded in the
sphere S3; e.g., for 0 < A < 1, the surface in R* given by

C={XeR*:x}+x3=1 x3+x]=1-1}
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is clearly contained in S° and is therefore a Clifford torus in S which is flat in the
Riemannian metric induced by the round metric of S*

Theorem 2. Let k, T > 0 be given numbers where, if k =0, then T = 0:

(1) If a and B are two helices in S® with the same curvature  and torsion t, then

o and B are congruent; i.e., there is a Riemannian isometry f : S3 — S? such
that B = foa.

(2) A helix y is periodic if and only if the ratio of the angular frequencies
w) _\/xz—\/x4—412
@) x2 4 /x4 — 42

is a rational number, where x* = k> + % + 1.

(2-8)

3) If k, T > 0, there exists a Clifford torus Tf, contained in S® such that the image
of y lies on Tf,.

@) If k, T > 0 and w, /w, is irrational, the image of y is dense in the torus Tf,.

2A. Visualization of helices. One way to visualize S* is to use the stereographic
projection o : S3\ {p} — R3, where p is a point in S* which serves as the pole of
the projection. It is well known that o is conformal; i.e., it preserves angles but not
lengths. Using Wolfram Mathematica, we produced visualizations of two helices
in S* which are shown in Figures 1 and 2. Each of these pictures represents two
distinct perspective projections onto R? of the stereographic projection of the helix,
where p is chosen to not be on the helix. The helix in Figure 1 is nonperiodic and
therefore dense in a Clifford torus. The helix in Figure 2 is periodic and therefore
an embedded curve in S°. The hue and brightness of the curves are functions of the
fourth coordinate of the curve y in its embedding in R*.

Figure 1. Two views of a dense helix in S with k¥ = %5 and

T= @. The corresponding fundamental angular frequencies
are then w = %, wy = */779, and thus, their ratio is the irrational

number w,/w; = +/29.
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Figure 2. Two views of a periodic helix in S* with x = */TTS
and T = % The corresponding fundamental angular frequencies
are then w; = le’ wy = %, and thus, their ratio is the rational

number wy/w; = 23—0.

3. The Frenet-Serret equations

3A. The Frenet—Serret equations in a three-dimensional Riemannian manifold.
Consider a three-dimensional Riemannian manifold (M, (,)) and an arc-length
parametrized curve y : I — M, where I C R is an open interval. Let % represent
the covariant derivative of a vector field along a curve (parametrized by ¢). Let
T = y’ denote the unit tangent vector field of y. Since (T (¢), T (t)) = 1 for each ¢

we have
d

~dr

Then, the curvature function « is defined as

0="L(Tw).TQ®)) :2<T(t), %T(r)>.

K(t)Z‘gT(t)‘. (-1

We will assume that either «(¢) % O for all ¢ or that x = 0. In the case where k
never vanishes, we define the normal vector field to y by

_1D
NO =5 TO:

Then N is a unit vector field along y which is always orthogonal to T. The definition
of N gives the first Frenet—Serret equation

Driy=k®N@). (3-2)
dr
Similarly, since (N (t), N(¢)) =1 foreach t € I,

2<N(t), d—DtN(t)> —0,
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and because (T'(¢), N(¢t)) =0 for each r € I,
<%T(t), NO)+(T@), N(t)> =0 +(T). 5 N(t)) =
by (3-2). Then,
%N(t) = —k (t)T (¢t) + vector orthogonal to T'(¢) and N (¢).

We define a torsion function T by

D
(1) = )EN(I) +K(t)T(t)‘. (3-3)
We will assume that either t 7~ 0 for all ¢, or T =0. If 7(¢) # 0 for all ¢, then we set
1
B(1) = W( N() +K(t)T(t))

so that B is a unit vector field along y which is orthogonal to T and N for all ¢. If
7 = 0, then we choose B to be an autoparallel vector field along y such that the
vectors T'(t), N(t) and B(¢) form an orthonormal basis of Ty(t)§3. In both cases
we have

%N(t) = k(T +T(O)B({). (3-4)
Finally, since (B(t), B(t)) = 1 for each 7 € I,
<B(t) B(t)>
and because (N (1), B(t)) = 0 for each 1 € I,
(d—D[N(z), B(t)> <N(t) B(t)> = 7(1) +<N(z) B(z))
by (3-4). Then,
%B(t) — —2(t)N(1) + vector orthogonal to N (1) and B(7)
= %B(t) — —t()N(1) +cT (1)

since T (¢) is orthogonal to N (¢) and B(¢) for each t € I by construction. By taking
the dot product of both sides with T'(¢) we have

<£B(t), T(t)> — t(ON@) +cT() =c
and by the product rule

( B(1), T(t)> SAB(), T(1) ~ (B(t) T(t)> 0 = c=0.
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Therefore we have our third and final Frenet—Serret equation
D
EBO) =—t({)N(). (3-5)

Equations (3-2), (3-4) and (3-5) constitute the Frenet—Serret equations in a three-
dimensional Riemannian manifold and characterize the local geometry of the
curve p. This concludes the derivation of the Frenet—Serret formulas in the case
where «k (¢) # 0 for all ¢.

However, in the case where k¥ = 0, we define t = 0 and choose N, B to be
autoparallel vector fields along y such that the vectors T'(¢), N(¢), and B(¢) form
an orthonormal basis of T, (;)S> Under this choice, the Frenet-Serret formulas
given in (1-1) are again satisfied.

Note that we are not assuming that the manifold M is orientable. In the case
where M is in fact oriented (i.e., M is orientable, and one of the two orientations is
specified), there is a variant of the Frenet—Serret equations in which one assumes that
the frame {7T', N, B} is positively oriented. Indeed, one can then take B=T x N,
the cross product defined in the tangent space by the Riemannian metric and the
orientation. Then, one must allow the torsion 7 to assume negative values. The
equations (1-1) continue to hold with this new interpretation. However, in this
paper, we use the nonoriented form of the Frenet—Serret equations, where x and 7
are always nonnegative. Geometrically, this means that while considering helices
in S, we disregard the chirality.

3B. The Frenet equations in S®. We begin by specializing the Frenet—Serret equa-
tions given in (1-1) to the case of the embedded sphere S* in R* Let

1S R

be the natural embedding. Given a curve y : I — S>, where I C R is an open
interval, we may think of y as a curve in R*, by identifying y with ¢ o p. Similarly,
given a vector field V along the curve y which assigns to each point ¢ € I a vector
V() e T,,(,)S3, we can identify V with the vector field ¢,V along ¢ o y, which
assigns to the point 7 € I the vector , V(1) € Tiop(r) R* In order to simplify notation,
we adopt the following conventions:

(1) Consistently identifying S* with the embedded image, we will omit the map ¢
and its pushforward ¢, from the notation. Thus, we will think of the y in Sasa
curve in R* whose image lies in S°. Similarly, we will think of a vector field V
in S3 along y as a vector field in R* along y such that, for each ¢, the vector
V(1) € Ty»R* lies in the subspace TyS°.

(2) We identify the tangent bundle TR* with R* x R* Therefore, all vector fields
in R* may be identified with R*-valued functions.
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(3) Given a vector field V along a curve y in S3, by the previous two parts, we can
identify it with an R*-valued function. We will let V' denote its derivative in the
Euclidean space R* i.e., if V is represented using the natural coordinates as

V(1) = (v1 (1), v2(1), v3(1), v4(2)),

where v; : I — R* is smooth, j=1,...,4, then

V(1) = (vj (1), vy (1), v3(1), V(D).

Of course, this is nothing but a coordinate expression for the covariant derivative of
the vector field V along y with respect to the flat Euclidean metric of R*,

Proposition 3.1. Let y : I — S? be a smooth curve in the 3-sphere parametrized
by arc length, and let T, N, B be its Frenet frame. Using the notational convention
explained above, we think of T, N, B as functions from I to R* Then, these
vector-valued functions satisfy the differential equations

T'(t)+y(®) =—k®ONQ@),
N'(t)=—«k@)T(t)+1()B({1), (3-6)

B'(t)=—-1t(t)N®).
Remark. These formulas can be derived from a consideration of the Gauss equation
satisfied by the second fundamental form of the embedding of S3 in R*; see [Spivak

1975b, p. 35]. We give a more elementary proof based on a direct computation of
the covariant derivative.

Proof. We begin by recalling the following fact from differential geometry [Spivak
1975a, p. 2]. Let M be an embedded submanifold of RV, and for each point x € M, let

P, T.RY > T.M

denote the orthogonal projection (where we identify 7 M in the natural way with
a subspace of T,RY = R"). We endow M with the Riemannian metric induced
by the Euclidean metric of RV. Let y : I — M be a smooth curve in M, where
I C R is an open interval, and assume that p is parametrized by arc length. If V' is
a vector field along p, it is well known that the covariant derivative of V is given by

D
EV(Z‘) =Pyy(V' (1)) € Ty(yM.

When M is a hypersurface in RY and x € M, we may write, for R € T,RY ~ R",
Px(R)=R— (N(x)-R)N(x),

where N (x) denotes a unit vector normal to the hypersurface M at the point x.
Consequently we obtain the following formula for differentiating a vector field V
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along the curve y:
%V(t) =V —-WNE®) - VO)Ny®).

When M = S? in R*, we may take for X € S

NX)=X,
so that b
EV(I) =V - (@) -V'©)y@). (3-7)

We now compute p(¢) - V'(t) when V is one of the Frenet frame vector fields
T, B, N. Note that the four vectors y(¢), T (¢), N(t), and B(¢) form an orthonormal
set in R* Observe that for each ¢t we have the equations

') -y =T -)'O-T@®-y(O)=0—-(Tw®) -Tt)=-1,
N@®-y0)=N-p)O=N@®-y &) =0-(N@®)-T(1)) =0,
B'®)-yt)=(B-y)®)—-B@) -y’ ®)=0-(B1)-T)=0.

In the first equation, we have used the fact that T = y’. Using (3-7) and the above
computations, we obtain the following representations of the covariant derivatives
of the Frenet frame:

D ’ D N 2 _ p/
ET(I) =T @)+y@), ENO) =N'(1), dtB(t) = B'(1).

By combining these with the Frenet—Serret equations (1-1) in a Riemannian
3-manifold, (3-6) follows. U

4. Lissajous curves in S*

We now prove a few results that will be needed to complete the proof of Theorem 1.
The following lemma will be required.

Lemma4.1. Let o, o1, ..., ay be distinct nonnegative real numbers, and suppose
that for each t > 0, we have
N
Z(ak sin (o t) + by cos (o t)) =0, 4-1)
k=0

where the coefficients ay, by are complex numbers. Then we have a, = by =0 for
each k.

Proof. We can assume without loss of generality that ag = 0 (simply take ag = by =0).
Fork=1,..., N, letus set «_; = —a. Then, (4-1) takes the form

N
Z cre'® =0, (4-2)
k=—N
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where
3 (a +ibg), k>0,

Ck = 4 4o, k=0,
%(—a|k| +ib|k|), k <0.

For each k > 0, it follows that ¢y = c_; = 0 if and only if a; = by = 0.
Fix an integer £, |£| < N, and multiply both sides of (4-2) by e~"*¢’. Integrating
on the interval [0, T'] and dividing by T, we see that for each 7 > 0 we have

N T

> * f el gy 4 ¢y = 0. (4-3)
ey T Jo
k£l

Note, however, that if k #~ ¢, we have

T
/ ei(ak—ag)t dt
0

Since for each k, this is bounded independently of T, as T — oo, each term in the
first sum of (4-3) goes to 0, which shows that ¢, = 0. Therefore, a; = by = 0. Since
¢ is arbitrary, the lemma is proved. U

ell—a)T _ 1 2

=

; < .
i (o —op) | — gl

We will also need the following proposition.
Proposition 4.2. Suppose that the Lissajous curve given by (2-1) lies in S*:

(a) If w1 # 0 and y has constant speed, then the coefficient vectors of y satisfy
the following relations:

(1) Ay, By, Ay, By are orthogonal.
(2) |A1l =Bl and |Az| = |Ba|.
3) 141>+ Az =1.

(®) If w1 =0, then:

(1) Ay, Ay, By are orthogonal.
(2) |Az2| = [Bal.
(3) AP+ A2 =1

Proof. For use in the later portions of this proof, we will first compute |y (1)|>

Using (2-1) and the fact that y lies in S3, for each ¢ we have

Y @)y (1) =1=|A1|*cos*(w11)~+|Bi|* sin® (w1 1) +|A2|* cos® (wat) +|Ba|* sin? (wat)
+2(A1-By)cos(wit)sin(wt)+2(A1-Ay) cos(wit) cos(wrt)
+2(A1-By) cos(wit) sin(wat)+2(B1-Ay) sin(w; t) cos(wat)
+2(B;-B)) sin(w1t) sin(wyt)+2(Az-By) cos(wyt) sin(wst)



CURVES OF CONSTANT CURVATURE AND TORSION IN THE 3-SPHERE 247

= 7(1A1 P+ Bi P+ A2 P+ Ba )

+3(1A1 P =|B1]*) cos (2wi1)+(A;-By) sin 2wi 1)

+1(1A217 =1 B2 ) cos (2w1)+(Az- By) sin Qant)

+(A1-A2—B)-By) cos (w1 +@2)1)+(A1-By+ B Az) sin (01 +w2)1)

+(B1-By+Ai-Az) cos ((w2—w1)1)+(A1-Bo—B1-Az) sin (w2 —w)1).  (4-4)
First, we prove part (a) of the proposition. Let us begin by assuming that w; # 3w;.
Since wy # 3w; and w; # 0, we see that the five numbers

0, 2wi, 2wy, wr+wi, and w;—w;

are all distinct. By Lemma 4.1, each of the coefficients in the expression for
y(t)-y(t) — 1 vanishes, as in the left-hand side of (4-1). Thus, from the coefficients
of (4-4), we obtain
7(AIP+Bi” + A2 + | Bo)) = 1,
3(AIP—Bi[) =0, A;-B; =0,
5142 =By =0, Ay-By=0,
A-A2— B -B,=0, Ai-By+B;-A=0,
B -B,+A;-A=0, A;-By—B;-A>=0,

which yields
|A11* + B> + |A2)* + | B2 = 2, (4-5)
|A1| = |By], (4-6)
|Az| = |Bal, 4-7)
Ai-Bi=A,-A,=A,-Bb=B|-A,=B;,-B,=A4,-B,=0. (4-8)

Equation (4-8) shows that the vectors A, By, Ay, and B, are orthogonal, which is
conclusion (1) of the proposition. Moreover, (4-6) and (4-7) are precisely conclu-
sion (2). Further, recognize that by using (4-5)—(4-7), we get

AP+ 142> =1, (4-9)
which is conclusion (3).

To complete the proof of part (a) of the proposition, we now consider the case
when wy = 3w;. Let us set w; = w, and thus w; = 3w. Therefore, we have

2w =2w, 2w)=6w, wr—w;=2w, and w;+w =4w.

Notice, 2w = wr — w; = 2w. Therefore, comparing coefficients in (4-4) and using
Lemma 4.1 now gives
|A11> + |A2* + |B1|* + | B> =2, (4-10)

|A11> = |Bi> +2(A - Ay + B - By) =0, (4-11)
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|Az| = |Bal, (4-12)
A-Bi+A;-B,— B;-4,=0, (4-13)
Ay- By, =0, (4-14)
Al-A,=B; By, (4-15)
A1-By=—B;-A;. (4-16)

Since y has constant speed, there exists a C > 0 such that for all ¢, we have
|y’(t)| = C. The relation y'(¢) - p'(¢t) = C? yields, using (4-4),
0= (30°|B11* +90°| Bo|* + *| A1 |* + 9?| A2 |*) — C?
+ (3(@®|B1)* — 0*|A11») +30° By - B, + 307 A - A3) cosQwt)
+90” 1(|B2|* — |A2]?) cos(6wt)
— (0*(A1 - By) +30* (B - A2) — 3w’ (B, - Ay)) sin2wt)
—90*(A; - By) sin(6wt) + 30> (B - By — A - A3) cos(4wt)
—3w?(B) - Ay + A - By) sin(4wr). (4-17)

Using Lemma 4.1, this gives the relations

@*(|B1]* +9|Ba|* + |A1|* + 9] 42]*) = 2C2, (4-18)
|B1> —|A1]* + 6(B1 - By + Ay - Ay) =0, (4-19)
|B| = |Aal, (4-20)
A;-B1+3(B1-A,— B, A1) =0, (4-21)
A>-Br =0, (4-22)

B, -B,=A; A, (4-23)

By -A,=—A -B,. (4-24)

Comparing (4-10)—(4-16) and (4-18)—(4-24), we see that we have obtained three
new relations, which are (4-18), (4-19) and (4-21). Combining (4-11) with (4-19)
we see that

|A1|=|Bl| and Al-A2=—Bl-Bz.

Similarly, (4-13) and (4-21) imply
Al-Bl =0 and Al-BzzBl-Az.

Combining these last two relations with (4-10)—(4-16), we get that the coefficient
vectors Aq, By, Ay, B, are mutually orthogonal, |A| = |B|, and |A;| = |B»|.
Conclusions (1), (2) and (3) follow again.



CURVES OF CONSTANT CURVATURE AND TORSION IN THE 3-SPHERE 249

Now we will prove part (b) of the proposition. We set w; =0 and w, = w in
(4-4). Then in (4-4) we have the three distinct frequencies

0=2w;, 2w =2w, wr+w=w)—w =o.
Therefore, by Lemma 4.1 we have
201411 + A2 + | Bo) = 2, (4-25)

|A2| = |Bal, (4-26)
A1~A2=0, A]~Bg:0 and AQ-BQIO.

Equations (4-25) and (4-26) are precisely conclusions (1) and (2) of part (b) of the
proposition. Additionally, combining (4-25) and (4-26) we have conclusion (3). [

In connection with the proof of part (a) of the above proposition, we note that
if wy, = 3wy, one can construct Lissajous curves in S3 (of nonconstant speed) for
which the coefficient vectors are not orthogonal.

5. Proof of Theorem 1

(1) Adjoining the relation y’(r) = T (¢) to the Frenet-Serret equations (3-6) we
obtain the system of equations

Yy (@)= T (),
T'(t) =— — kN
(t) y (@) kN (1), (5-1)
N () = —kT(t) +1B(1),
B'(t) = —TN(1),

where k and t are the given constants. We now rewrite these equations in matrix
form. Note that the four vectors y (¢), T (¢), N(t), B(¢t) form an orthonormal basis
of R* Let X () denote the 4 x 4 matrix whose rows are these four vectors. Then
for each ¢, the matrix X (¢) is orthogonal. When the curvature « and the torsion t
are constants, the augmented Frenet—Serret equations given by the set of equations
in (5-1) in the sphere equation may be written in matrix form as

X'(1)=C-X(1), (5-2)

where C denotes the skew-symmetric matrix

(5-3)

o O = O
|

SR O =

|

A O x O

O a4 OO
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From the theory of ordinary differential equations we know that the solution to
the constant coefficient system presented in (5-2) exists for all # and is given by

X() =€ X(0). (5-4)

This proves part (1) of the theorem.

(2) In order to calculate the matrix exponential ¢’C, we first recognize that since C
is skew-symmetric it can be diagonalized and thus written as

C=PiD)P',
where D is a diagonal matrix with real entries of the form
D = dlag(wla —wi, W2, _CUZ), (5_5)

where w1, wy > 0. This is because the eigenvalues of the real skew-symmetric
matrix C are purely imaginary and occur in complex conjugate pairs. Therefore,

e'C = petPpl. (5-6)
From (5-5) it follows that

it —iwit Jiwyt —iwst
],6 1 2 2).

"D = diag(e ,e' e

Since y (¢) is the first row of the matrix X (r) = Pe!’? P~ . X(0) it follows that
y(t) = cos (wt)A] + sin (w1t) By + cos (wyt) A + sin (wpt) By,

where the coefficient vectors A, By, Ay, and B, are constant vectors in R*. This
proves part (2) of the theorem.

(3) The diagonal entries of i D, where D is as in (5-5), are the eigenvalues of the
matrix C of (5-3). We find them by solving the characteristic equation

det(C —xD) =x*+ >+ >+ x>+ 2 =x*+ x2x2 + 12 =0, (5-7)
with x as in (2-4). The solutions of the characteristic equation are
x=Z4iw; or x=d=xiw,

where w1, w; are as in (2-2) and (2-3). This proves part (3) of the theorem.
(4) Since « > 0, we have
Xt =4t = (P 4+ T+ 1) — 472
=it + (2 =12+ 2% + 2P
> (t2 — 1)2. (5-8)
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Therefore, from (2-2) and (2-3) we see that w> > w;. By the definition of x in (2-4)
we have,

=24+ +1>1+7% (5-9)
Combining (5-8) and (5-9) we have

X2HVxr =412 > 1+t 4+ (x2—1)?2 (5-10)

=1+72+|12—1]
272 > 1

Y U (5-11)
2, T <l1.

Therefore, x> +/x% — 472 > 2, and we have

w3 =3(xF+ V=4t > L (5-12)

Then, by making use of (5-11),

5 xP—xt—4r? 272 1, t>1,
W] = = <1, (5-13)
2 x2 4/ x2—412 7, 1<l
Thus,
w; < 1. (5-14)

This proves part (4) of the theorem.

(5) Note that |y ()] = 1 for all ¢ and |y'(¢)| = 1 for all ¢ as well, since p lies in
S?3 and has unit speed. Since 7 # 0 by (2-2), we know that w; > 0. Therefore, by
part (a) of Proposition 4.2:

(1) The coefficient vectors A, By, A, B, are mutually orthogonal, which is one
of the conclusions of part (5) of Theorem 1.

(2) |A1] = |By| and |A,| = |B»|, which is part of (2-6)—(2-7). We will however
need to work further to complete the proof of part (5).
(3) We have
|A]*+ Az = 1. (5-15)

Now, let e () = p’(¢). Then, |a(r)| = 1 (since y (¢) is parametrized by arc length)
and differentiating (2-1), we see that «(¢) may be represented as

o(t) = wy cos(wit) By — w sin(wit) A + wy cos(wat) By — wy sin(wyt) Ay
= cos(wt) Py 4 sin(w;t) Q1 + cos(wyt) Py 4 sin(wyt) O,

where P; = w; B;, Q] =—wiAy, P, =wy B>, and Q2 = —wyA,. This shows that
« is a Lissajous curve in S°,
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Now, we claim that |e’(¢)| is constant independently of z. Recall, that
a)=y")=T'Q),

where T is the tangent vector field in the Frenet frame (7', N, B). Therefore, by
the first equation in (3-6), we have

y'()=—kN(@) =y (),
which yields,
@' (1)-o' (1) =k + 14 2(N (1) - (1))

=Kk>+1, (5-16)

where N () - y(t) =0 since N(¢) € Ty(,)§3. We may now apply conclusion (3) of
part (a) of Proposition 4.2 to obtain that | P;|> 4 | P,|*> = 1, which is equivalent to

Wl AP+ w3 As)? = 1. (5-17)
Combining (5-15) and (5-17), we get

A F + w3 (1—|A]H) =1
and
wi(1—|Az*) +w3|As|* = 1.

Solving these equations for |A;|? and |A,|?, we obtain (2-6) and (2-7).

(6) If T =0, by (2-2), we have w; = 0. We set w, = w = +/kZ+ 1 by (2-3) and
then by parts (1)—(3) of this theorem, proved above, y is given by

y(t) = A +cos(wt)A; + sin(wt) B;.

Furthermore, by part (b) of Proposition 4.2 we know that |A,| = | B;| and that the
coefficient vectors A, A,, and B, are mutually orthogonal. Note that

y'(t) = —wsin(wt) Ay + w cos(wt) By.
Since p’(t) has unit speed, we have
Y (@) -y (1) = 1 = 0| Ay sin* (1) + | Ba| cos® (1) = w?| A2,

which implies,

1
|As| = —. (5-18)
w

Combining (5-18) with conclusion (3) of part (b) of Proposition 4.2, we get

[ 1
Al = 1- . (5-19)
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6. Proof of Theorem 2

(1) Suppose that we have two helices & and B in S® with the same curvature
k > 0 and torsion T > 0. Then, by part (3) of Theorem 1, the fundamental angular
frequencies w; and w; of these two curves are the same. Thus, the curves are
represented as

o(t) =cos(wit)A| +sin(wit) By + cos(wrt) Ay + sin(wat) By,
B(t) = cos(w;t)Cy + sin(w;t) D1 + cos(wyt)Cy + sin(w;t) D;.
If T #0, by part (5) of Theorem 1, we also know that

1—a)§

A= 1Bl =1CI|= D) = | 5%

1 2

1—0)%

[2ptl|Az| = |Ba| = |Co| = |Da| = | — ,
W, — Wy

and that the sets of vectors {A |, B, A>, B>} and {Cy, Dy, C,, D;} are both mutually
orthogonal. Therefore, there exists an orthogonal map, G : R* — R* in O (4) such
that G(41) = Cy, G(B)) = D1, G(A,) = C3, and G(By) = D;. Then f = G|s3
is an isometry of S* and it is clear that 8 = f oa.
If T =0, then by part (6) of Theorem 1, we know that & and B take the form
a(t) = A +cos(wt)Ar + sin(wt) By,

B(t) = C + cos(wt)Cy + sin(wt) Dy,

where w; = 0 and @ = wy = +/k2 + 1 by (2-2) and (2-3). Furthermore, by part (6)
of Theorem 1, we know that

1 1
|A2| = [By| = |Co| = Do = —,  |Ai]=[Ci|=,/1——,
w w

and that the sets of vectors {A;, A, B} and {C, C», D;} are both mutually or-
thogonal. Therefore, there again exists an orthogonal map G : R* — R* in O (4)
such that G(A1) = C{, G(A;) = C>, and G(B,) = D;. Then f = Glg; is again
an isometry of S* and it is clear that 8 = f o a.

(2) Let p be a helix in S which can be written, thanks to Theorem 1, in the form
of (2-1):

y(t) = cos(wit) A + sin(wt) By + cos(wat) Ay + sin(w;t) B;.
Now suppose that p is periodic with period 7. Then, for each ¢ € R, we have

y@O)=ye+T).
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First, let us assume that v # 0 and consequently, because of (2-2), w; # 0. Then,
comparing the coefficients of A; and B, we obtain,

cos(wi(t +T)) =cos(wit) and sin(w;(t+T)) = sin(w;t) (6-1)
for each t € R. This shows that there exists a nonzero m € Z such that
2mrm
T=——.
w1

Similarly, we compare the coefficients of A, and B,, to get

cos(wp(t +T)) =cos(wpt) and sin(wr(t + T)) = sin(wyt) (6-2)
for each ¢ € R. This shows that there exists a nonzero n € Z such that
_ 2nn
=
It follows that o "
d_"ca.
wr n

Now we prove the converse. Suppose that w;/w, =m/n € Q. Then, let

2mrm _ 2nn

w1 w)
Thus, (6-1) and (6-2) hold. Therefore,

y@+T)=yp(),

which proves part (2) of Theorem 2 in the case where t # 0. If, on the other hand,
7 = 0 and consequently w; = 0, then y is given by

y(t) = Aj + cos(wat) Ay + sin(wst) By,

which is always periodic with a period of
2w
T=—.

w7
This proves part (2) of the theorem.
(3) Letk, 7 >0andlet A}, By, Ay, and B; be the orthonormal basis of R* consisting
of the unit vectors along the coefficient vectors A, By, A, and B, of y as given
in (2-1). We denote the coordinates of a point X € R* by

X =x1A1 +x2B1 +x3A2 + x4 B>.

By parts (2) and (5) of Theorem 1, we have that y is represented in these co-
ordinates by x; = |A|cos(wit), xo = |Aj|sin(wit), x3 = |Az|cos(wsyt), and
x4 = |As| sin(wyt). Consider the torus in R* given by

To ={X eR*:x{ + x5 = A", x5 +x; =|A2[*). (6-3)
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Clearly p lies on Tf,. It is clear that Tf, is a flat Clifford torus in R* and is contained
in S since if X = (x1, x2, x3, x4) € T, then

22, .2, .2, .2 2 I -0
X =xi+x+x54+x =41+ Al = —F+5—5 =1,
a)l—a)z a)z—a)l

where the last equality follows by (2-6) and (2-7).

