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Let (T, m) be a complete local (Noetherian) domain such that depth7 > 1. In
addition, suppose T contains the rationals, |7'| =|T /m/|, and the set of all principal
height-1 prime ideals of T has the same cardinality as 7. We construct a univer-
sally catenary local unique factorization domain A such that the completion of A
is T and such that there exist uncountably many height-1 prime ideals q of A such
that (T /(qNA)T ), is a field. Furthermore, in the case where T is a normal domain,
we can make A “close” to excellent in the following sense: the formal fiber at every
prime ideal of A of height not equal to 1 is geometrically regular, and uncountably
many height-1 prime ideals of A have geometrically regular formal fibers.

1. Introduction

One important area of study in commutative algebra is completions of local rings.
Many mathematicians have worked to characterize the completions of certain classes
of rings. For example, Heitmann [1993] found surprisingly weak necessary and suffi-
cient conditions for a ring to be the completion of a local unique factorization domain
(UFD), and Loepp [2003] characterized the completions of local excellent integral
domains of characteristic zero. The question of when a ring is the completion of an
excellent UFD, the natural extension of these two results, is still open. Bryk et al.
[2005] obtained a partial result by constructing what they term “almost excellent
UFDs”. Boocher et al. [2010] also attempted to characterize the completions of
excellent UFDs and arrived at several necessary conditions for the construction.
One technique for studying the relationship between a ring and its completion is
to use the formal fibers, which encode information about the prime ideals of the ring.

Definition 1.1. Let A be a local (Noetherian) ring and let A denote the completion
of A with respect to its maximal ideal. For a prime ideal p of A, the formal fiber of
A at p is given by the set Spec(A ®ak(p)), where k (p) is the residue field Ay /pA,.
For a local domain A, the generic formal fiber of A is the formal fiber of A at the
zero ideal, which is the set Spec(fi ®4 K), where K is the quotient field of A.

MSC2010: primary 13F15, 13F40; secondary 13B35, 13J10.
Keywords: completions of local rings, excellent rings, unique factorization domains.

165


http://msp.org
http://msp.org/involve/
http://dx.doi.org/10.2140/involve.2020.13-1
http://dx.doi.org/10.2140/involve.2020.13.165

166 SARAH M. FLEMING AND SUSAN LOEPP

It is also possible to characterize the formal fibers in terms of the prime ideals of
Aand A. Let ¢ : Spec A— Spec A be the map that sends a prime ideal q € Spec A
to qN A. There is a one-to-one correspondence between the inverse image of an
ideal p under this morphism and the elements of Spec(A R4k (p)): the prime ideals
of Spec(A ®a Kk (p)) are of the form q ®4 « (p) where gN A = p.

Our ultimate goal is to characterize the completions of excellent UFDs, but in
order to break this problem down into a more manageable one, we consider what it
means for a ring to be “close” to excellent. In order for a ring A to be excellent, all
of its formal fibers must be geometrically regular. What if there were a way to get
“most” of the formal fibers of A to be geometrically regular?

We first work towards getting a large number of the formal fibers of A at
height-1 prime ideals to be geometrically regular—in fact, uncountably many.
More specifically, we pose the following question, letting § denote the set of
principal height-1 prime ideals of 7.

Question 1.2. Let T be a complete local domain that contains the rationals. When
does there exist a local universally catenary UFD A such that A = T and there is
an uncountable subset 8’ of 8 such that

(1) if g€ 8, then gN A # (0),
(2) ifq,q € 8 withq# ¢, then qNA #q' N A, and
(3) if q € &, then the formal fiber of A at q N A is geometrically regular?

Letting m denote the maximal ideal of 7, we prove that, if dim 7' =2, depth T > 1,
and |T| = |T /m| = |8], then there does exist a universally catenary UFD A whose
completion is 7 that satisfies the above conditions. If dim 7" > 2, then we prove that
there exists a universally catenary UFD A with A =T that satisfies conditions (1)
and (2) and a weaker version of (3): if q is in &', then (7/(qN A)T ), is a field. Our
construction is a first step towards constructing an excellent UFD; however, we
have no control over (i) the generic formal fiber or (ii) the formal fibers at prime
ideals of A of height greater than 1.