(4) Note that the helix p is a solution of the differential equations on the torus Tf,

do, d doé,

—=w; and — =wy,

dt : dt 2
where 601, 6, are angular coordinates on the circles xl2 + x22 =|A;|? and x% + xi =
|A;|? respectively. If w1 /w, ¢ @, then a classical result in the theory of dynamical
systems [Hasselblatt and Katok 2003, Proposition 4.2.8, p. 113] shows that the

image of y is dense in T)z,. Therefore, part (4) of the theorem is proven.
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Properties of RNA secondary structure
matching models
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RNA secondary structures have been modeled using a variety of matching families.
We first explore the intersections of different matching families which are models
for likely RNA secondary structures. We then introduce their respective enumera-
tion sequences and prove our proposed equations for enumeration. Next, we prove
a formula for the number of matchings with a given crossing number for a variety
of matching families. Then we develop a new statistic called the pseudoknot
number and find the maximum pseudoknot number on a given set of matchings.
We end by providing a comparison between the crossing number, nesting number,
and pseudoknot number for three matching families on nine edges.

1. Introduction

1A. Background Information. Ribonucleic acid (RNA) is an important molecule
in all living organisms that directly codes for amino acids and acts as a messenger
between DNA and ribosomes to make proteins. RNA is a single-stranded molecule
made up of the nucleotides adenine, guanine, cytosine, and uracil. This string of
nucleotides folds over on itself and forms secondary bonds between some of its
nucleotides [Martinez and Riehl 2017]. Biologists and mathematicians have spent
a great deal of time studying these RNA secondary structures [Condon et al. 2004;
Jefferson 2015]. In mathematics we represent the secondary structures using a
type of graph called a matching. A matching is a graph-theoretical structure in
which each vertex has at most degree 1. In our matchings each vertex represents a
nucleotide and each edge represents a secondary bond. Since RNA is a string of
ordered nucleotides connected by bonds, we list all the vertices of the matching
in order along a horizontal line (the backbone) where the edges connect above
the vertices. To simplify the graph, we omit any nucleotides that are not part of a

MSC2010: 05C30, 92E10.
Keywords: RNA secondary structure, perfect matchings, crossing number, nesting number,
pseudoknot.
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Figure 1. An RNA motif (top) [Ronan 2006] and its matching (bottom).

secondary bond, making each matching a complete matching on 2n vertices and
n edges. In a complete matching, sometimes called a perfect matching, every vertex
is incident to one edge. To recreate an RNA structure with isolated vertices from
its matching we can add them into the complete matching in their corresponding
spots. Figure 1 demonstrates an RNA motif represented as a matching.

For an edge, i, in a matching, we write i = (i1, i), where iy, i> are the positions
of the left- and right-endpoints of the edge, respectively. A pair of edges i = (i1, i2)
and j = (ji, j2) in a matching, M, are said to be crossing if i| < j; <iy < jo. A
pair of edges are said to be nested if i} < j; < jo < ip. Similarly, if j; =i; + 1
and j, =ip + 1, then i and j form a hairpin. Finally, a nested sequence of n edges
is called a ladder [Martinez and Riehl 2017]. In Section 4 we will be particularly
interested in examining pseudoknot numbers for certain matching families along
with all perfect matchings.

A number of statistics can be applied to the matchings (e.g., crossing number
and nesting number). The crossing number, cr(M), counts the number of times
a pair of edges in the matching cross. The nesting number for one edge counts
the number of edges nested under said edge. The nesting number statistic for a
matching, ne(M), is the sum of the nesting numbers for each edge in the matching.

We introduce here a biologically motivated statistic called the pseudoknot number,
pknot(M). A pseudoknot occurs in a strand of RNA when the strand folds on itself
and forms secondary bonds between nucleotides, and then the same strand wraps
around and forms secondary bonds again. See Figure 1 for an example. These
formations are important because viruses have pseudoknots to infiltrate a host cell
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(TN P

1 2 3 4 5 6 7 8

Figure 2. A matching on four edges that can be represented as the
permutation o = 17253468.

to cause such diseases as hepatitis C, HIV, and SARS [Brierley et al. 2007]. The
pseudoknot number of a matching, pknot(M), counts the number of pseudoknots
on the RNA motif by deflating any ladders in the matching and then finding the
crossing number on the resulting matching.

Matchings can also be represented as permutations of length 2n. The permutation
is constructed by numbering the vertices (i.e., the nucleotides along the backbone)
from 1 to 2n. We then work from left to right recording the left vertex number
followed by the right vertex number of each edge that we encounter. This creates a
permutation in which the odd indices are monotonically increasing. For example,
the matching in Figure 2, written as a permutation, is 17253468. We represented
matchings as permutations in our code that generated data and helped us arrive at
conjectures.

Definition 1.1. The Catalan numbers are a sequence that appears in mathematics
in many different settings. This sequence is enumerated by the formula

_ 2n
T (m+Dinl

where C, represents the n-th Catalan number. This sequence begins

n

1,2,5,14,132,....

Example 1.1. Given n pairs of parentheses, there are C,, many ways to arrange
these parentheses such that every open parenthesis has a matching closed parenthesis
after it. Table 1 shows the ways to arrange n pairs of parentheses where 1 <n < 4.

There is clear bijection between these n pairs of parentheses and the noncrossing
matchings on n edges. A left parenthesis corresponds to where an edge starts and
a right parenthesis corresponds to where an edge ends. For example, Figure 3
corresponds to the arrangement of five pairs of parentheses given by ()(()())().

Therefore, it is known that the Catalan numbers also count the noncrossing
matchings.

In Section 1B we briefly describe families of matchings that represent RNA
secondary structures where unlikely biological structures are significantly restricted.
Many of these families of matchings are inductively built starting from a single
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no. of

n | arrangements arrang.
110 1
2100, (O 2
31 000, 0, (DO, (OO, (O 5
410000, (MO0, OO, 00, OO0, | 14

(OO)s (OO0, (ONO, OO, (OO,

((0)O), (OD)), ((00)), (1))

Table 1. The Catalan-many ways to arrange n pairs of parentheses,
where 1 <n <4 [Davis 2016].

' S A SR T TSR

Figure 3. The matching corresponding to the arrangement of five
pairs of parentheses given by ()(()())().

edge or a hairpin. Algebraic generating functions for the five main families of
matchings have been found [Jefferson 2015]. In Sections 2 and 3 we will investigate
intersections of these families.

1B. Hairpin-only Families. Mathematical biologists have defined five hairpin-
only families of matchings that model RNA secondary structures. These families
(often named after the people who first studied them) are: LHF (largest hairpin
family), D&P (Dirks and Pierce), R&G (Rieder and Giegerich), C&C (Cao and
Chen), and L&P (Lyngsg and Pedersen) (shown in Figure 4 from least restrictive to
most restrictive) [Jefferson 2015].

Suppose we have two matchings M and N with 2m and 2n vertices respectively.
For a vertex i in M, the vertex insertion in M by N after i is the matching with

LHF

D &P

N

L&P R&G

C&C

Figure 4. The inclusions among hairpin-only families.
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o daax B

Figure 5. A hairpin with the left edge inflated by a hairpin.

2m+-2n vertices in which a copy of N is inserted between i and i +1 in M [Jefferson
2015]. Now, given any matching Q with g edges and a matching R with r edges,
if (7, j) is an edge of Q then the edge inflation of Q by R at (i, j) is the matching
on the vertices 2g + 2r — 2 in which the vertex i is replaced by the left-endpoints
of R, the vertex j is replaced by the right-endpoints of R, and the edges between
these two sets of vertices are defined as they are in R [Jefferson 2015]. An example
of edge inflation by a matching is shown in Figure 5.

LHF matchings. The largest hairpin family is formed by matchings that begin with
either a single edge or a hairpin. Then arbitrary vertex insertions and edge inflations
by matchings may be performed.

An example of a matching in LHF is shown on the right-hand side of Figure 5.
To construct this matching we start with a hairpin and inflate one of its edges by
another hairpin.

The D&P (Dirks and Pierce) family. The D&P family can be constructed induc-
tively by beginning with either a single edge or a hairpin. Then the following
procedures can be performed: (1) inflate an edge by a ladder and (2) insert one
D&P matching into another. The D&P family differs from LHF because instead
of being closed under edge inflation, only edge inflations by ladders are allowed.
An example of a D&P matching is shown in Figure 6. To construct this matching
we start with a hairpin and then inflate its left edge by a ladder. Then we insert a
hairpin between the two edges of the ladder.

The R&G (Rieder and Giegerich) family. Starting from either a single edge or a
hairpin, matchings of the R&G family can be built inductively via the following
operations: (1) insert R&G matchings into the places shown in Figure 7, followed
by (2) inflating the original edge(s) by ladders. An example of an R&G matching
is shown in Figure 8. To construct this matching we start with a hairpin and insert
another hairpin into the middle.

N

Figure 6. A D&P matching on five edges.
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N g mT

Figure 7. The allowable places for insertion in the R&G family.

()

Figure 8. An R&G matching on four edges.

The C&C (Cao and Chen) family. Starting from either a single edge or a hairpin,
matchings of the C&C family can be built inductively via the following operations:
(1) insert C&C matchings in the allowable places (as shown in Figure 9) and then
(2) inflate the original edge(s) by ladders. An example of a C&C matching is shown
in Figure 10. To construct this matching we start with a single edge and insert a
hairpin under the edge.

The L&P (Lyngsg and Pedersen) family. Starting from either a single edge or a
hairpin, the matchings of the L&P family can be built inductively via the following
operations: (1) inflate an edge of an L&P matching by a ladder and (2) insert a
noncrossing matching into an L&P matching. An example of an L&P matching is
shown in Figure 11. To construct this matching we start with a hairpin and insert a
noncrossing matching of size 2 into the middle of the hairpin.

We studied different intersections of the hairpin-only families. The Venn diagram
in Figure 12 depicts the different intersections in which we have labeled each distinct
region using script letters. For example, A is the group of matchings that are both
L&P and C&C. B is the group of matchings that are L&P and R&G but not C&C.
In Sections 2 and 3 we will describe .4 and B and the formulae that enumerate these
matchings. In Section 4 we will examine the crossing number, nesting number, and

Ny OV Yy

Figure 9. The allowable places for insertion in the C&C family.

()

Figure 10. A C&C matching on three edges.
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(T

Figure 11. An L&P matching on four edges.

)

Figure 12. The Venn diagram that shows the different regions we
have analyzed.

pseudoknot number statistics on L&P matchings, C&C matchings, and all perfect
matchings. We will then compare the distributions of these statistics for each of the
given families on nine edges.

2. Matchings that are L&P and C&C (i.e., in A)

Matchings in .4 must be both L&P and C&C matchings. Figure 13 shows all
11 matchings in .4 with three edges.

For a small n, where n is the number of edges in each matching, the sequence of
matchings in A starting at n = 1 is given by, see [Goryl 2017b],

1,3,11, 39, 134,456, 1557, 5364, ... .. 1)

Oy o @ OO

TN (Y S A
(Ao (D

Figure 13. The 11 matchings in .4 with three edges.
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Figure 14. Matching in .A with nine edges.

The matchings that are both L&P and C&C can be created inductively through
the following operations in the given order:

» We begin with either a single edge or a hairpin.

e We can insert noncrossing matchings, to ensure the matching is L&P, into the
insertion spots as shown in Figure 10, to ensure the matching is C&C.

« Finally, we can inflate the original edge(s) by ladders. Inflating the original
edges last ensures that the matchings are C&C as we cannot insert matchings
between ladders.

Each matching in A can be split into two separate parts: a (possibly empty)
noncrossing matching and a (possibly empty) hairpin first matching. Let NCM,,
be the noncrossing matchings on n edges and let NCM,, = [NCM,,|. Let HF, be
the matchings in A, whose leftmost edge is part of a hairpin and let HF,, = |H.F,|.

For example, in Figure 14, the leftmost edge is part of a noncrossing matching
consisting of three edges, so these three edges are in NCM3. The next part of the
matching has its leftmost edge as part of a hairpin. So these six edges are in H.Fs.

Lemma 2.1. The number of ways to insert (possibly empty) noncrossing matches
into three possible positions with m total edges is Cpy 19 — Cpyy1.

Proof. Since the edges we insert are noncrossing and the noncrossing matchings are
counted by the Catalan numbers, the summation of these products of three Catalan
numbers with subscripts i, j, kK would enumerate the number of ways we could
insert a total of m edges, made of noncrossing matchings. It can be proved using
generating functions [Sloane 2010b] for this sequence that

Y CGiCiCi=Cuiz—Cui. O

i,j,k>0
i+ j+k=m

Lemma 2.2. Matchings in A where the leftmost edge is part of the hairpin can be
enumerated by the formula

HFn=2n:Cj—l’l.
j=1

Proof. Consider matchings in .A where the leftmost edge is part of a hairpin. Since
these matchings are C&C, there are only three insertion spots, and n — 2 edges left
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to insert. By Lemma 2.1, there are C,, — C,_| ways to do so. If we have either side
inflated by one ladder, it can either inflate the left or right side of the hairpin, and
then we have n — 3 edges left to insert, so that’s 2(C,,—; — C,—») more matchings.
If we continue on with this process, the number of ways to insert noncrossing
matchings into a hairpin, now taking ladders into consideration, is given by

(Ch—Cp)) +2(Co1 —C2) +3(C2—C3)+-- -+ (n—=1)(C2 = Cy)
=C,—Cp1+2C,1-2C, 2+3C, 2—3C, 3+---+(n—1)Co—(n—1)Cy
=C,+C,_1+Cr04+---+C34+Cr—(n—1) since C; = 1.

In order to sum over all the Catalan numbers, we can add in C; and then subtract
C, =1 at the end, giving us
n
> ¢j—n. 0
j=1

Lemma 2.3. All matchings in A can be enumerated by

n
> CiHF, ;.
i=0
with initial conditions
HFy,=1, HF; =0, HF,=1, Cy=1, C;=1,

where C; are the Catalan numbers, and HF,, represents the number of matchings
that are both L&P, C&C, and have the leftmost edge as part of a hairpin.

Proof. Matchings in A are completely described by all combinations of NCM;
and HF,,_;. Since we know that the Catalan numbers enumerate the noncrossing
matchings, by [Sloane 2010a] we know all matchings in .A are enumerated by

2”: C, HF,_;. (]
i=0

Theorem 2.1. The matchings that are both L&P and C&C can be enumerated by

the formula
n—2 —i
Zci(Zc,- —(n—i)) +Co,
i=0 j=1

where Cy, is the k-th Catalan number.

Proof. From Lemma 2.3 we know the first sum will be

n
Z C;HF,_;.
i=0
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Combining this with Lemma 2.2, we see that
n—2 n—i
|A|:ZCi(ZCj—(n—i))+Cn. O
i=0 j=1

Example 2.1. Suppose we want to determine the number of matchings that are
L&P and C&C with three edges.
Let n = 3. So,

n—i

ZC(ZC —(n—z))+c —ZC(ZC —(3—1))+C3
=CO<ZCJ-—3)+C1(ZCJ-—2)+C3

j=1 j=1
=Co(C1+Cr+C3=3)+Ci(Ci+Cr—2)+C;
(1 4245-3)+1(14+2-2)+5=11,

which agrees with formula (1). The 11 matchings with three edges that are L&P
and C&C are shown in Figure 13.

3. Matchings that are L&P and R&G but not C&C (i.e., in B)

Matchings in B must be both L&P and R&G but not C&C. Figure 15 shows all
eight matchings in B with four edges.

TN (A
T 2

(TN T )
(TAN A

(TN (TN

Figure 15. The eight matchings in B with 4 edges.
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(AN

Figure 16. The smallest matching in B.

For a small n, where n is the number of edges in each matching, the sequence of
matchings in B starting at n = 1 is given by, see [Goryl 2017a],

0,0,1,8,42, 186,759, 2970, 11369, .. .. 2)
The group of matchings that are L&P and R&G but not C&C can be created
inductively through the following operations in the given order:

* We must begin with a hairpin that has a single edge inserted into the middle
of the hairpin as shown in Figure 16. The edge inserted into the middle of the
hairpin will ensure that all matchings are not C&C.

o To ensure that the matchings are L&P, we next insert noncrossing matchings.

« Finally, we can inflate the edges of the hairpin by ladders. Inflating the edges
of the hairpin last ensures that the matchings are R&G, in which you cannot
insert matchings between ladders.

Lemma 3.1. Let a,, be the number of matchings in B with n edges where the last
step in its inductive creation is inflation by a ladder, denoted by inflate(n). Then
an =2a,_1 — ap_o.

Proof. In order for a matching to be R&G, inflations of the original edges must
occur after all insertions. Since matchings in 3 start with a hairpin, the only edges
we can inflate are the two edges that make up the hairpin. To obtain these matchings
with n edges, we can take all matchings in B with n — 1 edges and inflate each
matching’s left edge of the hairpin by a ladder. That gives us a,_; matchings. Then,
for the matchings in B with n — 1 edges, we can inflate each matching’s right edge
of the hairpin by a ladder, which gives us another a,_; matchings. In total, this
gives us 2a,_; matchings, but we have over-counted. Inflating the left side of the
hairpin and then the right is the same as inflating the right side of the hairpin and
then the left, so we want to remove those matchings that had one edge added to each
half of the hairpin. If we take all the matchings with n — 2 edges in B and inflate
the left edge of the hairpin by one ladder and then right edge of the hairpin by one
ladder, we get a,—, matchings with n edges. So, if we subtract the over-counted
matchings, we get 2a,_1 — a,—» matchings in inflate(n). U

Lemma 3.2. Matchings with n edges in 1B where the last step is an insertion,
denoted by ins(n), are enumerated by

() @
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Figure 17. Five allowable places for insertion in B.

Proof. Starting with a hairpin, we can insert noncrossing matchings into the five
different insertion spots shown in Figure 17 given there is at least one element
of NCM; in the middle of the hairpin. We know that the inserted noncrossing
matchings cannot be inserted between ladders because the matchings must be
both R&G and L&P. Note, for R&G matchings there are only four insertion spots
because we cannot insert to the left of the hairpin. Noncrossing matchings inserted
on the left of the hairpin can be thought of as starting with a noncrossing matching
and inserting a matching containing a hairpin on the right. Therefore, we will
be inserting noncrossing matchings into five insertion spots. Letting i, j, k > 1,
we insert i — 1 edges on the left side of the hairpin, j edges in the middle of the
hairpin (since we must have at least one edge inserted here), and k — 1 edges on the
right side of the hairpin. Since there are already two edges included in the hairpin,
i—1+j+k—1=n—2, which impliesi + j + k = n.

First, consider noncrossing matchings that are on the left side of the hairpin. This
includes both matchings that are on the far left outside of the hairpin and matchings
that are under the left edge of the hairpin. There are C;_;Co+ C;—2C1 + - - +
C1Ci_»+CoC,—1 ways to insert i — 1 edges into two insertion spots on the left side
of the hairpin. It is known that sum is equal to C; [Davis 2016]. Therefore, there are
C; ways to insert i — 1 edges into the left side of the hairpin. Likewise, there are Cy
ways to insert kK — 1 edges into the right side of the hairpin, which includes on the far
right outside of the hairpin and matchings under the right edge of the hairpin. There
are C; ways to insert j edges into the middle of a hairpin because we can only insert
noncrossing matchings. This implies we can enumerate matchings in ins(n) by

> GiCick

i,j,k>1
i+j+k=n

It is known this is given by the closed form (3) [Sloane 1991]. U

Theorem 3.1. The matchings that are L&P and R&G but not C&C can be enumer-
ated by the formula

6 2n—1
an=2a,-1—a,2+ == (). “)

Proof. Since we inductively build matchings in B with exactly two operations,
Lemmas 3.1 and 3.2 completely describe how to build all matchings in B. Therefore,
by Lemmas 3.1 and 3.2, we can add our two formulas together to obtain the
recurrence relation (4), which enumerates all matchings in . ]
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This recurrence relation has no closed formula, although it can be written using
hypergeometric series. Since there is a closed form for L&P matchings and we
have now found equations for .4 and B, we can use these to enumerate matchings
in C using subtraction.

Example 3.1. Suppose we want to find the matchings in 5 with n =4 edges. Then
we can compute

ay=2a3—a+5(]) =2(1) - 0+78 =38,

which agrees with formula (2). The eight matchings with four edges in B can be
found in Figure 15.

4. Statistics

We implemented the following statistics and constructions of each hairpin family
in Python, and those programs are available upon request.

4A. L&P Matchings. L&P matchings insert only noncrossing matchings; there-
fore the only way to have two crossing edges is to begin with a hairpin. The only
way to increase the crossing number is to inflate the edges of the hairpin. Because
all of the crossings happen in the hairpin, we can count the number of crossings by
taking the product of the number of edges that inflate the left side of the hairpin
and the number of edges that inflate the right side of the hairpin.

Theorem 4.1. The number of L&P matchings on n edges with a given crossing

number h > 0 is
2E+1

2. 2 e

V1725000 (@1,02,...,02E+1)) =1

7i>0 ;>0
yi<,6i\ﬁ Zl)l,’:n—E
where h = p)| pZ’32 pk is the prime factorization of h, p{'pY* --- p}* is a factor
of h,and E is p1 p2 pk —|—plﬁ1 " pzﬂz " p,‘fk 4

Proof. Let h be the desired crossing number and n be the number of edges in
the L&P matching. Because /& > 0 and the matchings are L&P we know that
there is exactly 1 hairpin in the matching. Then let & = p’ls ! p’;z pfk be its
unique prime factorization. Each factor of 4 is then given by pl p2 e p}:" with
0 < y; < B;. The product of the edges on the right and the left sides of the hairpin
must be & so there must be p1 p2 y" edges on the left side of the hairpin
and pf' =" pzﬂ2 .. p,’f‘ " edges on the right side of the hairpin. Then there
are n — E edges left to insert into the matching in some of 2E + 1 places. Then
consider the number of noncrossing edges inserted into each spot of the matching

as a vector @. If each «; will be the number of edges inserted into the i-th spot of
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Figure 18. Places to insert in an L&P matching.

the matching, the insertion vector « is given by (a1, a2, ..., a2g+1), where a; > 0
and ), o; =n — E. The insertions must be noncrossing because the matchings are
L&P; therefore there are Catalan-many ways to insert each noncrossing matching.
Then there are Cy,Cq, - - - Cq,,,, Ways to insert each « into the matching. We can
sum over all & to find all the matchings with the given number of edges on the left
and right sides of the hairpin. Then we sum over all the possible factors of 4 to get
all possible L&P matchings on n edges with crossing number /4. (]

For example, to find the number of L&P matchings on n =9 edges with a crossing
number of & = 6 we will start by writing the prime factorization of h: h = 2! % 3.
Using the prime factorization we can find all of the factors of 4: 1, 2, 3, 6. We begin
with our first factor, 1, being the number of edges on the left side of the hairpin. We
know the product of the number of edges on the left and right sides of the hairpin
must be 6, so there must be six edges on the right side of the hairpin. Then there
are a total of seven edges in the hairpin, and there are two edges left to insert into
the matching in the 15 places shown by the arrows in Figure 18. There are two
edges left to insert into the inflated hairpin and they could be inserted into the same
place or into two different places. If they are inserted into two different places the
corresponding & would contain two 1’s, and 13 0’s. There are (125 ) distinct a of this
type. There are C; ways to arrange the first inserted edge and there are C| ways
to arrange the second inserted edge. If both edges are inserted into the same place
the corresponding @ would contain one 2 and 14 0’s. There are 15 distinct & of this
type. There are C, ways to arrange the inserted noncrossing matching of size 2. The
number of L&P matchings on nine edges with one edge on the left side of the hairpin
and six edges on the right side of the hairpin is therefore (125 )C1 C1+15C,=135. We
repeat this process with each remaining factors of 4, 2, 3, and 6, where each factor is
the number of edges on the left side of the hairpin. After considering all factors we
find that there are 4758 L&P matchings on nine edges with a crossing number of six.

Example 4.1. Suppose we want to find the number of L&P matchings with n =4
edges and h = 1.

We start with the prime factorization of 4: h = 1. Thus, the only factor of 4 is 1.
This means there is one edge on each of the left and right sides of the hairpin. Hence,
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Figure 19. The 20 matchings that are L&P with n =4 edges and h = 1.

there are two edges left to insert into five spots. Using the same process as before,
we get (;)ClC | +5C;, = 20 matchings. These 20 matchings are found in Figure 19.

4A1. Maximum values. To find the maximum crossing number of an L&P matching
on n edges, we require that all edges be part of the initial hairpin and that there be
as close to an equal number edges inflated on each side of the hairpin as possible.
This results in a maximum crossing number of %(2”2 — 14 (—=1)"), which is the
closed form of ) I_%nJ + 1, which is obtained by successively adding one edge to
the previously maximally inflated hairpin. We note that the formula in Theorem 4.1
is zero if h > ZL%n—i— 1].

The maximum nesting number of an L&P matching is the same as that of a
noncrossing matching (i.e., a ladder on n edges), which is %n(n +1).

4B. C&C. The maximum crossing and nesting number of a C&C matching of
n edges is the same as that of an L&P matching. This is because the C&C matchings
contain the noncrossing matchings (i.e., the maximally nested matchings) and the
matchings with the maximum crossing number are L&P and C&C.

4C. A, matchings that are L&P and C&C.

Lemma 4.1. If a C&C matching that contains exactly one hairpin is inserted to the
right of a noncrossing matching, the obtained matching is C&C.
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Figure 20. Allowable insertion spots for .A.

Proof. A noncrossing matching is C&C, and according to the inductive definition
of C&C matchings we can insert another C&C matching to the right of it. ]

Lemma 4.2. There are four places to insert noncrossing matchings in a hairpin
to obtain a matching in A. Matchings cannot be inserted between ladders of the
hairpin, and they cannot be inserted into the middle of the hairpin.

Proof. By Lemma 4.1 if we insert a noncrossing matching to the far left of a C&C
matching that contains exactly one possibly inflated hairpin, the obtained matching is
C&C. By the rules of creating C&C matchings, if we insert a noncrossing matching
into the spots shown by the three remaining arrows in Figure 20 it will still be C&C.
We cannot insert noncrossing matchings in between ladders or in the middle of
the hairpin because then it would no longer be C&C. Because there is only one
possibly inflated hairpin and we are inserting only noncrossing matchings we are
guaranteed that these matchings are also L&P, and therefore they are in A. O

Theorem 4.2. The number of matchings in A on n edges with crossing number

h > 0 is given by A
2. 2 e

V15 V25 -0 7) (01,00,03,04) i=1
yi=0 ;=0
yi<BiVi Y aj=n—E

B2

where h = p{" p2 p lS the prime factorization of h, p1 p2 py" is a factor
th andElspl p2 +p11 V1p§2 V2, pfk Vk

Proof. Let h be the given crossing number and n be the number of edges in the
matching in 4. Because /& > 0 and the matchings are L&P we know that there is

exactly one possibly inflated hairpin in the matching. Then let 2 = p L pzﬂ2 . p,’?"
be its unique prime factorization. Each factor of /4 is then given by p1 p2 pk .

Since these matchings are L&P, the product of the edges on the right and the left
sides of the hairpin must be h. Thus, there must be p!' p3*--- p/* edges on the
left side of the hairpin and p!' ™" pf2 77> ... pP=7 edges on the right side of the
hairpin. Then the total number of edges E in the hairpin is given by p!' p}* - -- pI* +
p'lS n pfz 2. pf" “7_ Then there are n — E edges left to insert into the matching.
By Lemma 4.2 there are four places to insert. The insertions must be noncrossing

because the matchings are L&P; therefore there are Catalan-many ways to insert
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Figure 21. The 14 matchings in A with n =4 edges and & = 1.

each noncrossing matching. If we think about the number of noncrossing edges
inserted into each spot of the matching as a vector & then each o; will be the number
of edges inserted into the i-th spot of the matching. The insertion vector @ is given
by (a1, a2, @3, a4), where o; > 0 and ) _; &y =n — E. Then there are Cy, Co, Cy; Co,
ways to insert each @ into the matching. We can then sum over all « to find all the
matchings with the given number of edges on the left and right sides of the hairpin.
Then we sum over all the possible factors of / to get all possible matchings in A
on n edges with crossing number /. ([

Example 4.2. Suppose we want to find the number of matchings in A with n =4
edges and h = 1.

We start with the prime factorization of #: h = 1. Thus, the only factor of 4 is 1.
This means there is one edge on each of the left and right sides of the hairpin. Hence,
there are two edges left to insert into four spots. Using the same process as before,
we get (3)C 1C1 +4C, = 14 matchings. These 14 matchings are found in Figure 21.

4D. B, matchings that are R&G and L&P but not C&C.

Lemma 4.3. There are six places to insert noncrossing matchings in an inflated
hairpin that has one edge inserted into the middle in order for a matching in B.
These places are shown in Figure 22.

Proof. By Lemma 4.1 if we insert a noncrossing matching to the far left of a C&C
matching that contains exactly one hairpin, the obtained matching is C&C. Therefore
if we insert a noncrossing matching to the far left of an R&G matching that contains
exactly one hairpin, then the obtained matching is R&G. We can’t insert matchings
between the ladders that inflate the hairpin because then the matching would not
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Figure 22. Allowable insertion spots for .

be R&G. The obtained matching is also L&P because it has exactly one hairpin,
and only noncrossing matchings are inserted. The obtained matching is not C&C
because of the guaranteed single edge inserted into the middle of the hairpin. We
don’t insert to the left of the single edge in the middle of the hairpin in order to
prevent duplicates from being made. O

Theorem 4.3. The number of matchings in B on n edges with crossing number
h > 0 is given by the formula

> Y e

V15,72500057%) (@1,02,....06) i=1
yi=0 ;>0
ViS,BiVi Z(xi=n7E71

where h = pf‘ pz*32 . pf" is the prime factorization of h, p{'pY*--- p* is a factor
VL Y2 Yk Bi—vi Pr—v2 Br—vk

ofh,and E'is p{'p5y* -+ - pi +p| "' P, e plET

Proof. Let h be the given crossing number and n be the number of edges in the

matching in B. Because & > 0 and the matchings are L&P we know that there is

exactly one possibly inflated hairpin in the matching. Then let & = p|' p5* - -- p,’?"

be its unique prime factorization. Each factor of /4 is then given by p){l pgz - p,){/k.

Since these matchings are L&P, the product of the edges on the right and the left

sides of the hairpin must be h. Thus, there must be p!' p3*--- p/* edges on the

left side of the hairpin and p!' ™" pf 77> ... pP=7 edges on the right side of the

hairpin. Then the total number of edges E in the hairpin is given by p!' p}*--- pI* +

Bi—vi _Po—v2 Br—vk
pl p2 . pk
matching. We subtract 1 since a single edge is guaranteed to be inserted into the

. Then there are n — E — 1 edges left to insert into the

middle of the hairpin. By Lemma 4.3 there are six places to insert. The insertions
must be noncrossing because the matchings are L&P. Therefore there are Catalan-
many ways to insert each noncrossing matching. If we think about the number of
noncrossing edges inserted into each spot of the matching as a vector @, then each
a; will be the number of edges inserted into the i-th spot of the matching. The
insertion vector & is given by (ay, aa, . . ., ag), where o; > 0 and Yiai=n—E—1.
Then there are Cy, Cy, - - - Cy, Ways to insert each « into the matching. We can then
sum over all & to find all the matchings with the given number of edges on the left
and right sides of the hairpin. Then we sum over all the possible factors of 4 to get
all possible matchings in B on n edges with crossing number /. (]
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Figure 23. The 27 matchings in B with n =5 edges and & = 1.

Example 4.3. Suppose we want to find the number of matchings in B withn =5
edges and h = 1.

We start with the prime factorization of 4: h = 1. Thus, the only factor of £ is 1.
This means there is one edge on each of the left and right sides of the hairpin. Hence,
there are two edges left to insert into four spots. Using the same process as before,
we get (g)C 1C1 + 6C, =27 matchings. These 27 matchings are found in Figure 23.

4E. Maximum Pseudoknot. The pseudoknot number of a matching is found by
deflating the ladders of every edge in the matching and finding the crossing number
of the new matching. To find the maximum pseudoknot number of a matching on
n edges, we want a matching that has the highest crossing number once its edges
have been deflated.

Let M, be the set of all perfect matchings on n edges. Let CC, be the set
of all C&C matchings on n edges. For a set of matchings A, let pknot,,, (A) =
max{pknot(M) | M € A}.
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OV OO

Figure 24. Matching that gives the maximum pseudoknot number
on four edges for the C&C family.

Definition 4.1. We define a deflation as follows. If we have two edges i = (i, i2)
and j = (ji, jo) such that iy = j; — 1 and i» = j; + 1, then we delete edge i.

Theorem 4.4. The maximum pseudoknot number of the set of C&C matchings on
n edges is given by

%n, n € N and is even,

pknot ]
s(n—1), neNandisodd.

Proof. In C&C matchings, the maximum pseudoknot number occurs when we
maximize the number of noninflated hairpins since we cannot insert between ladders
in C&C matchings.

Case 1: n is even. Since n is even, every two edges must be involved in distinct
hairpins in the matching in order to maximize the number of noninflated hairpins.
Then every matching must have %n hairpins. Because our matching M consists of
strictly hairpins, there are no deflations. Hence, pknot(M) = cr(M). Since all the
hairpins are not inflated, to find cr(M) we can count the number of hairpins. Thus
cr(M) = %n = pknot_,, (CC,).

Case 2: n is odd. When r is odd, every two edges except for one must be involved
in distinct hairpins in order to maximize the number of noninflated hairpins. Then
the matching M must have %(n — 1) hairpins. Whether the final edge not involved
in a hairpin is inserted or inflates another edge has no effect on the pseudoknot
number. After deflations on all edges are made, there are still guaranteed to be
%(n — 1) hairpins, and pknot(M) is the crossing number of the deflated matching,
which is the number of hairpins. Thus pknot,,,, (CC,) = %(n —1). O

Example 4.4. Suppose we want to calculate the maximum pseudoknot numbers
for the C&C families with four and five edges.

First, let n = 4. According to Theorem 4.4, pknot
the matching with this pseudoknot number.

Now, let n = 5. By Theorem 4.4, the maximum pseudoknot will be just like
n = 4. With the extra edge, we can either insert it into the allowable space or inflate
the original matching. If we conduct an insertion, we will not increase the crossing
number, unlike inflating. However, this one edge will become deflated. Figure 25
shows matchings which produce a maximum pseudoknot number of 2 on n =5
edges.

(M) = 2. Figure 24 shows

max
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Figure 25. Matchings that give the maximum pseudoknot number
on five edges for the C&C family.

(CCCNY

Figure 26. Matching that gives the maximum pseudoknot number
on five edges for all perfect matchings.

Theorem 4.5. The maximum pseudoknot number of the set of all perfect matchings
on n edges is given by
pknot,,,, (M,) = in(n — 1)

max

Proof. The only restrictions we have on all perfect matchings are that an edge
cannot cross itself or go below the horizon. In order to maximize pknot(M,) in a
perfect matching, none of the edges should be involved in ladders, and each edge
should cross every edge in the matching once. The way to maximize pknot(M,,) for
any given n is to use the matching on n — 1 edges with the maximum pseudoknot
number, and cross all of those edges with the new edge we add. Thus, we can
represent this as the recurrence relation pknot,,, (M,) = pknot, .. (M,_1) +(n—1)
with the initial condition pknot,,, (M>) = 1 and where (n — 1) represents how many
edges our new edge will cross. Solving this recurrence relation gives %n(n -1). O

Example 4.5. Suppose we want to find pknot
n =15 edges.

According to Theorem 4.5, pknot,,, (M5) = @ = 10. Figure 26 shows the
matching with the maximum pseudoknot number.

(M,,) for all perfect matchings on

max

4F. Comparison. Pseudoknots are not found as commonly in RNA secondary
structures as they are in perfect matchings. One desired result of the inductive
definitions of L&P and C&C is that the models more accurately reflect the likelihood
of pseudoknots observed in nature. The following graphs in Figures 27, 29, and 28
display the distributions of the crossing number, pseudoknot number, and nesting



278 N. ANDERSON, M. BREUNIG, K. GORYL, H. LEWIS, M. RIEHL AND M. SCANLAN

35
K30
é HL&P Mean=2.734 Mode=2
3
525 I B C&C Mean=2.722 Mode=2
c
a I m All Matchings Mean=12 Mode=11
]
c 20
2
Ll
£
E]
215 -
oo
c
£
2
o
£ 10
-
13
: I
g . | 1 | 1
n- I I

0 = . I,I,I,I,I,',',-,,,,,,,

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Crossing number

Figure 27. Percent of matchings on nine edges with given crossing number.
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Figure 28. Percent of matchings on nine edges with given nesting number.

number for each given family on nine edges as a percentage of the total matchings
in that family. The motivation for this section is to examine how limiting the number
of pseudoknots affects the crossing, nesting, and pseudoknot number distribution
compared to all perfect matchings.

In all perfect matchings the crossing and nesting number statistics are sym-
metrically distributed and their joint distribution has been an area of recent study.
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Figure 29. Percent of matchings on nine edges with given pseu-
doknot number.

Note that in all perfect matchings on n edges, as the crossing number increases,
the nesting number decreases, and vice versa. These two statistics are inversely
related and symmetrically distributed when considering all perfect matchings [Chen
et al. 2007]. However, when we limit the number of pseudoknots by looking at
L&P and C&C matchings, the distributions for crossing number and pseudoknot
number become skewed right. Because the crossing and nesting number statistics
are inversely related when considering all perfect matchings we would predict
that the nesting number distribution would become skewed left when considering
these L&P and C&C matchings. Surprisingly, the distributions of nesting numbers
for L&P and C&C remain largely similar to the distribution of nesting numbers
for all matchings. However, recall that these matching families limit the unlikely
biological structures, in this case a high number of pseudoknots. Pseudoknots are
represented in matchings by a hairpin, ignoring the additional ladders. Therefore
these matchings limit the number of hairpins, so we should expect there to be more
matchings with a smaller crossing number. These matching families don’t limit the
ladders that can occur on edges or newly inserted edges in a hairpin, so the nesting
number stays relatively symmetrically distributed.
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Infinite sums in totally ordered abelian groups

Greg Oman, Caitlin Randall and Logan Robinson

(Communicated by Vadim Ponomarenko)

The notion of convergence is absolutely fundamental in the study of calculus. In
particular, it enables one to define the sum of certain infinite sets of real numbers
as the limit of a sequence of partial sums, thus obtaining so-called convergent
series. Convergent series, of course, play an integral role in real analysis (and,
more generally, functional analysis) and the theory of differential equations. An
interesting textbook problem is to show that there is no canonical way to “sum”
uncountably many positive real numbers to obtain a finite (i.e., real) value. Plenty
of solutions to this problem, which make strong use of the completeness property
of the real line, can be found both online and in textbooks. In this note, we show
that there is a more general reason for the nonfiniteness of uncountable sums. In
particular, we present a canonical definition of “convergent series”, valid in any
totally ordered abelian group, which extends the usual definition encountered in
elementary analysis. We prove that there are convergent real series of positive
numbers indexed by an arbitrary countable well-ordered set and, moreover, that
any convergent series in a totally ordered abelian group indexed by an arbitrary
well-ordered set has but countably many nonzero terms.

1. Introduction

The set R of real numbers is rich in both algebraic and topological structure. For
example, the usual addition + of real numbers is a continuous binary operation
on R. This enables one to define the sum Z?:o r; of real numbers rg, ..., r, for
any nonnegative integer n by recursion as follows:

0 j+l j
Zr,- :=rg, andforO0<j<n, Zri = (Zr,) +riy1. (1-1)

i=0 i=0 i=0
Observe that it is quite difficult to formulate a natural definition of an infinite sum of

real numbers by appealing solely to the usual algebraic (field) axioms of 4 and x;
one wants some notion of “getting close to”. This is usually formalized topologically.

MSC2010: primary 03E10, 06F20; secondary 40J99.
Keywords: infinite series, totally ordered abelian group, transfinite induction, transfinite recursion,
well-ordered set.
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The relevant topology on R is the order topology determined by the usual complete
linear order < on R. In this setting, there is a canonical way to formalize an infinite
list of real numbers “getting arbitrarily close to” another real number; this familiar
notion is often presented in a first course in calculus, and is instrumental in defining
convergence of so-called infinite series. More formally, a countably infinite real
sequence (r, : n € N) converges to a real number r provided that'

for every € > 0, there exists k € N such that
ifneNandn >k, then |r, —r| <e. (1-2)

In this case, r is called the limir* of the sequence (r, : n € N), and we write

lim r, =r. (1-3)

n—oo

We now give the usual definition of a convergent series encountered in calculus:

Definition 1. Suppose that (r, : n € N) is a countably infinite sequence of real
numbers. For each n € N, set S, := Z?:o ri. The sequence (S, : n € N) is called
the infinite series determined by (r, : n € N), denoted by ZSLO:O rn. ForneN, S,
is the n-th partial sum of the series. Finally, if the sequence (S, : n € N) converges
to a real number r, then we say that the series ) .-, r, converges and that the sum
of the series Y .o ry is r, denoted by Y o> r, =r.

We now work toward generalizing the above definition to formalize the notion of
a possibly uncountable sum? in a natural way. Toward this end, consider a collection
S :={r; : i € I} of real numbers, where I is an infinite index set. We want to
define the series determined by S. In what ways might we proceed? Recall that
areal series Y oo r, converges absolutely if the series Y . |r,| converges. If a
series converges but does not converge absolutely, then we say the series converges
conditionally. Next, we recall the following classical result of Riemann:

Theorem 2 (rearrangement theorem; see [Tao 2014, Theorem 8.8.9]). Suppose that
Y o2 o rn converges conditionally but not absolutely, and let r be an arbitrary real
number. Then there exists a bijection f : N — N such that the rearranged series
Y 0T f(n) CONVergestor.

The rearrangement theorem implies that, in general, the sum of a convergent
series is determined not only by the terms being summed, but also the order in
which they are added. Therefore, it is reasonable to assume that there is some order
relation < on the set I, where (above) S = {r; : i € I} is the set whose sum we have

'We assume that 0 € N throughout this note.

2Since R is dense in itself under <, it is easy to see that a convergent sequence has a unique limit.

3Various such notions exist in the literature; more on this shortly. Though our initial discussion
will involve uncountable sums of real numbers, we will soon transition to the more general setting of
totally ordered abelian groups.
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yet to define. But what kind of order relation? Well, recall that our definition of
“n-th partial sum” in Definition 1 above implicitly employed the recursion theorem
on the index set N of natural numbers. It is reasonable that we may want to employ
the so-called transfinite recursion theorem in our definition of an uncountable sum of
real numbers (more generally, an uncountable sum of elements of a totally ordered
abelian group). But if this is indeed the case, we would like a well-order on 1.*

The outline of this note is as follows. In the next section, we give a precise
formulation of a sum of real numbers relative to a well-ordered countable index set
which extends Definition 1 above. We then establish the existence of convergent
sums of positive real numbers relative to an arbitrary countable well-ordered set.
Section 3 is devoted to extending some notions of “uncountable sum” appearing
in the literature. In particular, we show that in any totally ordered abelian group,
every convergent series indexed by an uncountable well-ordered set (this definition
is forthcoming) has but countably many nonzero terms.

2. Countable sums of positive reals

2.1. Order-theoretic terminology review. We begin with a review of some basic
order-theoretic terminology which will be utilized often throughout this note. To
wit, let § be a set. Recall that a binary relation on § is simply a subset of S x S.
If R is a binary relation on § and (a, b) € R, then it is customary to write aRb to
denote this fact. Next, recall that if R is a binary relation on S, then R is irreflexive
on S if x Rx does not hold for any x € S. If, for all x, y, z € S, xRy and y Rz imply
x Rz, then we say that R is transitive on S. A relation on S which is both irreflexive
and transitive on S is called a partial order on S. A partial order < on S for which
either x < y or y < x for distinct x, y € S is called a total order or a linear order
on S. If < is a total order on S with the property that for every nonempty X C S,
there exists xg € X such that xo < x for all x € X, then we say that < is a well-order
on S Finally, suppose that P; := (P, <) and P, := (P, <) are totally ordered
sets. A one-to-one function f : Pj — P, with the property that x <; y implies
f(x) <2 f(y) for all x, y € P is said to be an order embedding of P; into P,.°
If in addition f is bijective, then f is called an order isomorphism between P;
and P;. If such an isomorphism exists, we write P; = P,, and say that P; and P,
are order isomorphic. We conclude this subsection with several natural examples.

Example 3. Let S be a set and let P(S) be the power set of S. Then the usual
proper subset relation C is a partial order on P(S).

4Very roughly (though definitely not exactly), the well-order is what enables one to prove the
existence of recursively defined functions.

3 As usual, the notation xg < x abbreviates “xp < x or xg = x.”

50bserve that if < is a total order, then any f with this property is necessarily injective.
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Example 4. Suppose that (X, <) and (Y, <) are linearly ordered sets. Then the
order < on X x Y defined by (x, y1) < (x2, y2) if and only if x; <1 x or x; = x»
and y; <, y is a total order on X x Y, called the dictionary order on X x Y.

Example 5. The usual order < on N is a well-order on N.

2.2. Defining a sum of reals indexed by a countable well-ordered set. Let W :=
(W, <) be a well-ordered set. Let us call a function f : W — R a real-valued
W -sequence. We shall often denote such a sequence by (r; : i € W). Mimicking
(1-2), the following is a natural notion of convergence:’

Definition 6. Suppose that W := (W, <) is a nonempty well-ordered set, and let
(r; : i € W) be a real-valued W-sequence. Say that (r; : i € W) converges to a
real number r, or that r is the limit of the sequence (r; : i € W), provided that for
every € > 0, there exists i € W such thatif j € W and j > i, then |r; —r| < edIf
(r; 11 € W) converges to r, we shall denote this by li_r)n(r,- :i € W) =r. In the case
W =g, wesetlim(r; :i € W) :=0.

As in the case where (W, <) = (N, <), a real-valued W-sequence can converge
to at most one limit; the proof goes through mutatis mutandis as follows: Suppose
by way of contradiction that (r; : i € W) converges to real numbers r and s with
r < s. The open balls B(;_,),2(r) and B(_,/2(s) are disjoint, yet it is clear from
the definition of convergence that there must exist a real number in both open balls,
a contradiction.

We now make a trivial yet useful observation.

Lemma 7. Suppose that (W, <) is a well-ordered set. Suppose, moreover, that
W has a largest element w* relative to <. Then every real-valued W-sequence
(ri :i € W) converges to ryx.

Proof. Let (W, <) and w* be as stated, and consider a real-valued W-sequence
(r; :i € W). Let € > 0 be given. Then note that if w € W and w > w*, then w = w™.
Consequently, if w > w*, then |ry, — ry| = |ry —ry«| =0 < €. O

Next, we address the problem of formalizing a sum of real numbers indexed by
a countable well-ordered set. Toward this end, we use Definition 1 as a template,
but choose a countable well-ordered index set W which is ordered much differently
than N in order to guide us to a “natural” definition of a sum of reals relative to an
arbitrary countable well-ordered index set. To wit, consider the set N x N of ordered
pairs of natural numbers. Recall from Example 4 that the dictionary order < is a

TThe reader may notice that our definition of convergence resembles the definition of a real-valued
net in the order topology on R. This is certainly the case, but in the interest of keeping the paper as
self-contained as possible, we shall say no more about nets. We refer the reader instead to the popular
text [Munkres 1975] for further reading.

8By abuse of notation, we use the symbol < to denote both the order on W and the usual order on R.
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(0,0) (0,1) (0,2) (0,3) --- (1,0) (1,1) (1,2) (1,3) --- (2,0) (2,1) (2,2) (2,3) ---
NxN

Figure 1. The set N of natural numbers relative to the usual order
(above) and the set N x N with the dictionary order (below).

total order on N x N. We claim that it is a well-order. To see this, suppose that
S € N x N is nonempty. Let agp € N be least (relative to the usual order on N)
such that there exists b € N with (ag, b) € S. Now let by € N be least such that
(ag, bg) € S. It is easy to see that (ag, bg) is the <-least element of S, and thus <
well-orders N x N. We pause to contrast the “shapes” of the well-ordered structures
(N, <) and (N x N, <); see Figure 1. Observe that the dictionary order on N x N
is, as an ordered structure, obtained by simply laying off countably infinitely many
copies of N from left to right.

Before defining a convergent series of reals relative to a countable well-ordered
index set, we recall that if (W, <) is a well-ordered set and w € W, then seg(w) :=
{x € W:x <w}. Observe that seg(w) is well-ordered via the well-order < restricted
to seg(w). We call seg(w) the initial segment up to w.

We now motivate our “bottom-up” definition of a convergent series of real
numbers relative to (N x N, <), where < is the dictionary order on N x N. From
this, we shall derive a natural definition of convergence of a sum of reals relative
to an arbitrary countable well-ordered index set. Suppose that (r; : i € N x N) is
a real-valued N x N-sequence. We may define finite partial sums recursively as
before:

Def. 6 .. .
(1) S0 :=r0,0=0+r00 = lim(S; @i € seg((0, 0))) +r,0).-
Lem. 7 .. .

) So.1):=S00+ron = Hm(S:ieseg((0,1))+r@..
(3) S©.2) = S©.1) +ro.2 =lm(S; : i € seg((0,2))) +r©,2)-

Clearly we may continue recursively to define S ,) for every natural number 7.
Our “next” partial sum to define is thus S o) (observe that from Figure 1, (1, 0)
is the “next” element which appears after all of the pairs (0, n)). Intuitively, we
want S(1,0) to be the sum of all of the r;’s, where i < (1, 0). Assuming the limit (4)
below exists, we naturally define:

(4) Sq,0) :=1m(S; : i € seg((1,0))) +rq,0-
(5) Sa.y = Sa.0+ran=Im(S; :i €seg((1, 1)) +ra.1.
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(6) Sa.2 = Sa.+raz =Im(S; i €seg((1,2))) +rauo.

Continuing in this manner, we may define what it means for the series (S; :7 e NxN)
to converge. Roughly, this simply means that the limits defined above exist at each
“stage” and that, finally, lim(S; : i € N x N) exists (as a real number). With these
observations in mind, we make the following definition:

Definition 8. Suppose that (W, <) is a countable, nonempty well-ordered set and
that (r; : i € W) is a real-valued W-sequence. Choose any e ¢ R. We now present
our definition of the series (S; : i € W) determined by (r; : i € W) by recursion
on W.” Suppose that i € W and that S; has been defined for every j < i. Next,
define S; as follows:'©

o e if §j=e for some j <i or lim(S;: j €seg(i)) does not exist,
- 1i_r>n(Sj:jeseg(i))+r,< otherwise.
We say that the series (S; : i € W) converges provided that both S; € R for each

i € Wand liLn(Sl- :i € W) € R. In this case, we say that S is the sum of the series
(S;:ieW).

2.3. Countable sums of positive real numbers. Our next goal is to show that for
every countable well-ordered set (W, <), there is a positive real-valued W-sequence
(r; -1 € W) such that the corresponding series (S; : i € W) converges. We require
another definition.

Definition 9. Let (L, <) be a linearly ordered set:

(1) (L, <) is dense (in itself) if for any x, z € L such that x < z, there exists y € L
such that x <y < z.

(2) (L, <) is without endpoints if for every y € L, there exist x, z € L such that
x<y<z.

We now recall a result of Cantor which we shall soon utilize.

Lemma 10 (Cantor; see [Enderton 1972, Theorem 26H]). Any two nonempty,
countable, dense linearly ordered sets without endpoints are isomorphic.

Our next result is well known. We give a short proof.

Lemma 11. If (W, <) is a countable well-ordered set, then there is X C (0, 1)
such that (W, <) = (X, <), where the second occurrence of < denotes the usual
order on R restricted to X.

We are employing the transfinite recursion theorem implicitly; see [Enderton 1972] or [Jech
2003] for the precise statement of the theorem and its proof.

10The reader should interpret S; = e to mean, intuitively, that the i-th partial sum of the series
doesn’t exist.
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Proof. Let (W, <) be a countable well-ordered set. If W = &, the result is patent, so
assume that W is nonempty. Now consider the set W x Q with the dictionary order.
It is clear that w — (w, 0) is an order embedding of W into W x Q. It is also easy
to verify that W x Q is a dense linearly ordered set without endpoints (relative to the
dictionary order). By Lemma 10, there is an order isomorphism ¢ : W x (0 — Q. Let
i : Q< R be the inclusion map. The function ¥ (x) := %(tanh(x) +1) yields an order
isomorphism between the ordered structures (R, <) and ((0, 1), <). Composing
the above maps furnishes us with a sequence of order embeddings

W-o>WxQ—->Q—->R— (,1).

Now let X be the image of W in the above composition. Then clearly (W, <) =
(X, <), concluding the argument. (I

Recall that a countably infinite real-valued sequence (r, : n € N) is bounded if
there is M € R such that |r,| < M for every n € N. The natural generalization is:

Definition 12. Let (W, <) be a well-ordered set, and let (r; : i € W) be areal-valued
W-sequence. Say that (r; : i € W) is bounded provided there is a real number M
such that |r;| < M for everyi € W.

Our next definition generalizes the notion of a countably infinite monotonic
real-valued sequence.

Definition 13. Let (W, <) be a well-ordered set, and let (r; : i € W) be areal-valued
W-sequence:

(1) (r; : i € W) is monotonically increasing if whenever i, j € W and i < j, then
ri <rj.

(2) (r; :i € W) is monotonically decreasing if whenever i, j € W and i < j, then
ri > rj.

(3) If (r; :i € W) is either monotonically increasing or monotonically decreasing,
then we say that (r; : i € W) is monotonic.

We now generalize the familiar result that every bounded monotonic countably
infinite real sequence converges. The proof is a mutatis mutandis adaptation of the
proof in the countably infinite case.

Lemma 14. Let (W, <) be a well-ordered set, and suppose that (r; : i € W)
is a monotonic real-valued bounded W -sequence. Then (r; : i € W) converges.
Moreover, if W # @&, then (r;i :i € W) converges tosup{r; :i € W}if (ri:i e W)
is increasing. Respectively, (r; :i € W) converges toinf{r; :i e W}if (r; :i € W)
is decreasing.

Proof. Let (W, <) be a well-ordered set, and assume that (r; : i € W) is real-valued,
monotonic, and bounded. We assume that (r; : i € W) is monotonically increasing, as
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a similar argument handles the case where (r; : i € W) is monotonically decreasing.
If W =g, then (r; : i € W) converges to 0 by Definition 6. Thus we assume that
W is nonempty. Let M be the least upper bound of {r; : i € W}. We claim that
lim(r; :i € W) = M. To see this, let € > 0 be given. Then M — € is not an upper
bound of {r; :i € W}. Hence there is i € W such that M —e < r;. Now if j € W and
j=>i,then M —e <r; <rj <M < M +e€. Therefore, |rj — M| < €, as required. []

We are almost equipped to present our first theorem. Our proof will rely upon
the principle of transfinite induction. Recall first the principle of strong induction
for the set N of natural numbers:

Principle of strong induction on N. Suppose that S C N has the property that, for
every n € N, if every natural number less than n is in S, thenn € S. Then S = N.

A more general version of the above induction principle holds for any well-
ordered set. As a bonus, it is quite easy to prove.

Principle of transfinite induction. Let (W, <) be a well-ordered set. Suppose
further that S € W has the property that, for every w € W, if seg(w) C S, then
weS. Then S =W.