If we assume T is a complete local normal domain containing the rationals with
depthT > 1 and |T| = |T /m| = |8|, then we show there exists a local universally
catenary UFD A where A = T and such that A satisfies conditions (1), (2), and (3),
along with the additional condition that the formal fibers of A at every prime ideal
of height not equal to 1 is geometrically regular.

Thus, given a complete local normal domain 7" containing the rationals where
depthT > 1 and |T| = |T/m| = |8|, we construct a local universally catenary
UFD A with completion T that is “close” to excellent; “close” in the sense that A
is universally catenary and the formal fiber at every prime ideal — except perhaps
uncountably many height-1 prime ideals —is geometrically regular. Further, we
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construct A so that the formal fibers at uncountably many of the height-1 prime ideals
of A are geometrically regular. This is a new result, as previously, mathematicians
have only been able to construct UFDs with countably many of the height-1 prime
ideals having geometrically regular formal fibers; see [Boocher et al. 2010].

2. Preliminaries

In this paper, all rings are assumed to be commutative with unity and local rings
are assumed to be Noetherian. If a ring has exactly one maximal ideal, but is not
necessarily Noetherian, we say it is quasilocal. Often, we denote a quasilocal ring R
with maximal ideal m by (R, m). We recall the definition of geometrically regular
and what it means for a local ring to be excellent.

Definition 2.1. Let £ be a field, and let B be a Noetherian k-algebra. Then B is
called geometrically regular over k if, for every finite field extension k C L, the
ring B ®y L is regular.

Definition 2.2. A local ring A is excellent if it satisfies the following conditions:

(1) A is universally catenary.

(2) The formal fibers of A are geometrically regular; that is, for every p € Spec A,
the ring A ® 4 L is regular for all finite field extensions L of « (p).

Theorem 31.7 in [Matsumura 1986] states that, if A is a local ring, then it is
formally catenary if and only if it is universally catenary. In addition, if A is a
domain, formally equidimensional and universally catenary are equivalent, so a
domain A is universally catenary if and only if its completion 7 is equidimensional
by Theorem 31.6 in [Matsumura 1986]. Therefore, in order for a ring 7T to be the
completion of a universally catenary domain, 7 must be equidimensional.

To show that the formal fibers of A are geometrically regular, it is enough to
consider purely inseparable finite field extensions L of « (p) for every p € Spec A.
If A contains the rationals, then «(p) is a field of characteristic zero for every
p € Spec A, so the only purely inseparable finite field extension of «(p) is k()
itself. Thus, if A contains the rationals, we need show only that the ring AQuk (p)
is geometrically regular for every p € Spec A.

Furthermore, if A contains the rationals, it is sufficient to show that, for every
p € Spec A, if q € Spec A and qN A =p, then (A/pA)q is a regular local ring. This
is a much easier definition to work with than the tensor product definition, and it is
the definition we use since our A contains the rationals.

We now establish several necessary conditions for a ring T to be the completion
of an excellent local UFD A. For the rest of this section, let A denote an excellent
local UFD. We begin with:
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Theorem 2.3 [Heitmann 1993, Theorem 1]. Let R be an integrally closed local
domain. Then no element of the prime subring of R is a zero divisor in R. Moreover,
R is either a field, a discrete valuation ring, or a ring with depth at least 2.

In order for a complete local ring T to be the completion of an excellent local
UED, T, of course, must be the completion of a UFD. Note that unique factorization
domains are integrally closed. Thus, if 7" has Krull dimension at least 2, then, by
Theorem 2.3, it must have depth at least 2. In addition, 7 must satisfy the condition
that no element of the prime subring of T is a zero divisor.

Since we know that the completion map is faithfully flat and regular if A is
excellent, A is normal if and only if A is normal. Since A is a UFD, it is normal.
Thus, if T is the completion of an excellent local UFD, it must be normal.

Furthermore, we have already established that a domain is universally catenary
if and only if it is formally equidimensional; thus if A is an excellent domain, A
must be equidimensional. So for T to be the completion of an excellent local UFD,
T must be equidimensional.

To summarize, suppose 7" has Krull dimension at least 2 and is the completion
of an excellent local UFD. Then the following statements must be true:

(1) No element of the prime subring of T is a zero divisor in 7 and depth 7" > 1.
(2) T is normal.

(3) T is equidimensional.

Because of these necessary conditions, we often assume that 7" satisfies the above
three conditions.