Proof. Suppose that (W, <) is a well-ordered set and that S € W has the above
property. Assume by way of contradiction that S # W. Then W\S is nonempty; let
w € W\S be least. By the leastness of w, seg(w) € §. But then by the condition
on §, we have w € §. This contradiction concludes the proof. ([

We are now sufficiently equipped to prove the main result of this section.

Theorem 15. Let (W, <) be a countable, nonempty well-ordered set. Then there is
a positive, real-valued W -sequence (r; : i € W) such that the corresponding series
(S; :i € W) converges.

Proof. Let (W, <) be an arbitrary countable, nonempty well-ordered set. By
Lemma 11, there is a sequence (x; : i € W) in the open unit interval (0, 1) such that

foralli,jeW, i<j <= x <xj. 2-1)
Since W is countable, there is an injective map f : W — N. For each i € W, set
1
T, = x; +ZW (2-2)
j<i
Clearly each 7; € R. Now suppose i, j € W with i < j. Then by (2-1),
Xi < Xj. (2-3)

Moreover, since i < j,

k<i

1 1
> 2o = ; 0k (2-4)
=J
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It is immediate from (2-3) and (2-4) that 7; < T;. Summarizing,
foralli,jeW, i<j < T <Tj. (2-5)

Recall above that for each i € W, we have 0 < x; < 1. It is immediate from the
definition of 7; that 0 < T; < 3 for all i € W. Therefore, (7; : i € W) is monotonically
increasing and bounded, and hence converges by Lemma 14. Even more, for any
i € W, the sequence (7} : j € seg(i)) is also monotonically increasing and bounded.
Summarizing, we have

(T; : i € W) converges. (2-6)
Moreover,
(T; : j € seg(i)) converges for every i € W. 2-7)
Our next claim is that
lign(]} cjeseg(i)) <T; forallieW. (2-8)

To see this, let i € W be arbitrary. If i is the least element of W, then the result is
patent. So let us assume this is not the case. Let j € seg(i) be arbitrary. Since j < i,
we also have x; < x;; see (2-1). Observe too that Y, _; 1/2/® <37 17270,
Therefore, x; + Y, 1/2/® < xi + 37, 1/27®. Set M := x; + 3 _; 1/2/ .
We have shown that
T; <M forall j € seg(i). (2-9)
Finally,
lim(7j : j € seg(i)) =sup{T; : j €seg(D)} <M < T, (2-10)

establishing (2-8).
Now, for each i € W, set

ri =T, —li_r)n(Tj : j €seg(i)). 2-11)

Invoking (2-8), we see that r; > O for every i € W. Let (S; : i € W) be the series
determined by (r; : i € W). Next, we demonstrate that

S;=T; forallieW. (2-12)

Let i € W and suppose that S; = T; for all j <i. By the principle of transfinite
induction, it suffices to prove that S; = 7;. Toward this end, simply note that

S; =li_r)n(Sj 1 jeseg(i))+r; =li_1)n(Tj :jeseg(i))+r;=1T; (by the definition of r;),

and we have proven (2-12). It follows that S; € R for every i € W. Applying (2-6)
and (2-12), (S; : i € W) converges, and the proof of Theorem 15 is complete. [
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3. Uncountable sums in totally ordered abelian groups

3.1. Transitioning to uncountable sums. The question of how to define an un-
countable sum of positive real numbers is quite a natural one, given the applications
of (standard) convergent series to calculus. Indeed, this question has received
attention both online and in the literature; see [Tao 2011, Exercise 0.0.1; Rudin
1987, Chapter 1; Folland 1999, Chapter 0]. A common way (which circumvents
the need to delve more deeply into set theory and order theory) is to define the sum
of an uncountable set S of positive real numbers as'!

Z =sup{si+s2+--+s,:ne€Zt, 5; €8, s5; #s; fori # j}. 3-1)

s
Interestingly, regardless of the uncountable set S of positive reals, ) _ ¢ as defined
in (3-1) will never be finite. To see why, let S be an arbitrary uncountable set of
positive real numbers. For every positive integer n, let S, := SN (}l oo). One
checks immediately that S = Un <7+ Sn. Because S is uncountable, it follows that
some S; must be infinite (uncountable, even). But then there are infinitely many
elements of S which are larger than % Given a real number N, choose (by the
Archimedean property of the real line'?) a positive integer m such that m > kN.
Now choose m distinct elements sy, ..., s, of S which are larger than % Then
observe that sy + - - - +5,, > % > N. We deduce that ) ¢ does not exist (as a real

number).

There is a sense in which the reason that ) ¢ (as defined in (3-1) above)
is never finite for uncountable S C (0, 0co) is because the real line isn’t “long
enough” to accommodate such a phenomenon. To give a related example, a
well-known topological property of the real line is that there does not exist an
uncountable collection of pairwise-disjoint open intervals. The usual proof is by
contradiction: if such a collection existed, simply pick a rational number from
each interval, and you get an uncountable set of rational numbers, which is ab-
surd. We would like to offer a somewhat different argument. The argument is
much less elegant than the proof just given; our purpose is to make a connection
between the nonexistence of such a collection and the real line’s lack of “length”
to which we alluded above. This phenomenon will inspire many of the results of
Section 3.

Example 16 (well-known). There does not exist an uncountable pairwise-disjoint
collection of open intervals on the real line.

HNote that, in some sense, any “natural” definition of the sum of an uncountable set of positive
real numbers must be at least as big as the sup given above.

12The Archimedean property is simply that for every r € R and x € (0, o0), there is n € Z+ such
that nx > r.
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Proof. Suppose by way of contradiction that there exists a collection C := {(a;, ¢;) :
i € I} of pairwise-disjoint (nonempty) open intervals on the real line, where / is an
uncountable set enumerating C. For each i € I, set b; := min(c;, a; + 1). Then one
checks at once that the map (a;, ¢;) — (a;, b;) is injective. Set B:={(a;, b;) :i € I}.
As the members of C are pairwise-disjoint, it is immediate that

the members of B are also pairwise-disjoint. (3-2)

For each i € I, let ¢(a;, b;) := b; — a; be the length of the interval (a;, b;). By
construction of the b;’s,

L(aj,b;j) <1 foreveryiel. (3-3)
Because the members of B are pairwise-disjoint, it is clear that
a; #a; fori#jinl (3-4)

Now, since {a; : i € 1} is uncountable, there is some integer n for which [n, n+1]N
{a; :i € I} :=J is uncountable. Applying (3-3), (a;, b;) € [n,n+2] forall j € J.
Thus we may assume without loss of generality that

(a;,b;) C[n,n+2] foreveryiel. (3-5)

Consider the length function ¢ : B — [0, 2] defined above. Because (a;, b;) C
[n,n+ 2] for all j € I and the intervals (a;, b;), i € I, are pairwise-disjoint, we
conclude that

é_l(y) is finite for every y € [0, 2]. (3-6)

Noting that (¢! (y) : y eran(€)} partitions the uncountable set 5, we deduce from
(3-6) that
ran(£) is uncountable. (3-7)

For each y € ran(£), choose (ay, by) € B such that y = £(ay, by) = by — a,. Next,
set § := {by —a, : y € ran({)}. Note that S is uncountable by (3-7). Consider
again the definition of ) ¢ given in (3-1) for S an uncountable set of positive
real numbers. We argued that ) ¢ is not a real number. However, observe that
if by, —ay,, ..., by, — ay, are distinct members of §; then we deduce from the
pairwise-disjointness of the intervals (ay, by) and (3-5) that Zle by, —ay, < 2.
But then certainly ) ¢ is real, a contradiction. ]

Several questions and comments are now in order. First, there are plenty of
examples of conditionally convergent (countably infinite) real series. Is it possible to
define the sum of a real series with uncountably many nonzero terms which has both
positive and negative terms? If we can find such a way, is convergence to a finite
value possible? Next, observe that in our proof that ) 5» defined in (3-1), is infinite,
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we applied the Archimedean property of the ordering on R. What if we replace the
totally ordered additive abelian group of real numbers by an arbitrary totally ordered
abelian group (the definition of which is forthcoming in Section 3.2)? The notions
of convergence we have discussed can easily be translated to this more general
context (we settle on such a notion in Section 3). Are there any uncountable sums
of nonzero elements of a totally ordered abelian group which are “finite” (that is,
have values in the group)? Finally,!? recall that the cumulative hierarchy of sets V,,
where « an ordinal, is generated from the empty set by transfinite applications of
the union and power set operations. By definition, V,,, = J,_ , Vi» 80 1n a sense,
Ve, 1s a “limit” of the V;’s for i < w;. Moreover, there is no countable S € w; such
that V,,, is the “limit” of {V; : i € S} in the sense that, for any countable such S, we
have (J;cs Vi € Vo, 14 Thus Ve, cannot be obtained as the union of a countable
collection of V;’s, where each j < wi. Supposing we have settled on a definition
of “uncountable sum” in a totally ordered abelian group, as in the cumulative
hierarchy example above, can we find a convergent series of positive terms whose
sum is not the sup of the collection of finite sums (in contrast to the definition of an
uncountable sum of positive reals given in (3-1))? We investigate these questions in
the remainder of this article. As a precursor, we give a self-contained introduction
to ordered abelian groups to be utilized shortly.

3.2. Preliminaries: totally ordered abelian groups. The purpose of this subsection
is to give a gentle introduction to the theory of totally ordered abelian groups, as
we shall cast our remaining results in terms of these structures. For the reader
already comfortable with ordered groups, we recommend skipping to the definition
of coinitiality below.

To begin, consider the set Z of integers. The usual addition + on Z enjoys many
nice properties; we single out several below:

(1) (4 isassociativeon Z) x +(y+z)=(x+y)+zforalx,y, zeZ.
(2) (+ is commutativeon Z) x +y=y+x forall x, y € Z.

(3) (existence of an additive identity) There exists an element O € Z such that
x+0=xforallx € Z.

(4) (existence of additive inverses) For all x € Z, there exists y € Z such that
x+y=0.

Suppose now that G is a set and @ is a binary operation on G (thatis, 8:GxG— G
is a function). Then observe that the properties of associativity and commutativity,
the existence of an additive identity, and the existence of additive inverses enjoyed
above by Z with the usual addition can all be translated mutatis mutandis to this more

3 This example requires some knowledge of axiomatic set theory.
140n the other hand, | ;g V; = Vi, if S is uncountable.
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abstract setting. For example, & is commutative on G exactly whenx @y =y ®x
forall x, ye G. If G is a set and @ is a binary operation on § such that (1)—(4) above
hold (with + replaced with @, of course), then we say that the structure (G, @)
is an abelian group. We pause to give two additional examples. The uninitiated
reader is encouraged to verify that the following are, in fact, abelian groups.

Example 17. Let X be a set, and let F(X, R) be the collection of all functions
f : X — R. Define @ on F(X,R) by (f ® g)(x) := f(x)+ g(x), where + is the
usual addition on R. Then (F(X, R), @) is an abelian group.

Example 18. Let S be a set, and let P(S) denote the power set of S. Define & on
P(S) by A B := (A\B)U (B\A). Then (P(S), &) is an abelian group.

Remark 19. We now adopt the usual convention of denoting the operation on an
arbitrary abelian group by + instead of &.

In Section 2.1, we defined various binary relations on a set S. Consider instead an
abelian group (G, +) and a total order < on G. If we are to define a totally ordered
abelian group structure, we would expect some compatibility between the order <
and the addition on G. This compatibility is in the form of so-called translation
invariance, which simply means thatif x, y,z€ G withx <y, thenx+z <y +z.
If (G, +) is an abelian group and < is a translation invariant total order on G, then
we call the structure (G, +, <) a totally ordered abelian group. More examples
are now in order. Again, the reader is encouraged to check the details for her- or
himself.

Example 20. Let G := Z x Z with the usual componentwise addition. Then the
dictionary order < on G is total and translation invariant.

Example 21. Consider the set R[X] of polynomial functions with real coefficients.
Then R[X] becomes an abelian group under the usual addition of polynomial
functions. Define < on R[X] by f < g if and only if there is N € R such that
f(x) < g(x) for all x > N. It is straightforward to verify that (R[X], +, <) is a
totally ordered abelian group.

Our final preliminary result concerns convergence in ordered abelian groups,
though for now, we have no need to complicate things by introducing a formal
definition of convergence just yet (though as the reader may expect, it will mirror
Definition 8). First, we present the ordered group analog of Definition 13.

Definition 22. Let (G, +, <) be a totally ordered abelian group, and (W, <) be a
well-ordered set. Further, suppose that (g; : i € W) is a W-indexed sequence in G:

(1) (gi :i € W) is increasing (or strictly increasing) if whenever i, j € W and
i < j,then g; < g; (respectively, g; < gj).
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(2) (gi :i € W) is decreasing (or strictly decreasing) if whenever i, j € W and
i < j,then g; > g; (respectively, g; > g;).

3) If (g; :i € W) is either (strictly) increasing or (strictly) decreasing, then we
say that (g; : i € W) is (strictly) monotonic.

To close this subsection, we introduce an important definition and lemma of
which we shall shortly make use.

Definition 23. Suppose that (G, +, <) is a totally ordered abelian group and (W, <)
is a well-ordered set. Further, let g* € G:

(1) Suppose that (g; : i € W) is a strictly increasing sequence in G such that
gi < g* foralli € W. Then we say that (g; : i € W) is left g*-coinitial provided
that, for every g € G, if g < g% then there is i € W such that g < g;.

(2) Suppose that (g; : i € W) is a strictly decreasing sequence in G such that
g* < gi for all i € W. Then we say that (g; : i € W) is right g*-coinitial
provided that, for every g € G, if g* < g, then there is i € W such that g; < g.

We conclude with the following observation:

Lemma 24. Let (G, 4, <) be a totally ordered abelian group and (W, <) be a
well-ordered set. Suppose that (g; :i € W) is a W-sequence of elements of G and
that g* € G. If (g; :i € W) is either left or right g*-coinitial, then there is a right
0-coinitial G-valued W -sequence (h; :i € W).

Proof. Let (G, +, <), (W, <), (g; :i € W), and g* be as stated.

Case 1: (g; :i € W) isright g*-coinitial. Then (g; : i € W) is strictly decreasing. For
i€ W,leth; :==g; — g* We claim that (4; : i € W) is right O-coinitial. First, suppose
thati, j € Wand i < j. Then g; < g;. By translation invariance, g; — g* < g; — g™;
that is, h; < h;. Thus (h; : i € W) is strictly decreasing. We claim that /; > O for
all i € W. It is clear that this reduces to g; > g* for all i € W, which is true since
(gi :1 € W) is right g*-coinitial. It remains to show that if g > 0, then there isi € W
such that #; < g. So suppose that g > 0. Then g + g* > g* Because (g;:i € W) is
right g*-coinitial, there is i € W such that g; < g + g* Subtracting g* from both
sides of the inequality, we obtain g; — g* < g; that is, h; < g. We have shown that
(h; i € W) is right O-coinitial, completing the proof in this case.

Case 2: (g; : i € W) is left g*-coinitial. Then it is clear that (—g; : i € W) is
right (—g*)-coinitial. Therefore, by Case 1, there is a right O-coinitial G-valued
W-sequence (h; :i € W). O

For further reading on ordered groups, we refer the reader to [Botto Mura and
Rhemtulla 1977].



INFINITE SUMS IN TOTALLY ORDERED ABELIAN GROUPS 295

3.3. Defining and exploring uncountable sums in totally ordered abelian groups.
Our first task is to give a rigorous definition of “infinite sum” in a totally ordered
abelian group. We begin by defining the convergence of a sequence. To wit, let
(G, 4, <) be a totally ordered abelian group. We may define the absolute value of
g € G by mimicking the usual definition on the real line:

] = g ifg>0,
8= —g otherwise.

We are now prepared to define convergence of a G-valued W-sequence, where
(G, +, <) is a totally ordered abelian group and (W, <) is a well-ordered set
(compare to Definition 6).

Definition 25. Let (G, +, <) be a totally ordered abelian group, (W, <) a nonempty
well-ordered set, (g; : i € W) a G-valued W-sequence, and g € G. We say that
(gi 11 € W) converges to g, or that g is the limit of (g; : i € W), provided that for
every € > 0, there exists i € W such thatif j € W and j > i, then |g; — g| < €. In
this case, we write li_r)n(g,- ieW)=g. If W=, then we set li_I)n(gl- :ieW):=0.

We must pause to address a potential difficulty. Notice the appearance of the
word “the” in the phrase, “g is the limit of (g; : i € W) above. To justify our choice
of article, we must confirm that a convergent G-valued W-sequence has a unique
limit.

Lemma 26. Let (G, +, <), (W, <), and (g; : i € W) be as in Definition 25. Then
(gi : i € W) converges to at most one g € G.

Proof. Suppose that (g; : i € W) is a convergent G-valued W-sequence. If G is
trivial, then the result is trivial as well, so we assume that G is nontrivial. Then
there is some nonzero g € G. Now, either g > 0 or —g > 0, so G has positive
elements relative to <.

Case 1: G has a least positive element, say €. Let g be a limit of (g; : i € W).
There exists i € W such that, for all j > i, we have |g; — g| < €. By the leastness
of €y, we must have |g; — g| = 0, and hence g; = g for all j > i. If g’ is any
other limit of (g; : i € W), then there is i" € W such that g; = g’ for all j >i’. Let
k :=max(i, i{’). Then observe that g, = g = g/, and we are done in this case.

Case 2: G has no least positive element. We claim that G is dense in itself with
respect to <.!3 To see this, suppose x < z. By translation invariance, z — x > 0.
Since G has no least positive element, there is g € G such that 0 < g < z — x.
Adding x throughout, we get x < g +x < z, completing the verification that G is
dense in itself relative to <. Now, suppose by way of contradiction that (g; : i € W)
converges to both x and z for some distinct x, z € G. Without loss of generality,

15This is a fundamental result in the theory of totally ordered abelian groups.
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we may suppose that x < z. By denseness, there is y € G such that x < y < z. Set
€ :=min(y — x,z —y). Then the balls B.(x) :={g € G : |x — g| < €} and B.(z)
are disjoint. But by convergence, there is some i € W such that g; is a member of
both balls, a contradiction. (]

Now that we have established the uniqueness of limits, we are ready to define
infinite series in an arbitrary totally ordered abelian group. Our definition is the
canonical extension of Definition 8.

Definition 27. Suppose that (G, +, <) is a totally ordered abelian group and that
(W, <) is a nonempty well-ordered set. Next, let (g; : i € W) be a G-valued
W-sequence, and choose any e ¢ G. We now define the series (S; :i € W)
determined by (g; : i € W) by recursion on W. Suppose that i € W and that S; has
been defined for every j < i. We now define S; as

. e if S;=e for some j <i or lim(S;:j €seg(i)) does not exist,
N lim(S;:j €seg(i)) + g otherwise.

We say that the series (S; : i € W) converges if S; € G for each i € W and
lim(S; : i € W) := S € G. In this case, we say that § is the sum of the series
(S;:ieW).

We now present a trivial example of a convergent series relative to the above
definition.

Example 28. Let (W, <) be an uncountable well-ordered set, and let iy be the least
element of W. Continuing recursively (on N), define i, := the least element of W
larger than i,,. Because W is uncountable, it is clear that i,, is a well-defined member
of W for every n € N. Next, forn e N, set r;, := (%)n For j € W\{i, : n € N}, set
rj :=0. Then (as one might expect) the corresponding series sums to 2.

Notice that the sequence introduced above has but countably many nonzero terms
(this is what we mean by “trivial”’). The following question is natural:

Question 29. Does there exist a totally ordered abelian group (G, +, <), a well-
ordered set (W, <), and a G-valued W-sequence (g; : i € W) such that g; # 0 for
uncountably many i € W, yet the corresponding series (S; : i € W) converges?

The remainder of this paper is devoted to proving that Question 29 has a negative
answer.

3.4. Nonexistence of convergent series with uncountably many nonzero terms.
We begin by remarking that in order to show that there does not exist a totally ordered
abelian group (G, +, <), a well-ordered set (W, <), and a G-valued W-indexed
sequence (g; : i € W) such that the corresponding series (S; : i € W) converges
and g; # 0 for uncountably many i € W, it suffices to show that if (g; :i € W) is
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a G-valued W-sequence for which both g; # 0 for every i € W and (S; :i € W)
converges, then W is countable. One can give a proof that this is sufficient to
guarantee a negative answer to Question 29 via straightforward (transfinite) inductive
arguments. As such, we omit the details.

Before proceeding, we shall require more terminology. Let (W, <) be a nonempty
well-ordered set, and let S € W be nonempty. Since < is a well-order on W, there
exists a least element s € S (relative to <). Because < is total, it follows that s
is unique; we denote this s by inf(S) (the infimum of S). As in the real case, say
that S C W is bounded above if there is i € W such that s <i for all s € §. Such
an i is called an upper bound of S. If § is bounded above, then the least upper
bound of S is called the supremum of S and is denoted by sup(S). Next, we say
that i € W is a successor if there is j € W such that j <i and thereisnok e W
such that j < k < i. If this is the case, then we write i = j*. Finally, if i € W is
not a successor, then we say that i is a limit.'® We present an example below.

Example 30. Let co be any object not in N. Now extend the usual order < on N
to NU {oo} by declaring n < oo for all n € N. Setting W := N U {oo}, we see that
0 =inf(W) is a limit, every nonzero natural number is a successor, and oo is a limit.
Moreover, co = sup(N).

We now state a more general version of Lemma 7. As the proof is essentially
identical, we omit it.

Lemma 31. Suppose that (G, +, <) is a totally ordered abelian group and that
(W, <) is a well-ordered set with largest element w*. Further, suppose that
(gi :i € W) is a G-valued W-sequence. Then lim(g; :i € W) = gy».

We are almost ready to prove the final result of this paper. We shall require two
definitions and three additional lemmas. The first definition and lemma generalize
the well-known fact that if (r, : n € N) is a convergent real-valued sequence, then
every subsequence of (r, : n € N) converges to the same limit.

Definition 32. Suppose that (W, <) is a nonempty well-ordered set and that S € W.
Say that S is cofinal in W if for every w € W, there is s € S such that w <.

Lemma 33. Let (G, +, <) be a totally ordered abelian group and (W, <) be a
nonempty well-ordered set. Further, let (g; :i € W) be a G-valued W -sequence. If
S € W iscofinal in W and lim(g; : i € W) = g* € G, then also lim(g; : i € §) = g™

Proof. Suppose S is cofinal in W and lim(g; : i € W) = g* € G. Now let € > 0.
There exists i € W such that if j > i, then |g; — g*| < €. Since § is cofinal in W,
there is s € S such that s > i. Hence if j € S and j > s, then also j > i. Therefore,
lgj —8*| <€, and lim(g; :i € ) = g™ O

16The reader familiar with the class of ordinal numbers should appreciate the terminology chosen
above.
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Definition 34. Let (G, +, <) be a totally ordered abelian group and (W, <) be a
nonempty well-ordered set. Further, let (g; : i € W) be a G-valued W-sequence.
Then (g; : i € W) is called ultimately constant provided there is i € W such that
gi =g forall j >i.

Lemma 35. Suppose that (G, +, <) is a totally ordered abelian group, (W, <)
a nonempty well-ordered set with no largest member, and that (g; :i € W) is a
G-valued W -sequence with nonzero terms. If the corresponding series (S; :i € W)
converges, then (S; :i € W) is not ultimately constant.

Proof. Fix an arbitrary i € W. Now observe

that
Lem. 31

Siv =1im(S; : j e seg(i™) +giv = Si+gi+.
Because g;+ # 0, we conclude that S; # S;’ . Recalling that W has no largest element,
it is clear that (S; : i € W) is not ultimately constant. U

Lemma 36. Let (G, +, <) be a totally ordered abelian group, and suppose that
(gn : n € N) is a convergent sequence in G which is not ultimately constant. Then
there exists a right 0-coinitial G-valued sequence (h, : n € N).

Proof. We suppose that (g, : n € N) is a convergent G-valued sequence which is
not ultimately constant. Let lim(g, : n € N) := g. Since (g, : n € N) is nonconstant,
there is some ng € N such that g,,, # g. Set €y := |gn, — g|. There is k € N such that
if j > k, then |g; — g| < €9. Because (g, : n € N) is nonconstant, there is ny € N
such that ny > ng, g,, # g, and |g,, — g| < €0. Next, set €] 1= |g,, — g|. Similarly,
there is np > nj such that g,, # g and |g,, — g| < €;. Continuing recursively, we
obtain a sequence (g, : k € N) such that np <n; <np <--- and for every k € N,
|8ni — &l < 18n, — gl. We deduce that

gn; 7 &n; fori #j. (3-8)

Via the same argument one uses to prove that every real-valued sequence has a
monotonic subsequence, we conclude that (g, : k € N) has a monotonic subsequence
(g,,kl :1 eN). Invoking (3-8), it follows that (gnk[ :1 € N) is strictly monotonic. Since
{ny,: 1 € N} is cofinal in N, we deduce from Lemma 33 that (g,,kl 11 eN) is a strictly
monotonic sequence which converges to g. It follows that (8ny, : [ € N) is either left
or right g-coinitial. Applying Lemma 24 yields the desired conclusion. ([

At long last, we are prepared to prove the concluding theorem of this note.

Theorem 37. There does not exist a totally ordered abelian group (G, +, <), an
uncountable well-ordered set W, and a G-valued W-sequence (g; : i € W) of
nonzero terms such that the corresponding series (S; : i € W) converges.
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Proof. We argue by contradiction. Thus suppose (G, +, <) is a totally ordered
abelian group, W is an uncountable well-ordered set, and (g; : i € W) is a G-valued
W-sequence of nonzero terms such that the corresponding series (S; : i € W)
converges to S € G. Let iy be the least element of W. Proceeding by recursion, set
int1:=1inf{j € W :i, < j}. Because W is uncountable, the i,’s do not exhaust W.
Let i, be the least element of W larger than every i,. Since (S; : i € W) converges,
it follows by the definition of convergence that the sequence (S; : j € seg(i,,)) =
(Si, :n € N) also converges. By Lemma 35, (5;, : n € N) is not ultimately constant;
invoking Lemma 36,

there is a right O-coinitial G-valued sequence (4, : n € N). (3-9)

We now consider two cases to obtain a contradiction.

Case 1: For every w € W, seg(w) is countable. Because W is uncountable, it
follows that W does not possess a largest element. Employing Lemma 35, we
deduce that

(S; i € W) is not ultimately constant. (3-10)

Because (§; : i € W) converges to §, for each n € N, choose j, € W such that if
w e W and w > j,, then |S,, — S| < h,. We claim that

there is j € W such that j > j, for all n € N. (3-11)

If not, then W ={j, :n e N} U (U{seg(jn) ‘ne N}). But now W is a countable
union of countable sets, and hence countable, a contradiction. Let j € W satisfy
(3-11), and consider any w € W such that w > j. Then w > j, for all n € N, and
so |Sy — S| < hy, for every n € N. Because (h, : n € N) is right O-cofinal, we
conclude that |S,, — S| =0, and therefore S,, = S. But now S,, = S forall w > j
and (S; : i € W) is ultimately constant, a contradiction to (3-10).

Case 2: There is some w € W such that seg(w) is uncountable. Choose the least
such w. Then observe that seg(w) is uncountable, but for every i € seg(w), we
have seg(i) is countable. Now simply consider the sequence (g; : j € seg(i)) and
the corresponding series (S; : j € seg(i)). This restriction puts us back in Case 1,
and so we obtain a contradiction again, as required. ([

Now that the smoke has cleared, we conclude the note with an informal descrip-
tion of why nontrivial uncountable sums don’t exist in any totally ordered abelian
group. With notation as in the previous theorem, we let i € W be the first nonzero
limit of W. Then convergence of the partial sums at this stage, say to S, forces there
to be (in some sense) “countably much space” on at least one side of § in that there
is a countable S-coinitial sequence. By translation invariance, there is countably
much space around any g € G (on both sides of g). Consequently, there simply
isn’t enough “room” for a nontrivial uncountable series to converge.
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On the minimum of the mean-squared error
in 2-means clustering

Bernhard G. Bodmann and Craig J. George

(Communicated by John C. Wierman)

We study the minimum mean-squared error for 2-means clustering when the
outcomes of the vector-valued random variable to be clustered are on two spheres,
that is, the surface of two touching balls of unit radius in n-dimensional Euclidean
space, and the underlying probability distribution is the normalized surface measure.
For simplicity, we only consider the asymptotics of large sample sizes and replace
empirical samples by the probability measure. The concrete question addressed
here is whether a minimizer for the mean-squared error identifies the two individual
spheres as clusters. Indeed, in dimensions # > 3, the minimum of the mean-squared
error is achieved by a partition obtained from a separating hyperplane tangent to
both spheres at the point where they touch. In dimension n = 2, however, the
minimizer fails to identify the individual spheres; an optimal partition is associated
with a hyperplane that does not contain the intersection of the two spheres.

1. Introduction

In many applications of data science, large sets of vectors need to be grouped into
a small number of subsets whose elements are close to each other. This type of
partitioning into subsets is also called clustering [MacKay 2003]. The subsets are
often believed to be distinct constituents in a mixture of random vectors that are
sampled from different distributions. In many cases, the distributions are from
a known family that is parametrized by the expected value of the outcomes, and
the outcomes concentrate near the expected value [Pollard 1982; Dasgupta 1999].
Partitioning the observed set of vectors into subsets yields the empirical means, also
called centroids, which provide an estimate for the expected values. On the other
hand, once the expected values are accurately determined, one assumes that mapping
each vector to the subset whose centroid is closest provides a good partition. This
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heuristic approach to the clustering problem is captured in an iterative algorithm
by Lloyd [1982], which aims to minimize an objective function that measures the
Euclidean mean-squared distance of the elements in each of the subsets from the
respective centroid. Although the algorithm seems to work well in practice, known
results lack general a priori performance guarantees [Bucklew and Wise 1982;
Kieffer 1982; Selim and Ismail 1984; Du et al. 1999; Lu and Zhou 2016] or show
cases with slow convergence [Vattani 2011] even for two-dimensional clustering.

Another setting in which one tries to minimize the mean-squared distance is in
vector quantization [Berger 1971; Gersho and Gray 1991]; see also [Steinhaus 1956].
There, partitioning of the outcomes of a random vector is not explicitly motivated by
an underlying assumption that it is a mixture. The main goal is to approximate the
random vector by a quantized one, with a finite or discrete set of outcomes, while
minimizing the distortion, measured in the expected Euclidean squared norm of the
quantization error or in terms of more general norms [Graf and Luschgy 2000].

In this paper, we investigate the problem of minimizing the objective function
appearing in Lloyd’s algorithm for the special case of partitioning into two subsets.
Optimality for the 2-means problem has already been considered in dimension n =2
for the concrete examples of the uniform distribution on the disk and on the square
[Roychowdhury 2016]. We consider the example of random vectors governed by
a probability measure p that is formed by taking the average of two probability
measures that are uniform on two spheres, that is, the surface of two balls of unit
radius in n-dimensional Euclidean space. If the set S is the union of the two
touching spheres and p the associated normalized surface measure, we wish to
find the assignment ¢ : S — {cy, ¢} which maps S to ¢y, ¢, € R” such that the
mean-squared error [ [l x —¢g(x) |12 dp(x) is minimized. The concrete question is
then whether an optimizer to the mean-squared error assigns, up to sets of measure
zero, a partition that singles out each individual sphere.

Earlier results prove that applying semidefinite programming to a convex relax-
ation of the objective function in Lloyd’s clustering algorithm [Peng and Wei 2007]
is successful if the spheres are sufficiently separated [Iguchi et al. 2015; 2017;
Li et al. 2017]; see also a separation requirement for more general, subgaussian
clusters [Mixon et al. 2016]. Indeed, in dimension n = 1, the desired result is
achieved if and only if the spheres are separated by a sufficiently large distance. A
unit sphere in dimension n = 1 is a set of two points at a distance of 2. The uniform
probability measure on two symmetrically arranged spheres at a distance 2¢ is
p= %8_2_6 + %8_6 + %86 + %82.,_6, where 4§, is, for any a € R, a Dirac measure
with support {a}. If we choose 0 < € < %(«/5 — 1), then by exhausting all choices
of partitions, it is seen that the set S1 = {—¢, €, 2 + ¢} with mean %ml =2+¢€)
and the set S, = {—2 — ¢} with mean m, = —2 — ¢ provide an optimal partition of
{—2—e€, —¢, €, 2+4¢€} for which the resulting mean-squared error is %(1 +ete?) <1,
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whereas the symmetric choice Ry = {€,2 4+ €} and R, = {—€,—2 — €} gives a
mean-squared error of 1. On the other hand, if € > %(«/g — 1), then the partitioning
into R; and R; is indeed optimal for the mean-squared error.

It is tempting to attribute the failure to recover the individual spheres to the
discrete nature of the “surface” measures in R. A closer look shows that the
concentration of the measure near the origin is the reason for the optimal partition
formed by one sphere cannibalizing the other. As n grows, the measure p is
less concentrated near the origin, and one expects this cannibalizing behavior to
disappear. Here, we examine the question of whether a successful partition can be
obtained in dimensions # > 2 even if the spheres touch. This is the most challenging
case in which separation can still be achieved theoretically. We consider the con-
tinuum limit, which means instead of sampling the distributions with finitely many
outcomes, we assume data given in the form of uniform measures on the spheres.

Our results show that minimizing the mean-squared error in R? leads to a nonsym-
metric partition, as in the case of dimension » = 1. Fortunately, in dimensions 7 > 3
the minimizer recovers the partition into individual spheres, as one hopes to achieve.
In that case, the partition is symmetric (up to sets of measure zero); it is given by a
separating hyperplane that is invariant under reflections mapping each sphere onto
the other.

This paper is organized as follows: In Section 2, we present the main results.
The proofs are either elementary and included there or relegated to Section 3. The
first part of the proofs establishes that optimal partitions for 2-means clustering are
obtained from separating hyperplanes. The next part determines the location of the
hyperplane.

2. Optimal partitions for the mean-squared error

The problem we are concerned with is the minimization of the mean-squared
error. Its value depends on the partition of the support of a probability measure p
describing the outcomes of a mixture of random vectors.

Definition 2.1. Given a Borel probability measure p on R" with support S and a
Borel-measurable subset S C S with complement S, = S\ S, the mean-squared
error associated with the partition {S;, S,} of S is

£(Sy) = min / Ix =112 dp(x) + min / I — a2 dp(x).
c1€R" Jg, 2R Jg,

Here, ||x — ¢;| is the Euclidean distance between x and ¢; in R”, i € {1, 2}.

In this paper, we are concerned with a special case where p is the (normalized)
surface measure for the union of two touching spheres,

p=3(0_1+07).



304 BERNHARD G. BODMANN AND CRAIG J. GEORGE

Here o, is the surface measure supported on S, = {x € R" : ||x —ae | = 1},
where e is the first canonical basis vector in R”. The measure o, is obtained from
translating og, so for any Borel measurable set 4, we have 0,(A4 + ae) = 0¢(A4),
and for any orthogonal matrix O, we have 0¢(A4) = 0o(0~1(4)).

The following are the main theorems in this paper:

Theorem 2.2. Let the Borel measure be given by p = %(0_1 + o1) on R" with
support S =S_1 US;. Let Sy, S, form a partition of S into two Borel measurable
subsets. Then there exist a € R and Ty = {x e R" : x| < a} such that £(Ty) < E(S1).
Moreover, if S1 is minimal for the mean-squared error, then there is a choice of the
cutoff a for which T coincides with S1 or S,, up to a set of zero probability.

In short, disregarding sets of zero probability, an optimal partition of .S is given
by two sets separated by a hyperplane orthogonal to e;, at an offset ¢ from the
origin. The fact that an optimal partition comes from a separating hyperplane is well
known [Du et al. 1999], which we supplement with a symmetrization argument.

This result motivates abbreviating the mean-squared error for this special case,
and studying its dependence on the cutoff,

En,a) =5({x eS:x; < —a}).

By the reflection symmetry of p with respect to the first coordinate, it is sufficient
to consider E(n,a) for a > 0. With this simplification, we can study the case of
dimension # = 2 in elementary terms.

Theorem 2.3. In dimension n = 2, the absolute minimum of E(2,a) among a €
[0,2) is attained at a nonzero cutoff a.

Proof. Parametrizing the two circles by arc length gives, by a direct computation
fora=1- i , the probabilities

p({x eR?:x; <—-1+ f}) 1—52,
p(fx e R?: x, >_1+£})=%.
Choosing ¢ = ({1,0) and ¢3 = (§2,0) with {; = —1—<-and {, = % % gives
for the mean-squared error
E(2.1-)
1

117/6
= —(/ ((—1+cost—¢1)*+sin® 1) dt
4 /6 /

/6 2
—I—/ ((—14cost—&p)%+sin? 1) dt+ ((cost+1—C2)2+sin?1) dt)
—1/6 0
. 4512 —307—9
- 35x2
This is less than E(2,0) = 1, so the absolute minimum is not attained at ¢ = 0. [

< 0.987.
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Figure 1. An optimal partition of the union of two circles. First
set (solid) on left, second (dash-dotted) on right.

2 1 0 1 2

Figure 2. Value of E(2, a) depending on cutoff a € [—2, 2], with
minimum achieved at two nonzero values of a.

To illustrate this result, we have computed the minimizing offset numerically
and plotted the resulting partition of the two circles in Figure 1, together with the
value of the mean-squared error associated with a given offset in Figure 2.

After expressing the means of the two subsets {x € R? : x; <a} and {x € R?:
X1 > a} in terms of a, Theorem 2.2 reduces identifying the optimal mean-squared
error to finding the minimum of a parameter integral.

In dimension n = 3, the mean-squared error can be computed explicitly.

Theorem 2.4. In dimension n = 3, the absolute minimum of E (3, a) among a €
[0,2) occurs at a = 0.

Proof. We parametrize the two spheres by spherical coordinates and normalize the
measure by surface area. Based on Theorem 2.2, an optimal partition is obtained
with a separating hyperplane orthogonal to the symmetry axis Re;. The associated
probabilities are, for —2 <a < 2,

o({x € R?: x1 <—-a})=

D= W=
sl RIR

p(lx eR? 1 x; > —a}) =
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As shown in Theorem 3.4 below, the mean-squared error is obtained by choosing
¢y and ¢, to be the means of the two subsets, ¢; = (¢1,0,0), ¢, = (&2, 0, 0) with

Zl :_1_%’ €2 = 1_%
This choice results in

1 2w pm
E(3,a)=—(/ / ((—14cosu—&y)?+sin u) sinu du dt
87 \Jo arccos(1—a)
27 parccos(1—a)
+/ / ((—1+cosu—§2)2+sin2u)sinududt
o Jo

2w o
+/ ((14cosu—&p)%+sin? u) sinu dudl)
o Jo
_ 1.2
Thus E (3, a) achieves its absolute minimum at ¢ = 0. O

Even in the absence of explicit computations for E(n,a), in the case n > 3, we
obtain the same monotonicity property as for n = 3.

Theorem 2.5. The inequality %E(n, a) > 0 holds for all a € (0,2) and n > 3.
Moreover, E(n, a) attains a minimum at a = 0, and this minimum is unique.

Theorems 2.4 and 2.5 give us that the 2-means objective function E of two
touching n-spheres is increasing in the variable a for the cutoff for n > 3 in the
continuum limit. Thus, for dimensions n > 3, the optimal 2-means cutoff has a
value of zero, so both n-spheres are recovered successfully.

The remainder of the paper is dedicated to the proofs of Theorems 2.2 and 2.5.

3. Proofs of main results on optimal partitions

The first part of this section establishes the proof that an optimal partition is given
by a separating hyperplane that is orthogonal to the symmetry axis. The second
part examines the offset of the optimal separating hyperplane.

Minimizing the mean-squared error by partitions with a separating hyperplane.
First, we consider a general Borel measure p with support S in R”. Given a
partition {S1, S»} of S, and p(S;) > 0, we call m(S;) = fSi xdp(x)/p(S;) the
mean associated with the set S;. If S; is clear from the context, we also abbreviate
m; = m(Sj).

By a direct computation, we have for any S; with p(S;) > 0 and ¢; € R”

/S I — il dp(x) = /S I = mill? dp(x) + llei — mi |2 p(Sh).

so the minimum is achieved if and only if ¢; = m;.
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Moreover, given ¢y, ¢, € R”, among all the partitions, the partition into Voronoi
regions is optimal, as shown in Lemma 3.2 below.

Definition 3.1. Given ¢, ¢, € R", we define the Voronoi partition {Ty,T,} of a
Borel set .S associated with the vectors ¢y and ¢, by the assignment

I=ixeS:fe—x[l =llea=x|}, Ta=S\Ti.

From this definition, we see that this Voronoi partition consists of a closed half-
space and its complement, with a separating hyperplane that is orthogonal to ¢; —c¢;
and contains the midpoint %(cl +¢3).

Next, we note that given a partition into sets of nonzero probability, passing to
the Voronoi partition associated with the means can only improve the mean-squared
error. This fact is generally known; see for example [Du et al. 1999, Proposition 3.1].

Lemma 3.2. Ler Sy, S, be a partition of S with 0 < p(S1) < 1 and associated
means my and m,. Then the Voronoi partition associated with my, m, satisfies

E(Ty) = E(Sh).

Proof. For any measurable partition S; and S, and i € {1, 2}, choosing any x € T;
gives, by the definition of the Voronoi partition,

llx = m;|| < min{{lx —my |, flx —m2[}.

Thus, the partition of S into 77 and 7, gives a mean-squared error that is bounded
above by that associated with S| and S5. O

In the following, we focus on properties of optimal partitions. These properties
are also known, even in the more general context of k-means; see, e.g., [Du et al.
1999, Propositions 3.1 and 3.5] or [Graf and Luschgy 2000, Section 4.1]. We have
decided to include them here to keep the exposition self-contained.

Lemma 3.3. If {S1, S2} is a minimizing partition for the mean-squared error, then
0 <m(S;) <1jfori e{l,2} and m(Sy) # m(S5).

Proof. Let {S1, S»} be a minimizing partition. We know 0 < p(S;) < 1; otherwise
S or S, have unit measure and we can refine S; or S, and improve the mean-
squared error.

Moreover, assuming an optimal partition into two sets S7 and S, of nonzero
probability and equal means m1{ = mi,, any partition performs equally well, and we
can choose a subset R; C S with 0 < p(R) < 1 such that the associated mean
satisfies r{ = m(R) # m. By the characterization of the mean,

/ I = 117 dp(x) < / I =y 12 dp(e).
Ry Ry
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For the partition formed by Ry and R, = S \ Ry, we then get
/ ||x—r1||2dp<x>+/ lx—m: | dp(x)
Rl R2
< / lox—rmy | dp(x) + [ lx—m [ dp(x) = £(S)).
R Ry

Now inserting the mean of R, instead of 727 in the second term on the left shows
E(Ry) <&(S1).
This contradicts optimality, so m21 = m, cannot hold for a minimizing partition. []

Theorem 3.4. Let p be a Borel measure on R" with support S. If the partition
{S1,S>} is a minimizer for the mean-squared error, then the sets Ty and T, in
the Voronoi partition associated with the means {m (S, i)}i2=1 coincide with S| and
Sy up to changes involving subsets of the separating hyperplane or sets whose
probability vanishes.

Proof. We know 0 < p(S1) < 1, so both sets S; and S, have means under p.
Passing to the Voronoi partition {77, 73 } associated with these means {m1(S;)}
gives

2
i=1

E(T) = &(S).

Using the inequality in the definition of the Voronoi partition, we see that if Ry =
T1 NS, is nonempty, then so is R, = 75 N S, and

I = mil| < min{[lx —my |, [|x —ma||} if x € R; CT;. i €{1.2}.

Hence, defining the hyperplane H = {x € R" : |x —m| = ||x —m, ||}, on Ry \ H
and R, \ H strict inequality holds in the norm bounds, and we see that by the
monotonicity of integrals, the equality £(77) = £(S;) forces both sets to have
probability zero; that is, p(R1 \ H) = p(R, \ H) = 0. O

From now on, we specialize to p = %(0_1 +071). As afirst result for this concrete
choice of p, we show that the mean-squared error does not increase when passing to a
suitable partition into half-spaces that are separated by a hyperplane orthogonal to e .

To obtain this, we note that choosing a partition that separates into half-spaces
with a separating hyperplane that contains the symmetry axis Re; is not optimal.
Without loss of generality, we orient this hyperplane so that it is orthogonal to e;.

Lemma 3.5. Letn > 2, p = %(0_1 + 01) be the measure defined on R" with
support S, S1=SN{x eR?":x, >0 and T = SN{x € R" : x; > 0}. Then
5(S1) > g(Tl)

Proof. By symmetry, the mean of Sy is m(S1) = ae,. Also, we know that the mean
is in the interior of the convex hull of Sy, so 0 < o < 1. Again using the symmetry
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between S and Sy, as well as p(S1) = p(S2) = %,

£(Sy) =2/ ||x—ae2||2dp=z/
S1

S

||x||2dp—a2=[s||x||2dp—a2.

Next, comparing with the Voronoi partition corresponding to {£e;} and using
symmetry properties, we have

(S = 2(/ lx —er]|* + %) —a?=&(T) +1-a?.
T,

From 0 < o < 1, we then have £(Sy) > £(T1). O

We are now ready to prove Theorem 2.2, which states that an optimal partition
coincides, up to sets of measure zero, with one obtained from a separating hyperplane
that is orthogonal to Re;.

Proof of Theorem 2.2. Given a partition of .S by S and S, with means m; = m(S;),
i €{1,2}, we observe the following:

The algebra of Borel sets of the form 4; x R”~! with 4; C R, is a subalgebra
of the Borel algebra of R”. The functions that are measurable with respect to this
algebra depend only on the first coordinate. By the Radon—Nikodym theorem, there
exist functions d; : R — R such that for any 4 = 4; x R"~1,

[ di(x1) s, (x) dp(x) = / I = mill? x5, () dp(x).
A A

Next, using Fubini, if u is the image measure of p under projection onto the first
coordinate, t(A1) = p(A; x R"~1), then there is f : R — [0, 1] such that

difdu= [ el 00 dpo)

A Ay xR~
and
dz(l—f)dﬂ=/ lx = ma||* (1= xs, (x)) dp(x).
Ay Alan_l

Next, we observe if f is the function associated with a partition S; and S, and
R; ={x eR:d|(x) =dy(x)}, then letting g = x g, gives

/Rdlgd/i'i‘/Rdz(l—g)dﬂf/Rdlfdﬂ'i‘/Rdz(l—f)dﬂ-

We conclude, setting 7] = S N (Ry x R""!) and T = S\ T that

[ =mil ar o+ [ 1x=mall ary o < s
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Next, replacing m; and m, by the means m}; = m(T}), i €{1,2}, does not increase
the left-hand side, which shows that

E(TY) ZE(Sy).

/

Finally, setting {77, T3} to be the Voronoi partition associated with the means

and m’, implies
E(T) = &E(Sy).

Moreover, if S; is chosen as a minimizer for the mean-squared error, then
necessarily m; = m/, i € {1,2}; otherwise we would have strict inequality between
E(T{) and £(S). This implies that the means m; are on the symmetry axis Re;.
Applying Theorem 3.4 now shows that, up to a set of probability zero, S| and S,
are separated by a hyperplane. From the preceding lemma, optimality implies that
the hyperplane does not contain the symmetry axis. If it is not orthogonal to ey, then
thereisaset A; C Rsuchthat 0 < p(4;xR"~INS;) < %,o(Al xR"~1NS) and hence
there is a subset By C A with p(By) > 0 for which f(By) C (0, %) This contradicts
optimality, because changing from f" to the characteristic function g would lower
the mean-squared error. We conclude that the hyperplane is orthogonal to e;. [

The optimal offset of the separating hyperplane. From here on, we consider the
dependence of the mean-squared error on the offset of the separating hyperplane.

We first introduce some additional notation. When the mean-squared error is
computed, the measure p can be replaced by an effective measure on R obtained
from projecting onto the first coordinate. We first consider the projection of oy.
With the normalization constant

! ne -1 INE
Ap = (/ (1—)62)TS dx) =—(2n)_1 ,
-1 V(%)
the resulting measure p, on Borel sets in [—1, 1] is given by [Mueller and Weissler

1982] )
dpn(x) 1= Ap(1 —x?)"Z" dx.

The probability that o assigns to {x € Sg : x; <1—a}, a €[—1, 1], is equal to
the probability of {x € R: x < 1—a} under uj,

1—a
M@= [ duao).

1
This is the mass of part of the first sphere, obtained by a separating hyperplane
between the two centers of the touching spheres, at a distance of 1 —a from the
center of the first sphere. From the normalization convention, the total mass of the
measure obtained from two spheres is 2, so the complementary mass remaining is

M (a) :=2— M, (a).
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The mean of the first piece is

1—a d .
=B

and that of the second piece, relative to C,; (0) = 0, is accordingly

2— [T x dpn(x)
M, (a)

C,;'“(a) =

With the help of Fubini—Tonelli, the integration over R” giving the mean-squared
error can be reduced to an integral with respect to . The contributions to the
mean-squared error are split into three terms,

1—a
E-na)i= [ (1= 4 (= G @)?) dn)
1

Et(n.a):= (1=x% 4+ (x = Gf (@)?) dpn (%),

1—a
1
Erna)i= [ (1= + Q5= G @)) dun(),

In each of these cases the integrand is the squared distance of a point on either of the
two spheres from the respective mean of the partition. The resulting mean-squared
error is obtained by summing the three contributions and dividing by the total mass,

En,a) = %[E_(n,a) + Ei(n,a)+ E+(n,a)].

Lemma 3.6. Let n > 2 and a € [0,2]. Then E(n,a) is expressed in terms of C,,
M, , C;t,and M,} according to

E(n,a) =3—3((Cy (@)* M, (@) + (C;f (@)* M, (a)).

Proof. From normalization, we have the identities

1

1 1—a
/dun(x)=1, / din) =1— [ dun():
~1 -1

1—a

from symmetry,

/_l x dpn(x) =0 /_ll_axdun(x) = —/11 X djin(x).

1 —a

With the expression for C,, (a) and M, (a),

1—a
E-(n.0) = My @ =267 @ [ xdpn() + (€7 @) My @
~1

= M, (@)~ (C; (@))* My, (a).
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The integrals in the other terms are converted similarly, including C," () and
M, (a),

1 1 1
Ex(a)= | dua(x)—2C; (@) /1 X dpn(¥) + (CF @) | dpn(x)
—a

1—a 1—a

= 1 - M, (a) + 2C;} @)C;y (@) My (@) + (G, (@)* (1 — M, (a))
— 1= M, (@) + 2G;H @) C;y (@ My, (@) + (G (@) (M, (@) = 1).

Because the last term is integrated over the entire sphere, the normalization and
symmetry yield

1 1 1
Evona) = [ din(0-20-C@) [ xduno+@=C @[ duno)
-1 -1 -1
=1+2-C,f (@)
= 5-4C, () +(C, (@),
Adding together E_(n,a), E+(n,a), and E4(n,a) and dividing by 2 gives,
after collecting terms,
E(n.a) = }[M; (@) — (C; (@)* M, (a) + 1 — M, (a) + 2C}H (@) C; (@) M, (a)
+(CF @) (M, (@) = 1) +5-4C, (@) + (C; (@)?]
= 3[6 (G @)*M; (@) +2C @ Cy (@) M, (a)
+(G (@)’ M, (a) —4C,f (@)].
We simplify further by converting between M, and M.},
E(n.a) = 3[6 = (C; (@)*M, (@) +2G ()2~ G (@) M, (@))
+(G (@) M, (a) —4C,f (@)]
= 3[6—(Cy (@) M, (@) = 2(C,[ (0))* M, (@) + (G, (0))* M, (@)].
Thus,
E(n,a) =3—3((Cy (@)*M,; (@) + (C;f (@)* M, (a)). O

Lemma 3.7. The derivative %E (n,a) is expressed in terms of M, Mn+ and a as

0

n—3
24,2a—a®) "z
%E(H, Cl)

(M7 (a)M, (a))?

x [(l—a)(Mn_(a))3 +Q2a—1)(M, (@)

An n—1 _ An 2 _ _
+-—"(2—-a)(2a—a*) Z (M, (a))2+( )(Za—az)” "M (a)
n—l n—1

+2

2
An (a—l)(2a—a2)"§an—(a)_(ﬁ) (Za_az)n—l]
1 n—1
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Proof. Note that

1—a A a1
/ X djin() = -2 :

1

by direct integration.
Differentiating term by term yields

%E(n,a)
— 1 A2 2\n—2
= Z(M (a))2|: (1 —a)(2a—a”)"" "M, (a)
+(A ) (2a—a2)”_1An(2a—a2)nz3i|
n—1
_ 1 25t _ N
YL@ |:2(2+ — ) )An(l a)(2a—a*) = M, (a)

—1 2 —3
—a? ) An(2a—a2)n2i|
2
Al) (2a a2)n 1i|

An(2a—a2)% Ay = +
"My @)? [2(2 e (CtE )(1 oM@ )
_( 2 ‘) ]

{

(1 —a)(2a—a*)"T M (a)—l—(

_AnQa—a®)" [ [
2(M,(@)?

Combining terms and simplifying gives

Kl 24, (2a—a2)%
9 "= (M—(a)M+(a>>2

|

2
—a®)"T M, (a)— (Al) (2a—a*)""!
+(nATnl) (Za—az)"_lMn_(a)+(2a—1)(Mn_(a))2

+(1=a) (M, (@)’

)" (M (@) ]

Finally, rearranging terms gives the claimed expression for %E (n,a). O

To prove that for any fixed n > 3, the function @ — E(n, a) is increasing for
a € (0,2), it suffices to show that %E (n,a) is positive for all a € (0, 2) and n > 3.
This will be the centerpiece of the proof of Theorem 2.5. To prepare this, we use
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the simplified expression for %E (n, a) given in the preceding lemma and find an
estimate for M, that is obtained by studying the monotonicity properties of the
function n +— M, (a) for a fixed.

Lemma 3.8. The expression M, (a) is continuous in bothn € [3, 00) and a € [0, 2],
and a%Mn_(a) >0 forn>3anda € (0,1) (and is negative forn >3 and a € (1, 2)).

Proof. First, note that by Leibniz integral rule and integrability of x* Inx, o > 1,

at 0,

1—a -~ l1—a e
o | (1—x2)"z3abc=[1 L (13" dx

1—a
:[ In(1 —x2)(1 —x2)"Z" dx.

1
Thus, taking the partial derivative with respect to n, we obtain

9 B l—a 1—a 1
DMy @ = [ (=) dyan() - / djin(x) / In(1 = ) djin (x).
-1
Consequently, we have - 3. My (0) = M ()= M (2) = 0. Next, we show
that M (a) > 0 for a € (0,1). To this end, we find critical points of a +—
M “(a).

By
99 - Qa—a®)"?" (!
925 My (@) = T = /_l(ln(l—xz)—ln(2a—a2)) dn(x),

we have that -2 3a3n M (a) = 0 if and only if

€ {O, 1+ \/1 —exp(/1 In(1—x?) dun(x)),Z}.
-1
€ (O, 1— \/1 —exp(/1 In(1 —x?) dun(x))),
-1

we have %Mn_ (a) is increasing in a. To see this, take

Hence, for

1
O<w= / In(1 —x2) dpn(x),
setw* =1—,/1—exp(w) and Verlfy 3a 8nM (w*) > 0. Similarly, for

€ (1 — \/1 —exp(/ In(1 —x?) dun(x)), 1),

we have 3, M, (a) is decreasing in a. Therefore, by 3, M, (0)= M (1)=0, we
see 5. M (a) >0forall a € (0, 1). Repeating this fora €[1, 2] glves 30 M (a)<0




ON THE MINIMUM OF THE MEAN-SQUARED ERROR IN 2-MEANS CLUSTERING 315

for all a € (1,2). Thus we have shown M, (a) is increasing in n > 3 for a € (0, 1)
(and decreasing in n > 3 for a € (1, 2)). O

Corollary 3.9. For a € [0, 1], we then have the inequalities M (a) < M, (a) <1
foralln > 3.