Given such a complete local ring 7, we now discuss how we construct an “almost
excellent” local UFD A whose completion is 7. Our general construction is as
follows: we start with a localization of the prime subring of T and then build up
intermediate subrings, adjoining generators of prime ideals in 8, the set of principal
height-1 prime ideals of 7, along the way. Here we present, without proof, several
lemmas we use throughout our construction.

First, we must show that the completion of the subring we construct is in fact 7.

In order to show that the constructed subring is Noetherian and has completion 7,
we use the following lemma.
Lemma 2.4 [Heitmann 1994, Proposition 1]. Let (R, mNR) be a quasilocal subring
of a complete local ring (T, w). If R — T /m? is surjective, and if aT N R = a
for every finitely generated ideal a of R, then R is Noetherian and the natural
homomorphism R— Tisan isomorphism.

Lemma 2.5 yields restrictions on the cardinality of the constructed subrings.

Lemma 2.5 [Charters and Loepp 2004, Lemma 2.2]. Let (T, m) be a complete
local ring of dimension at least 1. Let p be a nonmaximal prime ideal of T. Then
IT/pl = 1T| = 2%.
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Throughout the construction, we adjoin infinitely many elements of 7" to interme-
diate subrings while preserving cardinality properties and properties of certain prime
ideals. (We elaborate on these properties in the following section.) Lemmas 2.6
and 2.7 from [Heitmann 1993] allow us to do so by avoiding certain cosets of
certain prime ideals. Lemma 2.6 deals with the situation where the number of prime
ideals to avoid is countable, whereas Lemma 2.7 is for avoiding uncountably many
prime ideals.

Lemma 2.6 [Heitmann 1993, Lemma 2]. Let (T, m) be a complete local ring and

let D be a subset of T. Suppose C is a subset of T such that m & C, and suppose a

is an ideal of T such that a L p for all p € C. If C and D are countable, then
a,@U{t+p|teD,peC},

where t + p denotes the coset of pin T; that is, t +p ={t +x | x € p}.

Lemma 2.7 [Heitmann 1993, Lemma 3]. Let (T, m) be a local ring and let D be a
subset of T. Suppose C is a subset of T and a is an ideal of T such that a € p for
allp e C. If |C x D| < |T/m|, then

aZU{H—plteD,peC}.

The following lemma from [Loepp 1997] allows us to adjoin generators of
principal prime ideals of T to intermediate subrings. (We require only a weaker
version of this statement.)

Lemma 2.8 [Loepp 1997, Lemma 4]. Suppose (T, m) is a local ring with infinite
residue field. Let C| and C, be subsets of T and let u, w € T such that u & p for
every p € Cy and w & q for every q € Cy. Also, suppose D\ and D, are subsets
of T. If |C1 x Dy| < |T/m| and |Cy x Dy| < |T/m|, then there exists a unit x € T
such that

ux ¢| Jit+plteDipeC} and wx™'g| Jit+plte Dy peCy).

3. The construction
We follow closely the construction of a UFD in [Heitmann 1993], so several lemmas
and definitions are taken directly from that work.

Definition 3.1. Let (7', m) be a complete local ring, and let (R, RMNm) be a quasilo-
cal unique factorization domain contained in 7" satisfying the following:

(1) |R| < sup(Rg, |T/m|) with equality only if T /m is countable.
(i) gNR=(0) forall qe AssT.
(iii) If t € T is regular and q € Ass(T/tT), then ht(qN R) < 1.
Then R is called an N-subring of T.
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We construct “good” ring extensions of N-subrings inside 7" by adjoining ele-
ments, using the techniques and terminology from [Heitmann 1993], so that the
eventual result is a UFD.

Definition 3.2. If R and S are N-subrings of T with R C §, we say that S is an
A-extension of R if

(i) prime elements of R are prime in S, and
(ii) [S] < sup(Ro, [R]).

We now mimic Heitmann’s construction of a UFD that has completion 7, adding
on additional steps that guarantee that our UFD satisfies the additional conditions
(1)—(3) of Question 1.2. We start with a lemma from [Heitmann 1993]. Since
several of our later proofs will be based on the proof of Lemma 3.3, we include a
detailed proof of the lemma here.

Lemma 3.3 [Heitmann 1993, Lemma 5]. Ler (T, m) be a complete local ring with
depth T > 1, let R be an N-subring of T, and let t € T. Then there exists an infinite
A-extension S of R such that t +m? € Image(S — T/m?).