Lemma 3.10. For alln > 3 and for all a € [1, 2),
A, _
M, (a) = > (2a a?) "7

Proof We make the change of Varlables y= 1 —|— x with dy = dx in M, (a) =
“A,(1— x3) T = dx to obtain M, (a) = 4,2y - yz) 7 dy. Repeating
1ntegrat10n by parts on parts (2 — ) 23 and y = dy yields the formula

2—a n—3 n—3
/ An(2=y) 2 y 2 dy
0

Ay & n—2j—1 (2k+3)
—o " 2T T N\ a—a) T T (0 g2kt
n—lZ(Hn+2j—1)(a @) 2-a)

k=0 “j=0
By K K

)| = (0 -552)

‘(]E)n+2j—l = 1.111 j+5t

Ten(5)

- (J.lle p( j+5t
K n—1
= exp(—gﬁ)‘ﬁo

as K — oo, we see the alternating series converges. Moreover, since the first term

is always positive, the sum converges to a function always greater than zero for

ae(1,2) (bya property of alternating series). Lastly, we see that for each odd n > 3,

there are exactly "5~ L positive terms and for even n > 4, there are % positive

terms prior to a convergent alternating series (which starts at a positive term).
Consequently,

’

A n—
M, (a) = 2—"1(2a—a2)73(2—a) =—
n_

—1 o :
S (2a —a?) N (by maximizing the denominator

fora €[1,2)). O

Lemma 3.10 gives estimates on M, (a) that we combined with the expression
for E(n,a) and 8 - E(n,a) from Lemmas 3.6 and 3.7 to show the main inequality
3 3aE(n,a)>0 for a €[1,2) in the proof of Theorem 2.5.
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Proof of Theorem 2.5. We recall the simplified expressions

E(n.a) =3-3((Cy (@)*M, (@) + (C,;} (2))* M} (a))

and
9 _ 24,0a—a?)"T
3" Gy @aFa "
where
L(n,a) = ((1—a)M,; (a)+2a—1)(M, (a))*
+(ﬂ(2a—a2)”5‘M,;(a)—2 An (1—a)(2a—a2)”51)M,;(a)
n—1 n—1

2 2
+( An ) (2a—a2)”_1Mn_(a)—( An ) Qa—a®)" 1.
1 n—1

To show the desired inequality, we need only show that L(n, a) is positive for
a€(0,2)and n > 3.

We distinguish two cases, depending on the value of a.
Case I: If a € (0, 1), by Corollary 3.9, we replace M, (a) with M3 (a) = 2%" for
all positive terms. That is,

L(n,a) > ((1—a)M, (a)+2a—1)(M, (a))*

2

2 2
+ (nA_nl) a—a*)"! (2%61) — (nA—nl) Qa—a*)" !,

Moreover, we see

A uet (2—a\> A i
+ —”1(2a—a2)T1 (—a) —2-7(1 —a)2a—a*)"T M, (a)
n— n—

2
(—a)yM; (a)+2a—1> (1 —a)M; (a) +2a—1= ‘2—‘+a7 > 0.

Hence, the first term can be estimated as well by eliminating M, (a), resulting
in the lower bound

a a*\ (2—a\? Ay w1 (2 —a)\?
L > (= 4+ = 2a—a*) 2
(n,a)_(2+2)(2)+n_l(a a”) (2)

A —a)2a—a*)"T M (a)
n—1

2 2
+ (nA_nl) Qa—a*)"! (2;a) — (nA—nl) (a—a*)" 1.

By Lemma 3.8, we also have that M, (a) < M, (0) = 1.
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Using this estimate for the remaining negative factor multiplying M, gives a
further lower bound from which all quantities other than @ have been eliminated,

1 2 2 A n=1 (2 — 2
L(n,a)Z( tAa@=a , A (2a-a?)"T (Z°
8 n—1 2
A )
—2(1—a)a—a?)"T
n—1
An \? 2= An Y’
(A @amatyt (259) - () a-ay
n—1 2 n-l
1 2 — 2 1 A4 2
_( +a)ag( a) 3 n1(204—8a3+24a2—16a)(2a_a2)T1
n_
2
2(n—1) aGamat

Finally, by the second and third term decreasing in a € (0, 1), we have

(I+a)a@—a)? 1 Ay 1{ A >

Lin.a)2 8 +Zn—1_§(n—1)
1 , 24, 24, \*\ . (1 +a)a(2—a)?
—g((1+a)a(2—a) +n—1_(n—1) )Z g > 0.

Consequently for a € (0, 1], we have %E(n, a) > 0.

Case II: If ¢ € [1, 2), we re-examine L(n,a) and apply Lemma 3.10.
By the inequality

n—1

A ne An )
n (2a_a2)Tl > ( nl) (2a_a2)n—1’
we have

L(n,a) = ((1—a)M,; (a)+2a—1)(M, (a))*
2

4n )’ a1 =2y [ An 2\n—1 3 p—
+(:2) et @ () Caadr Ty @

n—1 n—

5 2

+2( An ) (a—1)Qa—a*"""M, (a)—( A ) (2a—a*)""!
n—1 n=l

= ((1-a) M,; (a)+2a—1) (M, (a))?

2
+(,f1j) Qa)[ M, (@)—3 (M, (@)*]a—a*)"""!

2
+(nff11) 2(M, ()* M, (@)-1]2a—a*)"".
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Using Lemma 3.10 in the last inequality and recalling that if a € (1, 2), then
M, (a) <M, (1) = %, we further estimate

(l—a)Mn_(a)+2a—1>%a—%>0,

which gives

2
L(n,a) > ((1—a)M, (a) +2a—1) (nA_”l) (Qa —a*)"!

2
+ (2 calMy @ - b0ty @P)a- e

A 2
+(52) Oty @2 - vy @ - ea- a2y

Thus, combining terms, we obtain a lower bound

2
L(n,a)> (nA_”l) [(1—a) M, (a)+2a—1+2aM, (a)—a(M, (a))*
+2(M,; (a))*—M,; (a)—1](2a—a*)""!

2
- (nA_nl) [aMn_(a)+2(a_1)+(2—61)(Mn_(a))z](za_GZ)n—l,

consisting of strictly positive terms if 1 <a < 2.
Consequently, we see for n > 3 and a € (1, 2),

0
%E(n,a) > 0.

We conclude that for a € (0,2) and n > 3, E(n,a) is strictly increasing, thus
attaining its unique minimum at a = 0. O
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Failure of strong approximation
on an affine cone

Martin Bright and Ivo Kok

(Communicated by Bjorn Poonen)

We use the Brauer—Manin obstruction to strong approximation on a punctured
affine cone to explain why some mod p solutions to a homogeneous Diophantine
equation of degree 2 cannot be lifted to coprime integer solutions.

1. Introduction
LetY C [P’?CD be the quadric surface defined by the equation
X5 +47X7 =103X3 + (17 x 47 x 103)X3. (1)

One can easily check that Y is everywhere locally soluble, and so has rational points.
Being a quadric surface, Y satisfies weak approximation. In particular, if we fix a
prime p, then any smooth point on the reduction of Y at p lifts to a rational point
of Y. Given that a point on the reduction of Y is given by (Xo, X1, X2, X3) € [Ff, satis-
fying (1), and a point of ¥ (Q) can be given by coprime integers (xg, X1, X2, X3) € 74
satisfying (1), one might be tempted to think that every [ ,-solution (Xo, X1, X2, X3)
can be lifted to a coprime integer solution (xg, x1, X2, X3).

However, at the end of [Bright 2011], it was remarked that Y has the following
interesting feature: if (Xo, X1, X2, X3) is a solution to (1) over 7, then at most half
of the nonzero scalar multiples of (Xg, X1, X2, X3) € [F‘l‘7 can be lifted to coprime
4-tuples (xq, x1, X2, X3) € 74 defining a point of Y. That observation was a by-
product of the calculation of the Brauer—-Manin obstruction to rational points on a
diagonal quartic surface related to Y. In this note we will interpret the observation
as a failure of strong approximation on the punctured affine cone over Y, and will
show that this failure is itself due to a Brauer—Manin obstruction.

The same phenomenon has been observed by Lindqvist [2017] in the case of the
quadric surface X(Z) —pgX 12 — X» X3 for p, g odd primes congruent to 1 modulo 8.
We expect that example also to be explained by a Brauer—Manin obstruction.

MSC2010: primary 11G3S5; secondary 14G25, 14F22, 11D09.
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Following [Colliot-Théléne and Xu 2013], for a variety X over Q, we define
X (Ag) to be the set of adelic points of X, that is, the restricted product of X (Q,)
for all places v, with respect to the subsets X (Z,). (One needs to choose a model
of X to make sense of the notation X (Z,), but since any two models agree outside
a finite set of primes, the resulting definition of X (Ag) does not depend on the
choice of model.) Similarly, define X (Ag)) to be the set of adelic points of X away
from oo, that is, the restricted product of X ((),) for v # oo with respect to the
subsets X (Z,). Assuming that X has points over every completion of Q, we say
that X satisfies strong approximation away from oo if the image of the diagonal
map X (Q) — X(Ag) is dense.

If a variety X does not satisfy strong approximation, this can sometimes be
explained by a Brauer—-Manin obstruction. Define

X(AQ)® ={(P,) € X(Ag) | ¥, inv, A(P,) =0 forall A € BrX},

and define X (Aq‘i,f’)Br to be the image of X (Ag)®" under the natural projection map
X(Ag) —> X(AZ). Then X(ch’j’)Br is a closed subset of X (Ag) that contains
the image of X (Q). If X (A?Q?)Br # X(AQ), we say that there is a Brauer-Manin
obstruction to strong approximation away from oo on X.

We now return to the variety Y defined above. Let X C Aa be the punctured
affine cone over Y that is, X is the complement of the point O = (0, 0, 0, 0) in
the affine variety defined by (1). There is a natural morphism 7 : X — Y given
by restricting the usual quotient map A*\ {0} — P3, so that X is realised as a
Gn-torsor over Y. To talk about integral points, we must choose a model: Let
X C A% be the complement of the section (0, 0, 0, 0) in the scheme defined by (1)
over Z. If we let f € Z[ Xy, X1, X2, X3] be the polynomial defining Y, then the
integral points of X’ are given by

X(Z) = {(x0, x1, X2, x3) € Z* | x0, X1, X2, x3 coprime, f (xg, X1, X2, x3) = 0}.

Theorem 1.1. The group Br X/BrQ has order 2; a generator is given by the
quaternion algebra (17, g), where g € Z[ Xy, X1, X2, X3] is a homogeneous linear
form defining the tangent hyperplane to X at a rational point P € X (Q). There is a
Brauer—Manin obstruction to strong approximation on X away from oo. Speczﬁcally,
for any smooth point Q € X(Fy7), at most half of the scalar multiples of Q lift to
integer points of X.

It is interesting to compare this result with the “easy fibration method” of [Colliot-
Thélene and Xu 2013, Proposition 3.1]. We have a fibration 7 : X — Y, and the
base Y satisfies strong approximation. However, the fibres are isomorphic to G,
which drastically fails to satisfy strong approximation, so we cannot use that method
to conclude anything about strong approximation on X.
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2. Quadric surfaces

We now gather some basic facts about quadric surfaces. Any nonsingular quadric
surface Y C P? over a field k of characteristic different from 2 may be defined by
an equation of the form x” Mx = 0, where M is an invertible 4 x 4 matrix with
entries in k. We define Ay € k*/ (k*)? to be the class of the determinant of M,
which is easily seen to be invariant under linear changes of coordinates. If k is an
algebraic closure of k and Y is the base change of Y to k, then Pic Y is isomorphic
to 72, generated by the classes of the two families of lines on ¥ [Hartshorne 1977,
Example 11.6.6.1].

Lemma 2.1. Let k be a field of characteristic not equal to 2, and let Y C |]3’13C be a

nonsingular quadric surface. Then the two families of lines on Y are defined over
the field k(v/ Ay), and are conjugate to each other.

Proof. We may assume that the matrix M defining Y is diagonal, with entries
p,q,r,s. Following [Eisenbud and Harris 2000, Section 1V.3.2], we explicitly
compute an open subvariety of the Fano scheme of lines on Y by calculating the
conditions for the line through (1:0:a:b) and (0:1:c:d) to lie in Y. The resulting
affine piece of the Fano scheme is given by

{p+ra2+sb2=0, rac+sbd=0, q+rc2+sd2=0} C A,‘: = Speckla, b, c, d].

This is easily verified to consist of two geometric components, each a plane conic,
one contained in the plane gra = —+/Ayd, gsb = /Ayc and the other in the
conjugate plane. (]

Lemma 2.2. Let Y be a nonsingular quadric surface over the finite field [, with q
odd. Then
> +2q+1 if Ay e (F))?,

> +1 otherwise.

#Y (F,) = {

Proof. This can be computed directly, but we recall how to obtain it from the
Lefschetz trace formula for étale cohomology. Let £ be a prime not equal to p.
Let E be an algebraic closure of [, let Y be the base change of Y to E, and let
F:Y — Y be the Frobenius morphism. The Lefschetz trace formula states that
#Y (F,) can be calculated as

4
#Y (Fy) = Y (=) Te(F*|H (Y, Q).
i=0
Because Y is smooth and projective, there are isomorphisms of Galois modules
HO(Y, @) = Q, and H*(Y, Q;) = Q((—2); see [Milne 1980, VL.11.1]. We have
Y = P! x P!, The standard calculation of the cohomology groups of projective space
[Milne 1980, VI.5.6], and the Kiinneth formula [Milne 1980, Corollary VI.8.13],
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give H (Y, Q;) = 0 for i odd, and show that H>(Y, Q;) has dimension 2. This
reduces the formula to

#Y (F,)) = q* + 1 + Tr(F*[H*(Y, Qy)).

Moreover, the cycle class map (arising from the Kummer sequence) gives a Galois-
equivariant injective homomorphism

PicY ®7 Q; — H2(Y, Q(1)),

which by counting dimensions must be an isomorphism. If Ay is a square in [, then
the Galois action is trivial and we obtain (after twisting) Tr(F*[H2(Y, Q;)) = 2g.
If Ay is not a square in [, then F* acts on Pic ¥ = 7?2 by switching the two factors,
so with trace zero. In either case we obtain the claimed number of points. (Note
that, in the first case, Y is isomorphic to P! x P! so we should not be surprised
that it has (g + 1)? points.) O

3. Proof of the theorem

Firstly, we calculate the Brauer group of X; it is convenient to do so in more
generality.

Lemma 3.1. Let k be a field of characteristic zero, let Y C [P’z be a smooth quadric
surface, and let X C Al‘(‘ be the punctured affine cone over Y. If Ay € (k*)?, then
we have Br X = Brk. Otherwise, suppose that X has a k-rational point P, and let
g be a homogeneous linear form defining the tangent hyperplane to X at P. Then
Br X/ Brk has order 2, and is generated by the class of the quaternion algebra
(Ay, g). This class does not depend on the choice of P.

Proof. Let k be an algebraic closure of k, and let X and Y denote the base changes
to k of X and Y, respectively. By [Ford 2001, Theorem 2.2], we have Br(X) = Br(Y);
but Y is a rational variety, so its Brauer group is trivial. So it remains to compute
the algebraic Brauer group of X.

We claim that there are no nonconstant invertible regular functions on X. Indeed,
let C C Aﬁ be the (nonpunctured) affine cone over Y. Because C is Cohen—-Macaulay
and (0, 0, 0, 0) is of codimension > 2 in C, we have

k[X]=k[C]=k[Xo, X1, X2, X31/(f),

where f is the homogeneous polynomial defining Y. This is a graded ring and its
invertible elements must all have degree 0, and so are constant.

The Hochschild—Serre spectral sequence gives an injection Br X/Brk —
H!(k, Pic X). (Here we use k[X]* = k* and Br X = 0.) By [Hartshorne 1977,
Exercise I1.6.3], there is an exact sequence

0— 7 — PicY =5 PicX — 0,
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where m: X — Y is the natural projection and the first map sends 1 to the class of
a hyperplane section of Y. Using Lemma 2.1 shows that Pic X is isomorphic to Z,
with G = Gal(k(+/Ay)/k) acting by —1. The inflation-restriction sequence shows
H!(k, Pic X) = H!(G, Pic X). If Ay is a square, then this group is trivial, and we
conclude that Br X/ Brk is also trivial. Otherwise G = {1, o'} has order 2, and we
have

ker(1+o0) YA

H'(G, Pic X) = H (G, Pic X) = - -
im(l—o) 27

To conclude, it is sufficient to show that the algebra (Ay, g) is nontrivial in
Br X/ Brk. Because the polynomial g also defines the tangent plane to Y at 7w (P),
the divisor (g) is equal to 7*(L + L’), where L is a line passing through 7 (P) and
L’ is its conjugate. By [Bright 2002, Proposition 4.17], this shows that (Ay, g)
is a nontrivial element of order 2 in Br X/Brk. (The reference works with a
smooth projective variety, but the proof generalises easily to any smooth X with
k[X]* =k>) (]

We now return to the specific case where X is the punctured affine cone over
the quadric surface defined by (1). We will need to be more careful about constant
algebras than we have been up to this point. Recall that X'(Z) consists of points
P = (x9, x1, x2, x3) where xg, x1, X2, X3 are coprime integers satisfying (1). Given
such a P, we define the linear form

Ep = xOX() +47X1X1 — 103)62X2 — (17 X 47 x 103)X3X3 € Z[X(), Xl, Xz, X3]

and the quaternion algebra Ap = (17, £p) € Br X. Note that the linear form £ p does
indeed define the tangent plane to X at P, so Lemma 3.1 shows that A p represents
the unique nontrivial class in Br X/ Br Q. We will now evaluate the Brauer—Manin
obstruction associated to Ap.

Lemma 3.2. Fix P € X(Z). Then, for any place v of Q for which 17 is a square
in Q,, we have inv, Ap(Q) =0 forall Q € X(Qy).

Proof. The homomorphism Br X — Br @, given by evaluation at Q factors through
Br(X xg Q,), but the image of Ap in this group is zero. (]

Note that Lemma 3.2 applies in particular to v =00, v =2, v =47 and v = 103.
For the following lemma, let ) be the model for Y over Z defined by (1), and
extend 7 to the natural projection X — ).

Lemma 3.3. Fix P € X(Z). Let p # 17 be a prime such that 17 is not a square in Q p,
and let Q € X(Z,) be such that w(Q) # n(P) (mod p). Then inv, Ap(Q) =0.

Proof. If £p(Q) is not divisible by p, then £p(Q) is a norm from the unramified
extension Q,(+/17)/Q),, and therefore we have inv, Ap(Q) =0.
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Now suppose that £p(Q) is divisible by p. Denote by Y the base change of Y
to I, Let P Q et (F,) be the reductions modulo p of 7 (P), 7 (Q) respectlvely.
The variety Y is a smooth quadric over [, and the tangent space TPY is cut out
by the reduction modulo p of the linear form £p. By Lemma 2.1, the scheme
Yn {€p = 0} consists of two lines that are conjugate over F (\/_ 7). Therefore
the only point of Y ([F p) at which £ p vanishes is P. It follows that £Lp(Q) can only be
divisible by p if Q coincides with P. ([

Lemma 3.4. Let P, P' € X(Z) be two points. Then Ap and Ap: lie in the same
class in Br X.

Proof. By Lemma 3.1, we already know that the difference A = Ap — Ap’ lies in
Br Q. It will be enough to show that inv, A = 0 for v # 17, for then the product
formula shows invi7 A = 0 also, and therefore A = 0.

For v for which 17 is a square in Q,, take Q to be any point of X (Q,); then
Lemma 3.2 shows inv, Ap(Q) = inv, Ap/(Q) = 0 and therefore inv, A = 0.

For p # 17 such that 17 is not a square in Q ,,, Lemma 2.2 shows that Y=Yy xzFp
contains a point é that is equal neither to 7z (P) nor to 77 (P’) modulo p. Hensel’s
lemma shows that é lifts to a point Q € X (Z)). Lemma 3.3 shows inv, Ap(Q) =
inv, Ap(Q) =0, so again we have inv,, A = 0, completing the proof. ]

Lemma 3.5. Fix P € X(Z). For p#17, we have inv, Ap(Q)=0 forall Q € X(Z,).

Proof. 1If 17 is a square in Q,, then this follows from Lemma 3.2. Otherwise,
Lemma 2.2 shows that ¥ =Y x 7 F p contains at least two points. Weak approximation
on Y then gives a point P’ € X' (Z) such that 7 (P) and 7 (P’) are different modulo p.
By Lemma 3.4, the algebras A p and A ps lie in the same class in Br X, so it does not
matter which we use to evaluate the invariant. Lemma 3.3 then gives the result. [

It remains to evaluate the invariant at 17. In the following lemma, if Q =
(Yo, Y1, Y2, y3) is a point of X, then A Q denotes the point (Ayg, Ayi, Ayz, Ay3).

Lemma 3.6. Fix P € X(Z) and Q € X (Z17). For any A € Zi(7, having reduction
= F}, we have

. WY X N2
v Ap(L0) = {%nVn Ap(Q) if A e (F5)”,

invi7 Ap(Q) + % otherwise.

Proof. Suppose that £p(Q) is nonzero. Because £ p is homogeneous of degree 1,
we have

invi7 Ap(AQ) =invi7(17, AMp(Q)) =invi7 Ap(Q) +inv7(17, 1).

But invy7(17, A) is zero if and only if Xisa square in FIX7

If £p(Q) is zero, then Lemma 2.1 shows that we have 7(P) = n(Q). Using
weak approximation on Y, we can find a point P’ € X' (Z) with = (P’) # 7 (Q), and
Lemma 3.4 shows that replacing Ap by A’, gives the same invariant. (]
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Note that the only singular points of X xz [F7 are those of the form (0, 0, 0, a),
and these do not lift to points of X(Z;7). So the smooth points of X' (F7) are
precisely those that lift to X'(Z;7).

Putting all these calculations together proves the following. Let U C X (Ag) be
the open subset defined as

U=[] x@p) x{0ex@y) |inviy Ap(Q) = }}.
p#17

Then U is a nonempty open subset that does not meet X (A°°)Br showing that there
is a Brauer—-Manin obstruction to strong approximation away from co on X. More
specifically, for any smooth point Q € X (F17), half of the scalar multiples of Q lie
in the image of U, showing that they do not lift to integer points of X.
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Quantum metrics from traces
on full matrix algebras

Konrad Aguilar and Samantha Brooker

(Communicated by David Royal Larson)

We prove that, in the sense of the Gromov—Hausdorff propinquity, certain natural
quantum metrics on the algebras of (n x n)-matrices are separated by a positive
distance when 7 is not prime.

1. Introduction and background

Motivated by high energy physics, M. A. Rieffel [1998; 2004] developed the notion
of a “noncommutative” or “quantum” compact metric space, and initiated the study
of topologies over classes of such quantum metric spaces. The convergence is
studied by use of a distance on the classes of these spaces. F. Latrémoliere [2015;
2016a] introduced the quantum Gromov—Hausdorff propinquity, see also [Rieffel
2016], as a noncommutative analogue of the Gromov—Hausdorff distance [Burago
et al. 2001], adapted to the theory of C*-algebras.

Quantum metric spaces are built by adding some quantum metric to unital C*-
algebras [Rieffel 2004, pp. 1-65]; see [Latrémoliere 2016b] for a survey with many
examples and references. C*-algebras are certain norm-closed algebras of bounded
linear operators on Hilbert spaces, up to an appropriate notion of *-isomorphism
[Davidson 1996, Theorem 1.9.12]. Thus, it is natural to look to various classes of
C*-algebras and study them from the viewpoint of quantum compact metric spaces
and the Gromov—Hausdorff propinquity. The first author and F. Latrémoliere did
just that in [Aguilar and Latrémoliere 2015] with a class of C*-algebras called
approximately finite-dimensional C*-algebras (AF algebras) [Bratteli 1972]. Their
work constructs quantum metrics on AF algebras, which is then used to study the
topology induced by the propinquity on various natural sets of AF algebras. In

MSC2010: 46189, 46130, 58B34.

Keywords: noncommutative metric geometry, Gromov—Hausdorff propinquity, quantum metric
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particular, these quantum metrics can be restricted to the finite-dimensional C*-
subalgebras of AF algebras. The present work further studies some of the geometric
aspects of this construction on these finite-dimensional algebras when they are
full matrix algebras (algebras of complex-valued square matrices). Our focus is to
prove that different quantum metrics induced by the first author and Latrémoliere’s
construction on the same full matrix algebras are indeed at positive distance, in the
sense of the propinquity. By its nature, it is usually difficult to prove lower bounds
on the propinquity, so our work tackles a delicate aspect of this theory. First, we
begin by defining many of these objects, from C*-algebras to quantum compact
metric spaces, while taking note of some theorems that will prove useful to our
efforts. Definitions 1.1-1.10 are contained in [Davidson 1996, Chapter I].

Definition 1.1. An associative algebra over the complex numbers C is a vector
space 2l over C with an associative multiplication, denoted by concatenation, such
that

alb+c)=ab+ac and ((b+c)a=ba+ca foralla,b,ce,
Mab) = (ha)b =a(Ab) foralla,be®A, A eC.

In other words, the associative multiplication is a bilinear map from 2 x 2{ to 2.
We say that 2{ is unital if there exists a multiplicative identity, denoted by 1.

That is,
lga =a =aly forallaeil.

Convention 1.2. All algebras are associative algebras over C unless otherwise
specified.

Notation 1.3. When E is a normed vector space, its norm will be denoted by | - ||
by default.

Definition 1.4. A normed algebra is an algebra 2 with a norm || - [|g such that
lablla < llallallblly foralla, b e L.
2 is a Banach algebra when 2l is complete with respect to the norm || - ||g.

Definition 1.5. A C*-algebra, 2, is a Banach algebra such that there exists an
antimultiplicative conjugate linear involution * : 2 — 2, called the adjoint. That is,
* satisfies

(1) conjugate linear: (A(a+b))* =r(a*+b*) forallAeC, a,be;
(2) involution: (a*)* = a for all a € X,
(3) antimultiplicative: (ab)* = b*a* for all a, b € .
Furthermore, the norm, multiplication, and adjoint together satisfy the identity
laa*|ls = |lall3, foralla € A, (1-1)
called the C*-identity.
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The set of self-adjoint elements of a C*-algebra is the set sa() = {a €A :a =a*}.

An element u € 2 of a unital C*-algebra is unitary if uu* = u*u = ly.

We say that B C A is a C*-subalgebra of 2l if *B is a norm-closed subalgebra
that is also self-adjoint; i.e., a € B <= a* € B.

Our main example will be the C*-algebra of (n x n)-matrices over the complex
numbers, which we define now.

Example 1.6 [Davidson 1996, Example 1.1.1]. Fix n € N\ {0}. We let M,,(C)
denote the C*-algebra of (n x n)-matrices over the complex numbers called a full
matrix algebra. The algebra is given by the standard matrix operations and the
adjoint is the conjugate transpose. The norm is given by the operator norm

lallm, ) =supfllaxlz:x € C*, llxll2 < 1} foralla € M, (C),

where ax denotes matrix multiplication of the matrix a and column vector x, and
I - |I2 is the standard Euclidean 2-norm on C".

Note that if a € sa(M,, (C)), then ||a||y, ) = max{|A| : A is an eigenvalue of a}
by [Davidson 1996, Corollary 1.3.4]. The unit of M,,(C) is the identity matrix,
which we denote by I,,. For a € M, (C), we denote the i-row, j-column entry by a; ;.

Next, we describe morphisms between C*-algebras.

Definition 1.7. Let 2, 5 be C*-algebras. A *-homomorphism w : A — B is a
*-preserving, linear and multiplicative function:

e 7 is a *-monomorphism if it is an injective *-homomorphism.
e wisa *-epimorphism if 7 is a surjective *~homomorphism.
e wisa *isomorphism if  is a bijective *-homomorphism.

o 2 is *-isomorphic to D if there exists a *-isomorphism 7 : 2l — ©, and we
then write A = D.

If both 2(, ® are unital, then we call a *-homomorphism 7 : A — © unital if
m(ly) = 1s.

The next result shows that there are important analytical properties (such as
continuity, contractibility, and isometry) associated to these morphisms without
further assumptions. Thus, only algebraic conditions are indeed needed to properly
define morphisms between C*-algebras in Definition 1.7.

Proposition 1.8 [Davidson 1996, Theorem 1.5.5]. Let A, ® be C*-algebras. If
A — D is a *-homomorphism, then 1w is continuous and contractive. That is, its
operator norm satisfies

7 ls@,0) =suplllz(@)llo:a €, lalla =1} <1,

or equivalently, for all a € U, we have || (a)||o < ||alls.
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If m : A — D is a *-homomorphism, then 1 is an isometry if and only if 7w is a
*-monomorphism. In particular, *-isomorphisms are isometries.

In the next example, we present some *-isomorphisms related to the C*-algebras
M, (C).
Example 1.9 [Davidson 1996, Lemma II1.2.1]. A map 7 : M,(C) - M,(C) is a
*-isomorphism if and only if there exists a unitary matrix U € M, (C) such that
w(a) =UaU* foralla e M,(C).
In order to define quantum compact metric spaces we need to define another
structure associated to C*-algebras.

Definition 1.10. Let 2( be a unital C*-algebra. Let 21’ denote the set of continuous
and linear complex-valued functions on 2. The state space of 2 is the set

S ={peA :1=0(lw) = lelx}

where ||@|lor = sup{|p(a)| :a € A, ||la]ly = 1} is the operator norm.
A state ¢ € () is called tracial if ¢(ab) = @(ba) for all a, b € 2 [Davidson
1996, p. 114].

As an example, we look to M, (C).
Example 1.11. For a € M,,(C), let Tr,(a) = Z;‘:] a;j,; be the trace of a matrix.

Define tr, = %Trn. By [Davidson 1996, Example I1V.5.4], the map tr, is the unique
tracial state on M, (C).

Rieffel [1998] introduced the notion of a quantum compact metric space by
providing a particular metric on the state space of a C*-algebra, which serves as a
quantum analogue to the Monge—Kantorovich metric on Borel probability measures
of a compact Hausdorff space. This metric lies outside the scope of this paper, so
we provide an equivalent definition of a quantum compact metric space that utilizes
a quantum analogue to the Lipschitz seminorm on continuous functions.

Definition 1.12 [Rieffel 1998; 1999; Ozawa and Rieffel 2005]. Let %[ be a unital
C*-algebra. Let L be a seminorm on sa(2) (possibly taking value +00). The pair
(2, L) is a quantum compact metric space if L satisfies the following:

(1) L is lower semicontinuous with respect to || - ||o.
(2) The set dom(L) = {a € sa(R) : L(a) < oo} is dense in sa(2l).
(3) The kernel of L is {a e sa(R) : L(a) =0} =R14 = {rly € sa(R) : r € R}.
(4) There exists a state u € . (2l) such that the set
{a esa(@) : u(a) =0and L(a) < 1}

is totally bounded with respect to || - ||g.-
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The Lipschitz seminorm on continuous functions satisfies a Leibniz rule and we
may generalize this in the following way.

Definition 1.13. Fix C > 1, D > 0. A quantum compact metric space (2, L) is a
(C, D)-quasi-Leibniz quantum compact metric space if L is a (C, D)-quasi-Leibniz
seminorm; i.e., for all a, b € sa(2A)

max{L(a ob), L(fa, b))} < C(llallaL®) + lIbllaL(a)) + DL(@)L(b),

where the Jordan productis a o b = %(ab + ba) and the Lie product is {a, b} =
1
5 (ab —ba).

Latrémoliere [2016a] introduced a quantum analogue to the Gromov—Hausdorff
distance [Burago et al. 2001], the quantum Gromov-Hausdorff propinquity. Indeed,
the quantum Gromov—Hausdorff propinquity is a distance between quasi-Leibniz
quantum compact metric spaces that preserves the C*-algebraic and metric structures
and recovers the topology of the Gromov—Hausdorff distance, and thus provides
an appropriate framework for the study of noncommutative metric geometry. The
definition is quite involved, so in the following theorem, we summarize the results
that pertain to our work in this paper, while also defining the standard notion
of isomorphism between two quasi-Leibniz quantum compact metric spaces, a
quantum isometry.

Theorem 1.14 [Latrémoliere 2016a; 2017]. The quantum Gromov—Hausdorff
propinquity A((2A, Ly), (B, L)) between two quasi-Leibniz quantum compact
metric spaces (U, Ly) and (*B, Ly) is a metric up to quantum isometry; i.e.,
A(CA, Ly, (B, Ly)) =0 if and only if there exists a unital *-isomorphism w : 2 — B
with Lg om = Ly

Moreover, I\ recovers the Gromov—Hausdorff topology on compact metric spaces.

2. Gromov-Hausdorff propinquity between isomorphic full matrix algebras

The first author and Latrémoliére [Aguilar and Latrémoliére 2015] discovered quasi-
Leibniz Lip-norms on certain infinite-dimensional C*-algebras called approximately
finite-dimensional C*-algebras (AF algebras) with certain tracial states. Now, these
AF algebras are built by an inductive sequence of finite-dimensional AF algebras;
see [Murphy 1990, Chapter 6]. While it can be the case that two distinct inductive
sequences can produce AF algebras that are *-isomorphic, see [Davidson 1996,
Example II1.2.2], the Lip-norms constructed in [Aguilar and Latrémoliere 2015,
Theorem 3.5] seem to acknowledge the particular inductive sequence. Therefore,
the question arose of whether these Lip-norms can distinguish two *-isomorphic AF
algebras with different inductive sequences, where by distinguish, we mean by way
of a quantum isometry of Theorem 1.14. This would show that these Lip-norms
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are truly adding further structure to the C*-algebraic structure. Yet, showing that
two spaces are not quantum isometric is quite a nontrivial task since the condition
in Theorem 1.14 has to be checked for every *-isomorphism to provide a negative
result. Indeed, two spaces (2, Ly), (!B, L) are not quantum isometric if and only
if for any *-isomorphism 7 : 2 — B (if it exists), we have Ly o m # Lg. But,
in the case of M, (C), we have that the *-isomorphisms are well understood, as
seen in Example 1.9. Thus, in this paper, we try to tackle this question of quantum
isometry in the case of the finite-dimensional C*-algebras M, (C) with respect to
different finite inductive sequences, and we accomplish the task in Theorem 2.11.
We begin by defining the particular quantum metric spaces that we will be working
with, which requires the following notions.

Definition 2.1. A conditional expectation P : 2 — B onto B, where 2 is a unital
C*-algebra and *B is a unital C*-subalgebra of 2, is a linear map such that

(1) for all a € A there exists b € B such that P(aa™) = bb*,

(2) for all a € U, we have || P(a)|la < |lalls,

(3) forall b, c € B and a € X, we have P(bac) = bP (a)c, and

4) P(b)=>bforall b e’B.

Notation 2.2. We write k | n to denote that k divides n throughout this paper.
Letn,k e N\ {0}, n > 1 withk |n and k < n.

Let g, : M (C) — M, (C) be the unital *-monomorphism of [Davidson 1996,
Lemma II1.2.1] determined by

a 0
Trn(a) = =diag(a,...,a) foralla e M;(C),
0 a

where there are 7 nonoverlapping copies of a filling the block diagonal and 0’s
elsewhere. Coordinatewise, the map my ,, satisfies

a; j if there exists r € {0, R % — 1} such that
T (@) p.g = p=i+rkandqg = j+rkforsomei,je{l,..., k},

0 otherwise

for all a € My (C) and p,q € {1, ...n}.
Note that 7y , (M (C)) is a unital C*-subalgebra of M,,(C).

In Lemma 2.4, we will present another coordinatewise description of 7y ,,, which
allows for direct computation rather than finding the terms and is much more suitable
and convenient for the many calculations we will work with in this paper. But, for
now, we are prepared to define the quantum metrics on M,,(C).
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Theorem 2.3. Let n € N\ {0, 1} such that there exists k € N\ {0, 1} with k < n and

k | n. Recall the definition of the tracial state tr,, : M,,(C) — C of Example 1.11.
If P : My(C) — 7 ,(M;(C)) for j =1, k denotes the unique tr,-preserving

conditional expectation and we define for all a € sa(M,,(C)) the seminorms

Ly, ©),1(a) = lla— Py (a)llm, )
Ly, ©).x(a) =max{|la — Py (@)l m, ) k- la— Prn(@)llm, )

then both (M, (C), Ly, c).1) and (M,(C), L, c).x) are (2, 0)-quasi-Leibniz quan-
tum compact metric spaces.

Proof. This is [Aguilar and Latrémoliere 2015, Theorem 3.5] and in particular
Step 3 of its proof. O

Our main goal —realized in Theorem 2.11 —is to show that the two quantum
metric spaces for a fixed k, n are not quantum isometric. These spaces are motivated
by [Aguilar and Latrémoliere 2015, Theorem 4.9], where these spaces do in fact form
the finite-dimensional quantum metric spaces used in their construction. Therefore,
our work is a legitimate step towards understanding the quantum isometries between
the infinite-dimensional C*-algebras presented in [Aguilar and Latrémoliere 2015].
Next, our proof of Theorem 2.11 requires a detailed and coordinatewise description
of the maps my , and Py ,, which could be easily implemented algorithmically. We
begin with my ;.

Lemma 24. If k,n € N\ {0}, n > 1 such that k|n and k < n, then the map
Tkn - M (C) = M, (C) of Notation 2.2 satisfies
. {611+(p—1) mod k, 1+(g—1) modk I LPT_IJ = LqT_lJ,
Ti,n(a) p.q = .
0 otherwise

foralla e My (C)and p,q €{1,...n}.
Proof. Leta € M (C) and fix p,q € {1,...,n}.

Case 1: Assume LPT_IJ = |_qk;1J Now, since k | n, there existr, s € {O, e 1}
and i, j € {l,...,k} such that p =i +rk and g = j + sk. Therefore, we have

N

because 0 <i — 1 < k.
Also, we have

2 [ - - o

because 0 < j — 1 < k. Thus r = s by the Case 1 assumption and 7y ,(a)p 4 = a; j
by Notation 2.2. However, by modular arithmetic, since ¢ mod d =c —d L%J,
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we gatherthat 1 +p—1—rk=iand 1 +¢qg —1—rk = j imply

Tkn (@) p.g = A14(p—1) mod k,1+(g—1) mod k-

Case 2: Assume LPT_IJ + L"_IJ By Notation 2.2, assume by way of contradiction
that there exists r € {O, .. 1} such that p =i 4+rk and g = j + rk for some

J k
i,je{l,..., k}. Then, the argument of Case 1 implies that r # r, a contradiction.
Hence 7y ,(a), 4 = 0 by Notation 2.2. U

Next, we move to understanding the conditional expectations Py, in a coordi-
natewise manner. First, we provide some notation for a standard basis for M, (C).

Notation 2.5. Forn e N\ {0}, je{l,...,n}, ke{l,...,n}, let E, j € M,(C)
denote the standard matrix unit, see [Davidson 1996, Section III.1], defined coordi-
natewise by

1, p=jandg=k,
(En,j,k)p,q :{

for p,q € {1, ..., n}, and note that the set {E, jr € M,(C) : j,k e {1,...,n}}
forms a basis for M,,(C).
Assume that / € N\ {0} and [ | n. Let

0, otherwise

By, = {m »(a) € M,,(C) : a is a matrix unit of M;(C)}.

Next, the tracial state tr,, induces an inner product on M,,(C) via (a, b) =tr, (b*a).
In [Aguilar and Latrémoliere 2015], they use this observation and that the matrix
units are orthogonal with respect to this inner product to provide a general description
of Py, in terms of the matrix units and my ,; see (4.1) of that paper. We will utilize
this in Lemma 2.7 to provide an explicit coordinatewise description of Py ,. But,
first, we prove a lemma about the relationship between the tracial state tr, and the
*-monomorphism 7 .

Lemma 2.6. If k,n € N\ {0} and k | n, then tr, omy , = try.
Proof. Let a € My (C). Then, by Lemma 2.4

1 1 v
(trp, Oﬂk,n)<a) == Trn(nk,n(a)) == E ﬂk,n(a)i,i
n n o

1
= ; Z A14(G—1) mod k,14+(i—1) mod k
i=1
n/k k n/k

=—22a” =—ZTrk(a)

i=1 j=I

S| —

. % Tri(a) = -+ Trk (a) = trx(a). O



QUANTUM METRICS FROM TRACES ON FULL MATRIX ALGEBRAS 337

Lemma 2.7. Ifn € N\ {0} and there exists k € N\ {0} such that k | n, then using
notation from Theorem 2.3, for all a € M,,(C), we have

ko n/k—1

Py n(a) = Z Z( Z Ap+kl, q+kl> Tk,n (Ek,p.q)s

plql =

and coordinatewise, this is

S aprng i [T =[] and p—1=(i—1) mod k
Prn(a)ij= and g—1=(j—1) mod k,
0 otherwise

foralli, je{l,...,n}.
Furthermore, if k = 1, then

Pl,n (a) =try(a)l,.

Proof. By [Aguilar and Latrémoliere 2015, (4.1)], we have

tr,(b*a)
Pin@)= ) ———=b
ol tr,, (b*b)

for all @ € M, (C), where By, was defined in Notation 2.5. Thus, for b € By ,, we
have

b=m,(Ek,p,q) forsome p,qefl,... k},

and thus
b*b = Tkon (Ek,q,p)Tkn (Ek,p,q) = Tkn(Ekq,p Ek,p.g)-
Now
k
(Exg.pEp)iy = ) Ena.p)it - Expal
=1
and
1 ifi=qgand j=¢gand! = p,
(Ek,g.p)it - (Ek,p.q)i.j {0 otherwise.
Therefore

Erg.pEk.p.q = Ekq.q-

Hence, by Lemma 2.6, we gather that

tr, (b*b) = tr, 7Tk (Ex,qg.pEk.p.q))

= trk(Ek,q,pEk,p,q) = trk(Ek,q,q)

1 1 1
Trk(Equ) % = E
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Thus, we now have

n n E
Penl@) =33 M 1( / Ijq”’)“)m,n(Ek,p,q)

= Z Z k- tr, (7 n(Ek g, p) )Tk n(Ek,pg)
kok
= Z Z k- % Tr(7wx n(Ex,q,p) @) Tk n(Ek, p.q)
_k Xk: Z Tr(mk n(Ex.q.p) A7k n(Ek p.q)
" n{Lk.gq,p k.nitk,p.q

k
- SZZ(;(”k n(Ek,q,p) )i, z)ﬂk n(Ex,p,g)- (2-1)

p=1¢g=1
Next, fixi € {1, ..., n}. By matrix multiplication
n n n

Z(ﬂk,n(Ek,q,p)a)i,i = Z Z nk,n(Ek,q,p)i,j “aj -

i=1 i=1 j=1
But, for j € {1, ..., n}, we have

1 if there exists [ € {0, e 1} such that
ﬂk,n(Ek,q,p)i,j = i=qg+kland j = p+kl,
0 otherwise
and
aj; if there exists [ € {0, ..., # — 1} such that
nk,n(Ek,q,p)i,j-aj,i= j=p+klandi=gq+kl,
0 otherwise.
Hence
n/k—1
ZZT[(Ekq p)l j4ji = Z Ap+kl,q+kl-
i=1 j=I =0
And, by (2-1), we conclude that
Kk, n/k—1
Pin(a) = Z Z( Z Ap+kl, q+kl>7Tk n(Ek.p.q)- (2-2)
p 1g=1 =

The coordinatewise expression follows from Lemma 2.4. Indeed: Let i, j €
{1,...,n}. If | 51| = | 1], then Py, (a); ; lies in one of the (k x k)-diagonal
blocks of the (n x n)-matrix. So, there exist p, g such that my ,(Eg p4)i; = 1.
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Namely p=1+ (G —1) modk and ¢ =1+ (j — 1) mod k. However, this pair p, g
corresponds to a term in the sum defining Py, in (2-2); that is, it corresponds to
%( 7!5_1 ap+kl,q+kl)nk,n(Ek,p,q). And, since the (i, j)-th entry of my ,(Ex, p.¢)

is 1, this gives us
n/k—1

Prn(a)i ;= Z Aptkl g4kl -
1=0

If L%J # L%IJ, then for all p, g between 1 and k we have (g , (Eg,p.¢))i,j =0
by the definition of 7y, s0 (P ,(a)); ;j = 0.

The last statement of this lemma follows from this coordinatewise description
with k = 1. U

For computational purposes, we present an alternative perspective on the projec-
tion map before proceeding.

Proposition 2.8. Let a € M,,(C), and let k be an integer that divides n. Consider
the (k x k)-diagonal blocks of a, denoted from top-left diagonal block to bottom-
right diagonal block by By, B, ..., B,/i. The projection Py ,(a) is the image of
the arithmetic mean of these blocks under the map my . In other words,

n/k
k
Pen(a) = nk,n<; > Bi).

i=1
Proof. This follows from Lemma 2.7. ]
Finally, we are in a position to study the Lip-norms of Theorem 2.3.
Lemma 2.9. Let n € N\ {0, 1}. Using notation from Theorem 2.3, if 7w : M,(C) —
M, (C) is a *-isomorphism, then
Ly, ©.107(@) = Luy,©),1(@).

Proof. Let m : M,,(C) - M,(C) be a *-isomorphism. By [Davidson 1996,
Lemma II1.2.1], there exists a unitary U € M,,(C) such that w(a) = UaU* for
all a € M,(C). Also, by Lemma 2.7, we gather P ,(UaU*) = tr,(UaU*)I, =
tr,(U*Ua)l, =tr,(a)l, for all a € M, (C). Now, let a € M, (C); thus

Ly,.0m(a)=UaU* — P ,(UaU")|m,c
=[UaU* — Py ,(UaU") || m,(c)
= UaU" —try(a) Iy m,0)
= UaU" = U(try(a) 1) U™ | m,(c)
=|U(a —try(@) ) U* || m,(c)
=U(a = P1a(@)U" | m,c)
= |la — P1n(@)lm,©) = Lm,©).1(a). U
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Lemma 2.10. If k,n € N\{0}, n > 2 such that k|n and 1 < k < n, then using
notation from Theorem 2.3, we have

Ly, ©).1 # Lm,©).k-
Proof. Consider a € M,,(C):
a = diag(k, 0, ..., 0).

Now, by Lemma 2.7, we have
. k k
Py p(a) =diag| —, ..., —
n n
and thus

a— Pro(a) = diag(k(n —D _k _k k) € sa(M, (C)).

-,__
n n n n

Therefore by Example 1.6, we have
k(n—1)

Ly, @©),1(a) = lla = Pra(@)llm,©) =
since %(n -1 > f
Now, we consider Py ,. By Proposition 2.8, we need only examine the diagonal
(k x k)-blocks of a, which are
diag(k,0,...,0), 0, ..., 0,
where 0 is the zero matrix. Summing these 7 matrices, we get

diag(k, 0, ..., 0),

and when we divide by 7 and take the image under 7 ,, we arrive at

k2
Prp(a) =myp diag(—, o,..., 0)
n

by Proposition 2.8. Thus

o (k(n—Fk) k> k>
a—Pk,n(a)=d1ag< - ,...,O,—;,...,0,...,—;,...,0)esa(Mn(C))

by the definition of my , in Notation 2.2. Since k | n and k < n, we have k < % This
implies n —k > k, and so k(n — k) > k2 Therefore @ > ﬁ, which implies

k(n — k) k*(n — k)
la — Py n(a)llm,c) = — and k-lla— Py n(@)llm,c)=—"
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by Example 1.6. Next, since k < %, we have n — k >

kin—ky=22--=n = kn—k)yzn>n-1,

i
2

which means k?(n — k) > k(n — 1), and finally we have

Kmnm—k k(n—1)
> 9
n n
and thus, k - |la — P ,(a)llm,c) > lla — P1,n(a)|lm,c). Therefore

k*(n —k)
Ly, k@) = ———

and we conclude that Ly, (¢),1 # Ly, c).k- g

Theorem 2.11. Using notation from Lemma 2.10, if k,n € N\{0}, n > 2 such that
k|nand 1 < k < n, then the quantum compact metric spaces

(M, (C), Ly, cy,1) and (My(C), Ly, c).x)

are not quantum isometric, and therefore

AN(M4(C), Ly, ©),1)s (Mn(C), Lag,c).6)) >0,
where A is the quantum Gromov—Hausdorff propinquity of Theorem 1.14.

Proof. By Theorem 1.14, we show for all unital *-isomorphisms 7 : M,,(C) —
M, (C) that Ly, )1 om # Lu,«c)x Letw : M,(C) - M,(C), be a unital *-
isomorphism. Therefore Ly, (c),1 0 = L, c),1 by Lemma 2.9. But, Lemma 2.10
implies that Ly, (©),1 %~ LMn(C),k- Thus, we conclude that Ly, (©),107 %= LMH(@)’](,
and therefore (M,,(C), Ly, (c),1) and (M, (C), Ly, (c),x) are not quantum isometric.
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Solving Scramble Squares puzzles with repetitions
Jason Callahan and Maria Mota

(Communicated by Kenneth S. Berenhaut)

A Scramble Squares puzzle consists of nine square pieces with half of an image
on each side. To solve the puzzle the pieces are arranged in a 3 x 3 grid so that
sides of adjacent pieces form complete images. A repetition is a half-image that
appears more than once on a piece. Previous research uses a graph-theoretical
approach to establish necessary and sufficient conditions for solutions without
repetitions to 2 x 2 Scramble Squares puzzles. We use a similar approach to
establish necessary and sufficient conditions for solutions with repetitions to
2 x 2 Scramble Squares puzzles.

1. Introduction

Created in the 1990s by b. dazzle, inc. (http://www.b-dazzle.com/profile.asp), a
Scramble Squares puzzle consists of nine square pieces with half of an image on
each side. To solve the puzzle the pieces are arranged in a 3 x 3 grid so that sides
of adjacent pieces form complete images. Figure 1 is an example of a solution to a
Scramble Squares puzzle.

Puzzle pieces can be arranged many ways. For a 3 x 3 puzzle there are 9! ways
to place the pieces if all nine pieces are distinct. Each piece has four orientations,
so there is a total of 4° x 9! arrangements of the pieces with orientations.

A pattern is a complete image in the puzzle, such as the star, arrow, lightning bolt,
and text bubble in Figure 1. Each pattern consists of two pictures, each half of the
image, such as the two half-images that form the star in Figure 1. The complement
of a picture is the other half of the pattern; for example, the complement of the top
of the arrow is the bottom of the arrow in Figure 1. A repetition is a picture that
appears more than once on a piece, such as the bottom half of the star that appears
twice on a piece in the bottom row of Figure 1.

MSC2010: 05C75, 94C15.
Keywords: graph theory, directed graphs.
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Figure 1. A solution to a Scramble Squares puzzle.

2. Scramble Squares puzzles without repetitions

For simplicity, [Mason and Zhang 2012] considers 2 x 2 Scramble Squares puzzles
without repetitions using a graph-theoretical approach inspired by research on the
Instant Insanity puzzle [de Carteblanche 1947; Grecos and Gibberd 1971; Van
Deventer 1969]. For a 2 x 2 puzzle there are 4! ways to place the pieces if all
four pieces are distinct. Each piece has four orientations, so there is a total of
4* x 4! = 6144 arrangements of the pieces with orientations.

To solve 2 x 2 Scramble Squares puzzles without repetitions, [Mason and Zhang
2012] defines the recording graph G (P) of a puzzle P as follows. The vertices of
G (P) correspond to the pictures in the puzzle and are arranged in two rows, where
the top row represents half of each pattern and the bottom row their complements.

The edges of G(P) are directed from the vertex corresponding to a picture on a
piece to the vertex corresponding to the next picture clockwise on that piece, so
each piece contributes four edges of a color specific to that piece. Thus, a recording
graph G(P) for a 2 x 2 puzzle P contains sixteen directed edges.

Figure 2. A 2 x 2 Scramble Squares puzzle and its recording graph.
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Figure 2 shows a 2 x 2 Scramble Squares puzzle and its recording graph where A
represents the star, B the lightning bolt, C the arrow, and D the text bubble, while
green edges represent the top-left piece, red edges the top-right piece, blue edges
the bottom-left piece, and black edges the bottom-right piece.

A subgraph of a recording graph is pseudoconnected if it is connected after
identifying each vertex X with its complement X¢. Using the recording graph,
[Mason and Zhang 2012] proves the following necessary and sufficient conditions
for solutions without repetitions to 2 x 2 Scramble Squares puzzles.

Theorem 1. A subgraph G of the recording graph G (P) consisting of four edges
corresponds to a solution without repetitions to a 2 x 2 puzzle P if and only if it is a
pseudoconnected subgraph such that:

(1) Each edge is a different color.
(2) The in-degree of each vertex equals the out-degree of its complement.
3) If X - A — Y is a directed path in G, then Y = X°.

3. Scramble Squares puzzles with repetitions

We consider 2 x 2 Scramble Squares puzzles with repetitions. When the repeated
picture appears on adjacent sides of a piece, the repetition is represented by a loop
at the vertex corresponding to the repeated picture in the puzzle’s recording graph.
For a repetition to be part of a solution to a 2 x 2 Scramble Squares puzzle, the
repeated picture must appear on adjacent sides of a piece, and each of these sides
must form complete images with adjacent pieces, i.e., the repetition must be in
one of the four central corners in the puzzle’s solution; otherwise, Theorem 1 still
applies. Using a similar approach, however, we prove the following necessary
and sufficient conditions for solutions with repetitions to 2 x 2 Scramble Squares
puzzles.

Theorem 2. A subgraph G of the recording graph G (P) consisting of four edges,
at least one a loop, corresponds to a solution with repetitions to a 2 X 2 puzzle P if
and only if it is a pseudoconnected subgraph such that:

(1) Each edge is a different color.

(2) The in-degree of each vertex equals the out-degree of its complement.

(3) If A is a repetition and A° — X — X is a directed path in G, then X = A
or A

Proof. We first prove that a subgraph G corresponding to a solution with repetitions
has the form described above. The subgraph contains exactly four distinctly colored
edges, at least one of which is a loop, since a solution uses each of the four pieces,
at least one of which involves a repetition.
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Figure 3. If A is a repetition and X is neither A nor A then
A¢ — X° — X cannot be part of a solution.

Next we prove pseudoconnectedness. In a solution to the puzzle, every pair of
pieces is either adjacent or diagonally opposite. If two pieces are adjacent, then
the pictures on their adjacent sides form a pattern, so the vertices corresponding to
pictures on these pieces are pseudoconnected in G. If two pieces are diagonally
opposite, there is a piece between them whose sides form a pattern with each, so
the vertices corresponding to pictures on this piece form a pseudoconnected path
between the vertices corresponding to pictures on the diagonally opposite pieces.
Hence G is pseudoconnected.

Every vertex in G corresponds to a picture that is matched to its complement.
Since one picture is represented by the head of a directed edge and the other by a
tail, the in-degree of each vertex equals the out-degree of its complement.

Finally, suppose that A is a repetition and that G contains a directed path X< — X
such that X is neither A nor A¢. Without loss of generality, let the repetition A — A
be the top-left piece of the puzzle solution. Then the piece represented by X¢ — X
must be the bottom-right piece since neither X nor X¢ is A€, which forces the
remaining pieces to be A° — X and X¢ — A€ (see Figure 3). Thus, if A is a
repetition and X is neither A nor A€, then A° — X — X cannot be a directed path
in G, proving the necessity of the conditions in Theorem 2.