Proof. Note that this proof is taken almost directly from the proof of Lemma 3.5 in
[Fleming et al. 2019]. Let

C={peSpecT |peAss(T/rT)withO#r € R}UAssT.

Since depth T > 1, we have m ¢ C, so m? ¢ p for every p € C. For every p € C, define
a subset D) of T: Dy is to be a full set of distinct coset representatives u in T for
those cosets u +p in T'/p such that (u +1) +p € T /p is algebraic over R/(p N R).
(Note that the map R/(pN R) — T /p is an injection, so this language makes sense.)
Set D = J,cc Dp)- If R is countable, then C is countable, and therefore D is also
countable. Otherwise, |R| < |T/m| and so |C x D| < |T/m|. By Lemma 2.6 if R
is countable and by Lemma 2.7 otherwise, choose x € m? such that (x +1) +p is
transcendental over R/(p N R) for all p € C. Define R' = R[x + tlmnR[x41]- We
claim that R’ is an N-subring. In fact, R’ is an A-extension of R.

Suppose p € C. We show that pN R" = (p N R)R’. Since R’ = R[X + tlmnR[x+1]»
elements of p N R’ are of the form uf, where u € R’”* is a unit and f € R[x +1].
Since u is a unit, this gives us that f € p. We can treat f as a polynomial in x +¢
over R. Because x +¢ + p is transcendental over R/(p N R), each of the coefficients
of f mustbe in pN R. Then f € (p N R)R[x +¢] and uf € (p N R)R'. Therefore,
pN R C (pN R)R". The opposite containment is clear; thus, we have equality.

Since R is a UFD and x + ¢ is transcendental over R, it follows that R[x +¢] is a
UFD. Any localization of a UFD is a UFD, so R’ is also a UFD. In creating R’, we are
simply adjoining a transcendental element and localizing; thus, |R’| = sup(Ro, |R])
and R’ satisfies condition (i) of Definition 3.1. Suppose q € Ass T. Then, since R
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is an N-subring, we have qN R’ = (qN R)R’ = (0), so R'satisfies condition (ii) of
Definition 3.1.

Let p € Ass(T/rT) for some regular r € R. First suppose p N R = (0). Then,
in R;m g = Rlx + tlpnr[x+1, all nonzero elements of R are units, so R;m R 1S
isomorphic to k[ X] with additional elements inverted where k is a field and X is an
indeterminate. Therefore, dim R{m & < 1and we have ht(p N R’) < 1.

Now suppose pN R =a R for some nonzero a € R. By Theorem 6.2 of [Matsumura
1986], we know that p € Ass(T/rT) if and only if pT, € Ass(T,/rT,). Thus pT,
consists of zero divisors of 7, /rT,, and T,/rT, consists only of zero divisors
and units. Therefore, T,,/rT, has depth zero, and since a € R is regular and
in p, we know T, /aT, must also have depth zero. Then pT}, consists only of zero
divisors of T,/aT,, so pT, € Ass(T,/aTy,). Thus p € Ass(T/aT) and p € C, so
pNAR ' =(pNR)R =aRr.

We now show that any principal prime ideal of R’ must have height at most 1.
Suppose that there exists some prime ideal q of R’ such that (0) € q C aR". We show
that g = (0). Let y € q. Then y = ar; for some r| € R'. Since q C aR’, we must have
a € q. Thus r; € ¢ C aR’, so we can write ry as r; = ar; for some r, € R". Again,
since a ¢ q but r| € q, we must have r, € ¢ C aR’, so we can write r as r, = ars3.
This gives us that y = ar| = a’r» = a*r3. Continue this process. Looking in T, we
have y € ﬂ:’il a'T; however, since T is Noetherian, we know that ﬂfi 1 a'T = (0).
Therefore, y = 0 and q = (0), so the only prime ideal that a R’ contains is the zero
ideal. Thus ht(aR’) < 1.

We have thus shown that R’ is an N-subring; to show it is an A-extension of R,
we must simply demonstrate that the cardinality condition is satisfied and that
prime elements of R remain prime in R’. The cardinality condition is satisfied
since |R’| = sup(Ro, |R|). Furthermore, since x + is transcendental over R, prime
elements of R remain prime in R’, and S = R’ is our desired A-extension. (]

We have shown that, for an element ¢ € T, there exists an A-extension S of an
N-subring R such that ¢ +m? is in the image of the map from S to T/m? In our
construction, we apply this lemma infinitely often in order to make the map from
our final subring A to T/m? a surjection.