Conversely, we now prove that a subgraph G satisfying the conditions above
corresponds to a solution with at least one repetition A represented by a loop in G.
Each possible subgraph and its corresponding puzzle solution will be shown with a
green loop at A for its repetition in the top-left piece, a red edge for the top-right
piece, a blue edge the bottom-left piece, and a black edge the bottom-right piece.

Since G has a loop at A, three edges remain, so A€ can have at most three loops,
but then the in- and out-degrees of A€ are 3 whereas the in- and out-degrees of A
are only 1, violating condition (2), so A° cannot have three or more loops.

If A€ has two loops, then the in- and out-degrees of A€ are both at least 2. By
condition (2), A must also have in- and out-degrees at least 2, so A must also have
two loops. This subgraph and its puzzle solution are shown in Figure 4.

Now suppose G has one loop at A€ and no other vertices. To satisfy condition (2),
the remaining two edges must be in either direction between A and A°. Without



SOLVING SCRAMBLE SQUARES PUZZLES WITH REPETITIONS 347

A A

(4 A AC (4) A A

Al | A€ A| | A€

Figure 5. Subgraphs with one loop at A€, one pattern, and their
puzzle solutions.

loss of generality, by interchanging A with A€, the two possible such subgraphs and
their corresponding puzzle solutions are shown in Figure 5.

Next suppose G has one loop at A° and another vertex B. By pseudoconnect-
edness, an edge must connect A or A€ to B or B€. Without loss of generality, by
interchanging A with A¢ and/or B with B¢, we may assume that the third edge is
A — B¢ Since A has in-degree at least 1 and out-degree at least 2, A° must have
in-degree at least 2 and out-degree at least 1 by condition (2). Therefore, A° must
appear at least once more as the head of an edge. Likewise, since B¢ has in-degree
at least 1, B must have out-degree at least 1, so B must appear at least once as a tail.
Thus, the fourth edge must be B — A€, yielding the subgraph and its corresponding
puzzle solution in Figure 6.

Now suppose G has an edge between A and A¢ but no loop at A°. Then A
must connect to another vertex B for its in- and out-degrees to equal the out- and

QQ Al | A

A B

ac [ B

Al | A

Figure 6. A subgraph with one loop at A€, two patterns, and its
puzzle solution.
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Figure 7. Subgraphs with an edge between A and A€, no loop at
A€, and their puzzle solutions.

in-degrees of A. Without loss of generality by interchanging B with B¢, we may
assume that B — A€ and A° — B¢ are the remaining edges. The direction of the
edge between A and A€ yields the two possible subgraphs and their corresponding
puzzle solutions in Figure 7.

Finally suppose G has no edge between A and A€ and no loop at A°. Then A€
must connect to another vertex B for its in- and out-degrees to equal the out- and
in-degrees of A. By pseudoconnectedness, an edge must connect A or A to B
or B¢, but if A connects to B or B¢, then G will need more than four edges for the
in- and out-degrees of A to equal the out- and in-degrees of A. Therefore, without
loss of generality by interchanging B with B¢, we may assume that B — A€ is an
edge. Since B has out-degree at least 1, B must have in-degree at least 1 to satisfy
condition (2). Similarly, since A has in- and out-degrees at least 1, A° must also have
in- and out-degrees at least 1. Thus, A must be the tail of a third edge as follows:

o If the third edge is A° — B, then B has in- and out-degrees at least 1, so the
fourth edge must be a loop at B€ to fulfill condition (2).

(% Al |ac (% Al |ac
A B (3) _4 B

B| | B¢

Al A

® ®.0 Ik
4_@ ACC CCBC

Figure 8. Subgraphs with no edge between A and A€, no loop at
A€, and their puzzle solutions.
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o If the third edge is A — B¢, then B — B cannot be an edge because a directed
path A — B — B violates condition (3), so the fourth edge must be B — B°.

o If the third edge is A — C, another vertex, then by condition (2), C must ap-
pear as the tail of an edge and B¢ as a head, so the fourth edge must be C¢ — B°.

These three subgraphs and their puzzle solutions are shown in Figure 8, completing
our proof that the conditions in Theorem 2 are sufficient for a subgraph to correspond
to a 2 x 2 Scramble Squares puzzle solution with repetitions. (]

4. Future directions

Many open questions remain to be explored. For instance, these results can be
extended to 3 x 3 and larger Scramble Squares puzzles. Another area of exploration
is the uniqueness of solutions, i.e., finding conditions under which a puzzle solution
is unique. One could also explore the probability that an arbitrary puzzle has a
unique solution or solutions at all.
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Erdds—Szekeres theorem for cyclic permutations

Eva Czabarka and Zhiyu Wang

(Communicated by Joshua Cooper)

We provide a cyclic permutation analogue of the Erd6s—Szekeres theorem. In
particular, we show that every cyclic permutation of length (k — 1)(£ — 1) 42 has
either an increasing cyclic subpermutation of length k 4 1 or a decreasing cyclic
subpermutation of length £ + 1, and we show that the result is tight. We also charac-
terize all maximum-length cyclic permutations that do not have an increasing cyclic
subpermutation of length k+ 1 or a decreasing cyclic subpermutation of length £+ 1.

1. Introduction

The study of the longest monotone subsequence of a finite sequence of numbers has
inspired a body of research in mathematics, bioinformatics, and computer science.
Erdds and Szekeres [1935] showed in their namesake theorem that any permutation
of {1,2, ..., k€ + 1} has an increasing subsequence of length k + 1 or a decreasing
subsequence of length £ 4+ 1. As a sequence [ay, ..., a,] can be represented by a
set of n points of the form (i, @;) in the plane, the Erd6s—Szekeres theorem can
be interpreted geometrically in the following way: for any set of k¢ 4 1 points
in the plane, no two of which are on the same horizontal or vertical line, there
exists a polygonal path of either k positive-slope edges or £ negative-slope edges.
It follows immediately from the Erds—Szekeres theorem that the expected length
of a longest increasing subsequence in a random permutation of length n is at
least %ﬁ . Moreover, the computation of longest increasing subsequences is also
used in MUMmer systems for aligning whole genomes [Delcher et al. 1999]. A
natural extension of the well-known Erd6s—Szekeres theorem is to consider its
analogue to cyclic subpermutations.

Definition 1. A cyclic subpermutation t of a cyclic permutation o is the restriction
of o on 7, i.e., remove all elements not in T from o.

MSC2010: 05D99.

Keywords: cyclic Erd6s—Szekeres theorem.
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For example, (1,3, 5) is a cyclic subpermutation of the cyclic permutation
(1,2,3,4,5).

Definition 2. A cyclic permutation is increasing if it can be written in the form
(J1, j2, -+ +» Jn) with j; < jo <--- < j,. Similarly, a cyclic permutation is decreasing
if it can be written in the form (ji, jo, ..., ju) with j; > jo > -+ > j,.

For example, (6, 1,4,2,7,3,5) is a cyclic permutation whose longest increas-
ing cyclic subpermutation is (1, 2, 3, 5, 6) and whose longest decreasing cyclic
subpermutations are (7, 5, 4,2) and (7, 6, 4, 2).

Cyclic permutations can be viewed as circular lists, which arise naturally in
the field of phylogenetics since the genomes of bacteria are considered to be
circular. Geometrically, an increasing/decreasing cyclic subsequence of a circular
list corresponds to a polygonal path of positive/negative-slope edges when the
points are drawn on the side of a cylinder. Albert et al. [2007] gave a Monte Carlo
algorithm to compute the longest increasing circular subsequence with worst case
run-time O (n*/? logn) and also showed that the expected length j4(n) of the longest
increasing circular subsequence satisfies lim,,_, o, it (n)/(2+/n) = 1. We extend the
Erdés—Szekeres theorem to cyclic permutations and examine the structures of the
extremal constructions achieving the lower bound for our theorem.

Definition 3. Given positive integers k and ¢, let a(k, £) be the smallest positive
integer n such that for any cyclic permutation of length n, there exists either an in-
creasing cyclic subpermutation of length k+1, or a decreasing cyclic subpermutation
of length ¢ + 1.

We show in Section 2 that:
Theorem 4. Fork, ¢ > 1,

alk, ) = (k—1)(L—1)+2.

Definition 5. Given positive integers k and ¢, let Cy , be the set of cyclic permuta-
tions of length (k — 1)(£ — 1) + 1 that contain no increasing cyclic subpermutations
of length k + 1, or decreasing cyclic subpermutations of length £ + 1. Let Sy ¢
be the set of linear permutations of length k¢ that contain no increasing linear
subpermutations of length k + 1, or decreasing linear subpermutations of length
£+ 1, and let Y, ; be the set of standard Young tableaux on an £ x k rectangular
diagram, i.e., the set of ¢ x k matrices where the set of entries is {1, 2, ..., k£} and
each row and column forms an increasing sequence.

It was observed by Knuth [1998, Exercise 5.1.4.9], see also [Stanley 1999,
Example 7.23.19(b)], that the permutations in Sy , are in bijection with Y, x x Y &
via the Robinson—Schensted correspondence. The hook-length formula [Frame et al.
1954] expresses the number of standard Young tableaux and allows us to directly
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compute |Sg ¢|, which increases rapidly as k, £ increase (see sequence A060854
in the On-Line Encyclopedia of Integer Sequences). In particular, without loss of
generality, assuming k </ (since |Sk ¢| = |Se.k|), we have

. (0K)! )2
|k’zl_(1122---k"(k—i—l)"-'-ﬂk(ﬂ-l-l)"1--'(k+13—1) '

Although the Robinson—Schensted correspondence establishes the bijection be-
tween Sy ; and Yy X Yy, it is an algorithmic procedure which can be difficult
to analyze. Romik [2006] gave a simple description of the mapping from pairs of
square Young tableaux to elements of Sy ;. Before we state the theorem, let us
introduce a few definitions.

Definition 6. The grid-function of a =[ay, . .., ake] € Sk.¢ 18 va : [k€] — [€] x [k],
defined by y;(¢) = (i, j), where i is the length of the longest decreasing subsequence
of a ending at a, and j is the length of the longest increasing subsequence of a
ending at a;.

Definition 7. The grid-ranking R; = (r;;) and grid-valuation V; = (v;;) are £ x k
matrices defined by r;; = ya_l(i, J)sand vij = ay, -1 41— jy-

Note that the Erdés—Szekeres theorem implies that for a linear permutation
a € Sy.¢, the longest increasing subsequence has length k and the longest decreasing
subsequence has length £ (as both k(¢ — 1) + 1 and (k — 1)¢ + 1 are at most k£),
which means that y; indeed defines a function.

Working towards our characterization of Cy ¢, Section 3 reproves the following
result of [Romik 2006], partially for the sake of self-containment and partially for
its use in the proof of Theorem 9.

Theorem 8. For positive integers k, £, the set Sy ¢ is isomorphic to Y, X Yy k. In
particular, ¢ : Sy.¢ — Yo i X Yo i defined by ¢ (a) = (Rz, V) is a bijection.

In contrast to the exponential size of Sy s, the set Ci ; has at most two elements
and we can characterize them precisely. In particular, in Section 4, we show the
following theorem:

Theorem 9. For k, £ > 1, let Cy ¢ denote the set of cyclic permutations of length
(k —1)(£ — 1) + 1 that contain no increasing cyclic subpermutations of length k + 1,
or decreasing cyclic subpermutations of length £ 4+ 1. Then we have:

(1) If min(k, £) <2 then |Cy ¢| = 1 and the single element of Cg ¢ is the decreasing
cyclic permutation when k < 2 and the increasing cyclic permutation when k > 3.
(2) If min(k, £) > 3 then |Ck,g| =2,and (1,ay, ..., a(k_])(g_l)) S Ck,g precisely
when the sequence satisfies one of the following:
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structure (i) structure (ii)

Figure 1. Extremal examples for k =4 and £ = 5.

(i) Foreach (i, j) € [£— 1] x [k — 1],

ag-ye-n+i =C—1-=)k—=1D+j+1.
(ii) Foreach (i, j)e [ —1] x [k —1],

ai-nk-n+; =G —DE-D+EL—-i)+ 1.

Note that when min(k, £) =2, the structures described in parts (2i) and (2ii) are the
same and coincide with the single structure described in part (1). Figure 1 illustrates
the structures in parts (2i) and (2ii) for k =4 and £ = 5. The two extremal examples
are (1,11,8,5,2,12,9,6,3,13,10,7,4) and (1,5,9,13,4,8,12,3,7,11,2,6,10)
respectively.

2. Proof of Theorem 4

In this section, we determine «(k, £) exactly.
Lemma 10. Fork, ¢ > 1,

ak, ) <(k-1E-1)4+2.

Proof. The statement is obviously true when min(k, £) = 1, so assume min(k, £) > 2.
Without loss of generality 7 = (1, a1, as, .. ., ax—1)«—1)+1). Consider the sequence
lai, az, ..., ag—1)@e—1)+1]. By the Erd8s—Szekeres theorem, it has either an increas-
ing subsequence of length k or a decreasing subsequence of length £. If there
is an increasing subsequence [q;,, g;,, ..., a;], then (1,4, a;,, ..., a;) forms
an increasing cyclic subpermutation of m of length k + 1. Otherwise, if there
is a decreasing subsequence [a;,, g;,, - .., a;,], then (a;,, a;,, ..., a;,, 1) forms a
decreasing cyclic subpermutation of 7 of length £ 4 1. U

Lemma 11. Fork, ¢ > 1,
ak, ) > k-1 —-1)+1.
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In particular, if min(k, £)>2and 7w =(1,ay, ..., ak—1y@—1)), where the sequence a;
is given by one of the formulas in Theorem 9 part (21) or (2ii), then w does not
have an increasing cyclic subpermutation of length k + 1 or a decreasing cyclic
subpermutation of length £ + 1.

Proof. The lemma is trivial when min(k, £) = 1. Assume min(k, ¢) >2 and 7 =
(I,a1...,ax-1ye-1), where [ay, ..., ag—1)e—1] is given by Theorem 9 part (2i);
ie., foreach (i, j) € [{—1]x [k—1], wehave a(;_1)(¢—1)+i = (L —1—=0)(k—1)+j+1.
(The example given in Figure 1 fork=4and ¢ =5is7 =(1,11,8,5,2,12,9,6, 3,
13,10, 7, 4).) The other case can be handled analogously.

We claim 7 does not have an increasing cyclic subpermutation of length £ + 1
nor does it have a cyclic subpermutation of length £ + 1. Starting from a;, we can
partition the sequence A =[ay, ..., ag—1)¢—1)] into k — 1 decreasing subsequences
Dy, ..., Dy_1, each consisting of £ — 1 consecutive elements of the original se-
quence. In particular, D; = [a;, as+1, ..., @rre—2], where t = (i —1)(¢ — 1)+ 1. In
Figure 1, this partition corresponds to [11, 8, 5, 2], [12, 9, 6, 3], [13, 10, 7, 4]. Let L
be the longest increasing cyclic subpermutation of . Suppose L = (a;,, aj,, . . ., @, ),
where a;, <a;, <--- <a;,. L and D; have at most two common elements for each i,
as the elements in D; are decreasing in A. If g;, = 1, then L can contain at most
one element from each of the D;. Since there are at most k — 1 D;’s, it follows that
L has length at most k. If a; # 1, then a;, € D; for some j € [k — 1]. In this case,
1 ¢ L. Furthermore, L can have at most two elements from D;, and at most one
element from D; for each i € [k — 1]\{j}. Thus L has length at most k.

We can also partition A into £—1 increasing subsequences Cq, ..., Cy_; of length
k—1. Inparticular, let C; =[c;, ¢;+1, ..., ci+k—2], where ¢c; =24 (i —1)(k—1). In
the example above, Cy, C,, C3, C4 would correspond to [2, 3, 4], [5, 6, 7], [8, 9, 10],
[11, 12, 13]. Similar to the analysis above, let L be the longest decreasing cyclic
subpermutation of . Suppose L = (a;,, ai, . - ., ai,), where a;, > a;, > --- > a;,.
As before, L can have at most two common elements with each C;. If a;, = 1, then
L can contain at most one element from each of the C;. Since there are at most £ — 1
C;’s, it follows that L has length at most £. If a;, # 1, observe that if for some j
L and C; have two common elements, then every other C; (i # j) can contain at
most one element from L since numbers in C; are strictly larger than all numbers
in Cy for s < t. Thus L has length at most £. U

Theorem 4 follows from Lemma 10 and 11.

3. The structure of the extremal examples in
the linear Erdos—Szekeres problem

We will first consider the linear problem; i.e., subpermutations will be linear sub-
permutations. We will emphasize this by using the vector notation a@ = [ay, . .., a,]
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when talking about linear permutations. Recall the definitions of y;, Rz, V; in
Definitions 6 and 7. It is easy to see that y; is an injective (and therefore bijective)
function, since for #; < t; we have a;, # a;, and either every increasing sequence
ending at a,, can be extended to an increasing sequence ending at a,,, or every
decreasing sequence ending at a,, can be extended to a decreasing sequence ending
at a;,. The following are immediate from the definitions and prior statements in the
lemma:

Lemma 12. Ler a € Sy 4. The following are true:

(1) Let t1, tr € [kl] such that t; < t, and deﬁne 1,1, j], j2 by )/,}(tq) = (iq, jq)
forq € [2]. If a;, < ay, then j1 < jp and if a;, > a, then iy < .

(2) Letir <iy, jo» < j1and y;(ty) = (ig, jq), where q € [2]. Then t, < t.
(3) Rz € Yy

4) Foranyi €[], j € [k], the sequence [a ylny aya_l(i’k)] is an increasing
subsequence of a and the sequence [a gy a,-1 j)] is a decreasing
subsequence of a.

6) V; €Y
(6) ¢ :Sk.e— Yo X Yo defined by ¢ (a) = (R;, V;) is an injective function

Proof. Part (1) follows from the fact thatif a;, <ay, (a;, > a;,) then any increasing (de-
creasing) subsequence of a ending at a;, can be extended to a longer increasing (de-
creasing) subsequence ending at a;,. This in turn implies (2), which gives (3). Part (2)
implies that for any i € [£], j € [k] the sequences [y‘l(i, 1), y‘l(i, 2),..., y‘l(i, k)]
and [y—'(1, ), y‘1(2, J)eeen, y‘l(ﬂ, j)] are increasing, and this together with (1)
gives (4). Part (5) follows from (4). Parts (3) and (5) give that ¢ is a well-defined
function, and it follows from the definitions that ¢ must be injective, so (6) is
true. O

The proof of Theorem 8 is finished by showing:

Lemma 13. Let R =(r;;), V = (v;;) € Y¢ x and define the sequence a=lay,...,axl
by a; = v;j if and only if t = rgy1—ij. Then a € Sgy, R =Rz and V = V.
Consequently, the function ¢ defined in Lemma 12 is a bijection.

Proof. From the fact that the entries of V (and also the entries of R) are unique, it
follows that d is a well-defined permutation of [k£]. To show a € Sk.¢, it is enough to
show that a does not have an increasing subsequence of length k + 1 or a decreasing
subsequence of length £ + 1. Assume to the contrary that [a;, ..., a,,,] is an
increasing subsequence of length k + 1 of a. For each ¢ € [k + 1] define (ig4, j,) by
a;, = vj,j,- By the pigeonhole principle there is a g1 < g2 such that j,, = jg,. Since
VeYor, ty, <ty, and a;, < ay,, this implies iy, <ig,, 0+ 1—iy > L+ 1—1ig,,
which together with R € Y , gives 1, > 1,,, a contradiction. The statement that
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9,11,12,6,3,8,1,10,5,7,2,4) 9,6,3,1,11,12,8,10,5,7,2,4)

Figure 2. Two examples of extremal sequences for the linear
Erd6s—Szekeres theorem for k = 4 and £ = 5 with distorted grid
representation. They have the same valuation but different ranking.

a does not have a decreasing subsequence of length £ + 1 follows similarly, so
a € Sy . Fix an i € [£] and define the sequence f=1It,..., % by t, = r; 4. Since
R € Yk, we know 7 is an increasing sequence. Moreover, since Ar, = Vetl-ig
and V € Yy, we know [a,,, ..., a,] is an increasing subsequence of a. Similarly
for any j € [k] define w = [wy, ..., w¢] by w, =1y j; then W is increasing and
[dw,s - - - » aw,] is a decreasing subsequence of a. This implies that for each i € [£]
and j € [k], we have y;(r; j) = (i’, j'), where i’ > i and j' > j. Since both y;
and y are bijections from [k{] to [£] x [k], we get that y;(r; ;) = (i, j) and so
rij = ya_l (i, j). Thus we obtain R = Rj;. Since for V; = (vl’.'j) we have by definition
vy, = aygl(ﬁ—l— 1—i,j)=ay,,_,, =vij, we obtain V = V;. So ¢(a) = (R, V);
therefore ¢ is surjective, which together with Lemma 12 part (6) gives that ¢ is a
bijection. U

We remark that similar ideas appear in [Aube et al. 2007] to find the longest
increasing subsequence of a sequence. Fix k, £ > 1 and set n = k€. Note that the
results above imply that if we represent the sequence a@ = [ay, ..., a,] as the set of
n points (¢, a;) and connect two points (¢1, a;,) and (t2, a;,) precisely when y;(#1)
and y;(t;) agree in one of the coordinates and differ by 1 on the other, then we
get a (potentially somewhat distorted) £ x k grid where the slope of the line from
1 to 1, is positive exactly when y;(f;) agrees with y;(#1) on the first coordinate,
and negative otherwise. The grid may be distorted in the sense that it is formed by
quadrangles that are not necessarily rectangles and are not necessarily isomorphic,
and the grid “balances on one of its corners”; in fact it balances on the grid-point
indexed by (£+ 1, 1) with sequence value 1. Indeed, any sequence [ay, ..., a,] that
is a permutation of [n] is in Sk ¢ precisely when such a grid can be fit on its n-point
representation in the plane (where the corner on which the distorted grid balances
is the grid-point (£ 4+ 1, 1) and has height 1). See Figure 2 for an illustration.
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4. The structure of the extremal examples in
the circular Erdos-Szekeres problem

We devote this section to the proof of Theorem 9. The statement is obvious when
min(k, £) = 1, so we assume that min(k, £) > 2. For this case we have shown in
Lemma 11 that the structures described in Theorem 9 are all in Cy ¢; the proof of
Theorem 9 is finished by showing that these structures are the only elements of Cy ;.
Moreover, since any cyclic permutation of length at least 3 that is not the increasing
(decreasing) permutation contains a decreasing (increasing) subpermutation of
length at least 3, the statement follows when min(k, £) = 2. So it is enough to focus
on the case when min(k, £) > 3.

We will define Czﬁ ¢ as the set of those sequences in Sy_1 ¢ that, taken as cyclic
permutations have no increasing cyclic subpermutation of length £ + 1, and no
decreasing cyclic subpermutations of length £+ 1. For the ease of reference, given a
sequence p € C}.e we will use p to denote the cyclic permutation corresponding to 0.

As an increasing (decreasing) cyclic subpermutation of a cyclic permutation
either starts (ends) with 1 or does not contain 1, the following is obvious:

Lemma 14. Let k, { € 7 with min(k, £) > 2. Then (1,ay, ..., a(k_l)(g_l)) € Ck,g
ifand only lf [a1 — 1, ay — 1, e Q=1 (0=1) — 1] € C;Z

By the above lemma, to characterize the extremal examples in the cyclic Erd&s—
Szekeres theorem it is enough to determine Cj ,. The proof of Theorem 9 is
concluded by showing:

Lemma 15. Let k, £ € Z with min(k, £) > 3 and ,5 =lay,..., Cl(kfl)(gfl)] € CZE
Then we have one of the following:

(1) Fori e[£—1]and j € [k—1], we have aj—1y—1)+i = € —1—=i)(k—1)+j.
(2) Forie[t—1]and j € [k—1],we have ai_1)k—1)+; =(— DU =1+ —10).

Proof. Let 5 =lay,..., a(k_l)(z_l)] € C;’[ C Sk—1,¢—1. For shortness, we will
use y for y;. For each i € [£ — 1], define the sequence C; = [c; 1, ..., ¢i 1] by
Ci,j = ay-1(,jy and for each j € [k — 1], let D; =[c1,j,¢2,j, ..., ce—1,j]. Clearly,
Ci,...,Ce_yand Dy, ..., Dy partition the elements of o5. By Lemma 12 part (4)
the C; are increasing and the D; are decreasing subsequences of p. As p € Ci.eo
the cyclic permutation p does not have an increasing cyclic subpermutation of
length k 4+ 1 or decreasing cyclic subpermutation of length £ 4 1. We have two
possibilities.

Case I: y~l(¢—1,1) <y~ (1, k—1).
As for each j € [k — 1], D; is an decreasing subsequence of p we get

Ay=1(1,j) = Qy=12,j) = "+ = Ay=1(¢—1,j)-
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Using this for j € {1, k — 1}, we have that for each i € [¢ — 2]

(Cl,kfla Cok—1s > Cl—ik—15Cl—i—1,1,Cl—i15 -+, Ckfl,l)

is a cyclic subpermutation of length £ + 1 of the cyclic permutation p. Since this
cannot be a decreasing subpermutation, we must have c¢,—; -1 < cg—j—_1.1. Let
i*e[£—i—1]and j € [k —1]. As D; is decreasing and C;- is increasing, we have
Co—ik—1 < Cp—i—1,1 < cj»1 < ¢+ j and consequently c¢—; x—1 < (k — 1)i. Using that
Cy¢—; 1s increasing, induction on i gives that ¢,—; j =a,-1—; jy = (@ —D(k—1)+ .

Since Cy and C,_ are both increasing subsequences of o and Cy_ contains the
smallest k — 1 elements of [(k — 1)(£ — 1)], we must have for each j € [k — 2] that
vy~ ', j+1) >y~ -1, )); otherwise

(CZ—I,j, Cf—],j-‘rl’ D) C[—l,k—]v c],lv C],Za ceey C]’j+])

would form an increasing cyclic subpermutation of length k£ + 1 of p. Using the
fact that D; is a subpermutation and induction on j, for each j € [k — 1] we get
y =i )= -De—-D+e—i.

Combining these we must have fori € [ —1] and j € [k —1] that a(;_1)e—1)+i =
(€—1—1i)(k—1)+ j, giving case (1) of this lemma.

Case 2: y ' =1, 1) >y~ ', k—=1).
As before, we get that for each j € [k — 2] the sequence

(Cl=1,1,Cl=1,25 ++ s Cl—1k—j» CLk—j—1> ClLk—j» -+ » » C1k—1)

is a cyclic subpermutation of length k + 1 of p, and as it cannot be increasing, we
have ¢;_1 x—j > ¢1x—j—1. Using the same logic as in Case 1 we obtain for each
je€lk—1]andi e[l —1]thata,1; ;)= —DE—1)+ € —i).

Again, for each i € [ — 1] we have y ~'(i + 1, 1) > y~1(i, k — 1); otherwise

(Cik—1» Cidplh—Ts s CleTk—15C1,1,C21s -5 Cit1,1)

forms a decreasing cyclic subpermutation of length £ + 1 of p. We obtain that
y~1G, j)= (@ —1)(k—1)+ j. Combining these we must have fori € [¢{—1] and j €
[k —1] that ai—1HE—-+j = (j—D®—1)4+(—1i), giving case (2) of this lemma. [J

For k, £ >2, setn = (k—1)(£—1) and consider the sequence p =1, ay, ..., a,];
i.e., use the sequence representation of the cyclic permutation of p that starts with 1.
It is worth noting that p € Cy ¢ precisely when taking the n 4 1 points representing
o in the plane and putting in the grid lines corresponding to [a; — 1, ..., a, — 1]
described in the end of the previous section to the n points of the form (i, @;), they
form a nondistorted grid, i.e., a grid with rectangles (and not just quadrangles)
that are of the same size (in fact, the ratio of the side length of each rectangle is
(k—1)/(€ — 1)), and the point (1, 1) lies on either the first or the last line with
positive slope, as in Figure 1.
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