For the stronger case of our theorem, we make the formal fibers geometrically
regular at prime ideals q of T of height greater than or equal to 2. To do so, we
make the map from A to T/q a surjection, and we use a similar lemma with the

change that we consider q rather than m.

Lemma 3.4. Let (T, m) be a complete local normal domain, let R be an N -subring
of T, and let t € T. Suppose q is an ideal of T such that htq > 2. Then there exists
an infinite A-extension S of R such that t + q € Image(S — T/q). Moreover, if
t € q, we have qN S # (0).
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Proof. The proof of this lemma is similar to the proof of the previous lemma. Let
C={peSpecT |peAss(T/rT)withO#r € R}UAssT,

and for all p € C, let D(y) be a set of coset representatives of the cosets u +p € T /p
that make u + + p algebraic over R/(pNR). Let D = J,cc Dip)-

We note that, since T is a domain, the only associated prime ideal of T is the
zero ideal. Thus q ¢ Ass T. Since T is normal, it satisfies Serre’s (S;) condition,
and furthermore, T is a normal domain, so (S,) is equivalent to every prime divisor
of a nonzero principal ideal having height 1. Therefore, all elements of Ass(7/rT)
for all 0 # r € R have height 1. Since q has height strictly greater than 1, g cannot
be contained in any element of C. We thus apply Lemma 2.6 if R is countable and
Lemma 2.7 otherwise to choose x € q such that x 4 ¢ + p is transcendental over
R/(pNR) forall p e C. Define S = R[x + tlmnr[x+]- Using the same proof as in
the previous lemma, S is an A-extension of R.

We now must show that, if ¢ € q, we have qN S # (0). Suppose ¢ € q. Then
x 41t € § for some x € q that makes x + ¢ 4 p transcendental over R/(p N R) for all
p € C. Since x +t 4 p is transcendental, x 4+t # 0. Therefore, x + ¢ is a nonzero
elementof q,s0 0 #x+teqnNSand gNS # (0). ]

Given a complete local domain 7, we want to adjoin the generators of infinitely
many principal height-1 prime ideals of T to an N-subring R of T. To do so, we
suppose that a prime ideal pT of T has zero intersection with an N-subring R and
show that there exists an A-extension of R that contains a generator of pT.

Lemma 3.5. Let (T, m) be a complete local domain of dimension at least 1 such
that |T /m|=|T|. Let R be an N-subring of T, and let p be a nonzero prime element
of T such that pT N R = (0). Then there exists an A-extension S of R such that
pT NS = pus§ for some unitu € T.

Proof. Let
C={peSpecT |peAss(T/rT)withO#r € R}UAssT.

For this proof, as in the proof of Lemma 3.3, each p € C corresponds to a subset Dy,
of T. Here Dy is a full set of distinct coset representatives u in T for those cosets
u+p such that (pu)+p € T /p is algebraic over R/(pN R). Define D = UpeC D).
By Lemma 2.5, T is uncountable, and so 7'/m is also uncountable. It follows that
|C x D| < |T /m|. Furthermore, we know that pT ¢ C: pT cannot be an associated
prime ideal of T because it has height greater than zero, and p7T cannot be an
associated prime ideal of 7/rT for some nonzero r € R because pT N R = (0).
Therefore, we can use Lemma 2.8 to find a unit # € T such that

pug| Jt+plteD,pec)



ALMOST EXCELLENT UNIQUE FACTORIZATION DOMAINS 173

We claim that S = R[pulmng[pu) 1S an N-subring. Parts of this proof mimic the
proof of Lemma 3.3.

Suppose p € C. As in the proof of Lemma 3.3, elements of p N S are of the
form vf where v € §* is a unit and f € R[pu]. Since v is a unit, this gives
us that f € p. Note that f is a polynomial in pu over R. Because pu + p is
transcendental over R/(p N R), each of the coefficients of f must be in pN R. Then
fe@NR)R[pu] and vf € (p N R)S. Therefore, pNS C (pN R)S. The opposite
containment is clear; thus, we have equality.

We now show that S is an N-subring. Since R is a UFD and pu is transcendental
over R, we have that R[pu] is a UFD; furthermore, any localization of a UFD is a
UFD, so S is also a UFD. The ring § satisfies the cardinality condition by the same
argument as in Lemma 3.3: since we are adjoining a transcendental element and
localizing, we have |S| = sup(Rg, |R|). Furthermore, if q € Ass T, then q € C so
we have NS =(qNR)S = (0).

It remains to show that, for all regular » € R we have that p € Ass(7T'/rT) satisfies
ht(p N S) < 1. This part of the proof follows exactly the proof of Lemma 3.3. Thus
S is an N-subring. Furthermore, since we are adjoining a single transcendental
element, prime elements of R remain prime in S. Thus S is in fact an A-extension
of R.

Clearly, puS € pT N S. Suppose f € pT N R[pu]. Then

f=r(pw)" +---+ri(pu)+ro

for some r; € R. Since f € pT, we have ro € pT andsorg € pT N R = (0). It
follows that f € (pu)R[pu] and we have pT N R[pu] € (pu)R[pu]. Therefore,
pT NS C (pu)S and we have pT NS = puS as desired. ([l

In order to ensure that our final subring A is Noetherian and has completion 7,
we must close up all finitely generated ideals. In other words, if a is a finitely
generated ideal of A, we must show that a7 N A = a. This will allow us to use
Lemma 2.4. The next two lemmas will help us close up finitely generated ideals.

Lemma 3.6 [Heitmann 1993, Lemma 4]. Let (T, m) be a complete local ring, and
let R be an N-subring of T. Suppose c € R, and let a be a finitely generated ideal
of R with c € aT. Then there exists an A-extension S of R such that ¢ € aS.

Once we have our chain of intermediate subrings, we take their union to produce
our final subring A. The following lemma helps us control this union.

Lemma 3.7 [Heitmann 1993, Lemma 6]. Let (T, m) be a complete local ring and
let Ry be an N-subring of T. Let Q be a well-ordered set with least element O and
assume either Q2 is countable or, for all @ € Q, we have |{B € Q| B < a}| < |T/m]|.
Suppose {Ry | « € Q} is an ascending collection of rings such that, if « is a limit
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ordinal, then R, = Uﬂ<a Rg, while if a = B+ 1 is a successor ordinal, then R is
an A-extension of Rg.

Then S = peq Rp satisfies all the conditions to be an N-subring of T except
perhaps the cardinality condition. Instead, |S| < sup(Ro, |Rol, |<2]). Furthermore,
elements which are prime in some Rg remain prime in S.

Now we prove that, given an N-subring R of 7, there exists an A-extension S
of R that satisfies all of the conditions we need our final subring A to satisfy.

Lemma 3.8. Let (T, m) be a complete local domain with depth T > 1 such that
|T/m| = |T|, and let R be an N-subring of T. Let p be a nonzero prime element
of T such that pT N R = (0), and let t +m* € T /m> Then there exists an infinite
A-extension S of R such that t +m? € Image(S — T/m?), pT NS = puS for some
unitu € T, and, for every finitely generated ideal a of S, we have aT NS = a.

Proof. First, use Lemma 3.5 to obtain an A-extension R’ of R such that pT N R’ =
puR’ for some unit u € T. Then use Lemma 3.3 to obtain an infinite A-extension Ry
of R’ such that r + m? € Image(Ry — T/ m?). We must now prove the statement
about finitely generated ideals. Let

Q ={(a, ¢) | ais a finitely generated ideal of Ry and ¢ € aT N Rp}.

Then |2| =|Ryl, so since |T/m|=|T| and T is uncountable, we have |2| < |T /m|.
Let O designate the initial element of €2, and well-order 2 in a such a way that it
does not have a maximal element. Then €2 satisfies the hypotheses of Lemma 3.7.
We define an increasing chain of intermediate subrings recursively with one subring
for each element of 2. We begin with Ry. If « = 8 + 1 is a successor ordinal and
B = (a, ¢) then we choose R, to be an A-extension of Rg given by Lemma 3.6 such
that ¢ € aR,. If « is a limit ordinal, define R, = Uﬂ<a Rg and set So = (e Ra-
Then by Lemma 3.7, Sy is an A-extension of Ry and if a is a finitely generated ideal
of Ry with ¢ € aT N Ry, then (a, ¢) = B for some B € 2. Then for some o > B, we
have ¢ € aR, C aSy. Thus aT N Ry C aSy.

We repeat this process to obtain an A-extension S; of So such that a7’ NSy € aS;
for every finitely generated ideal a of Sg. We continue recursively to obtain an
ascending chain So € S; C - - - such that a7 NS, € aS,+ for every finitely generated
ideal a of S,. Let S = S;. By Lemma 3.7, S is an A-extension of Sy (hence also
of R). Since we have 1 +m? € Image(Ry — T/mz) and Ry C S, we must have
t +m? e Image(S — T/m?). If a is a finitely generated ideal of S, then there must
exist some S, that contains a generating set {ay, ..., ax} for a. If c € aT N S, then
there exists some m > n such that ¢ € §,,,. Then

ce(ay,...,ap)TNS, C(ay,...,ar)Smy1 C a.
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Thus a7 NS C a. Since the reverse containment is clear, we have equality, and
aT NS = a. Furthermore, puS is a finitely generated ideal of S, so by what we
have just shown, we must have (puS)T NS = puS. But we know that (puS)T =
puT = pT since u in a unit in 7. Thus pT NS = puS, and S satisfies all the
properties in the statement of the theorem. ([

We now present the analogous lemma for the stronger case of our theorem.

Lemma 3.9. Let (T, m) be a complete normal local domain with depth T > 1 such
that |T /m|=|T|, and let R be an N -subring of T. Let p be a nonzero prime element
of T such that pT N R = (0), and let t + q € T /q for some ideal q of T of height at
least 2. Then there exists an infinite A-extension S of R such that

(1) t+q €Image(S — T/q) withqN S # (0) ift €q,
2) pT NS = pusS for some unitu € T, and,
(3) for every finitely generated ideal a of S, we have aT NS = a.

Proof. Follow the proof of Lemma 3.8 replacing the use of Lemma 3.3 with
Lemma 3.4. O

4. The main theorems

We are now ready to prove our main theorems.

Theorem 4.1. Let (T, m) be a complete local domain such that depth T > 1. Let §
be the set of principal height-1 prime ideals of T. Suppose that |T| = |T /m| = |§|
and Q C T. Then there exists a local unique factorization domain A such that
AZTand A satisfies the following conditions:

(1) A is universally catenary.

(2) There is an uncountable subset 8 of 8 such that
(@) if qe 8, thenqN A #£ (0),
(b) if q,9 €8 withq # q,then qNA £ q N A, and
(©) if qe &, then (T/(qN A)T)q is a field.

Proof. Let Q@ = T/m? be well-ordered so that 0 is its initial element and each
element of Q2 has fewer than |Q2| predecessors. Then €2 satisfies the hypotheses
of Lemma 3.7 since |T| > |T/m?| > |T/m| implies |T/m?| = |T/m|. We now
recursively define a family of rings {R, | @ € 2} satisfying the hypotheses of
Lemma 3.7.

Let Ry be @, and note that Ry is an N-subring of 7.

Whenever o =  + 1 is a successor ordinal, use Lemma 3.8 to construct an A-
extension Ry of Rg such that 8 =t+m’e Image(Ry — T/mz), pTNR, = puR,
for some unit ¥ € T and some nonzero prime element p of 7, and, for every
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finitely generated ideal a of Ry, we have a7 N R, = a. In order to do so, we must
first justify why, at each step, there exists some nonzero prime element p of T
such that pT N Rg = (0). Since |T| = |T/m|, we have |T/m| = |7 /m?|. Thus
[Rg| < |T/m2| = |T/m| = |8|. Since each element of Rg can be contained in only
finitely many height-1 prime ideals of T, there are at most | Rg| height-1 prime ideals
of T having nonzero intersection with Rg. Furthermore, we know that [Rg| > Ry
because Q C Rg. Therefore, there are at most max(Ro, |Rg|) = |Rg| elements of §
having nonzero intersection with Rg. Since [8| > |Rg|, there must exist at least one
nonzero element of 8 whose intersection with Rg is (0). Thus, at every step, there
is a nonzero prime element p of T" with the property that p7 N Rg = (0), and so the
hypotheses of Lemma 3.8 are satisfied. Therefore, we can in fact use Lemma 3.8 to
construct an A-extension R, of Rg with our desired properties.

If o is a limit ordinal, let Ry =J4_,, Rp. We claim A =, q Rq is our desired
subring.

First, we claim that A is Noetherian and A = T. By construction, the map
A — T/m? is surjective. Let a = (ay, ..., a,) be a finitely generated ideal of A,
and let x € aT N A. Then there exists an « € €2 such that « is a successor ordinal
and x,ay,...,a, € Ry. Then

xe(ay,...,ay)TNRy =(ay,...,a,)Ry C a.

It follows that a7 N A = a for all finitely generated ideals a of A. By Lemma 2.4,
we have that A is Noetherian and A = T.

By Lemma 3.7, A is a UFD, and since T is a domain, it is equidimensional, and
so A is universally catenary. Define

8 ={pT €8 | pT N A = puA for some unit u € T}.

Then, by construction, 8’ is uncountable, if q € 8, then qN A # (0), and if q, " € &’
with q 7 ¢/, then qN A # q' N A. Now we show that, if q € &, then (T/(qN A)T)q
is a field. Suppose q = pT and qN A = puA for some unit u € T. Then

(T/(qNAT)q=(T/puT)q=(T/pT)q=(T/Dq=T4/9T4

is a field. Thus the A we construct does indeed satisfy the desired properties stated
in the theorem. U

Corollary 4.2. Let (T, m) be a complete local domain such that dim T = 2 and
depth T = 2. Let 8 be the set of principal height-1 prime ideals of T. Suppose
that |T| = |T/m| = |8| and Q C T. Then there exists a local universally catenary
unique factorization domain A such that AT and A satisfies conditions (1)—(3)
of Question 1.2.
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Proof. By Theorem 4.1, there exists a local UFD A that satisfies conditions (1) and
(2) of Question 1.2 and a modified version of condition (3). Thus we need only
show that condition (3) holds. Suppose q € 8’ with q = pT. Then, N A = puA
for some unit u of 7. Since T has dimension 2, if Q is a prime ideal of T with
O NA=puA, then Q has height 1 and Q = pT = q. Therefore, in order to show
that the formal fiber of A at q N A is geometrically regular, it suffices to show that
the ring (T/(q N A)T)q is a regular local ring. By Theorem 4.1, we know that
(T/(@NA)T), is a field, and hence a regular local ring. Thus A satisfies conditions
(1)—(3) as desired. O

We now impose the condition that 7" is a normal domain so we can make the
generic formal fiber of A and all formal fibers at prime ideals of height greater
than 1 be geometrically regular.

Theorem 4.3. Let (T, m) be a normal complete local domain and depth T > 1. Let
8 be the set of principal height-1 prime ideals of T. Suppose that |S| = |T| = |T /m|
and Q C T. Then there exists a local unique factorization domain A such that
AZTand A satisfies the following conditions:

(1) A is universally catenary.

(2) If p € Spec A with the height of p not equal to 1, the formal fiber of A at p is
geometrically regular.

(3) There is an uncountable subset 8 of 8 such that
(a) if q€ 8/, then qN A # (0),
(b) if q,q9 €8 withq # ¢/, then qNA #q' N A, and
(¢) if q € &, then the formal fiber of A at qN A is geometrically regular.

Proof. Let
Q={t+qeT/q]|qisanideal of T with htq > 2}

be well-ordered so that O is its initial element and each element of €2 has fewer
than | Q2| predecessors. Then 2 satisfies the hypotheses of Lemma 3.7. Also, note
that the height of m? is at least 2. We now recursively define a family of rings
{Ry | o € 2} satisfying the hypotheses of Lemma 3.7.

Let Ry be Q, and note that Ry is an N-subring of 7.

Whenever @« = 8+ 1 is a successor ordinal, we use Lemma 3.9 to construct an
A-extension R, of Rg such that 8 =1+ q € Image(R, — T/q) with N R, # (0)
ifteq, pT "R, = puR, for some unit # € T and some nonzero prime element p
in T with pT N Rg = (0), and, for every finitely generated ideal a of R,, we have
aT N R, = a. In order to do so, we must first justify why at each step, there exists
a nonzero prime element p of T such that pT' N Rg = (0). The justification for this
is the same argument that is used in the proof of Theorem 4.1.
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If o is a limit ordinal, let Ry = (Jg_, Rp. We claim A =
subring.

The proof that A is Noetherian and A= T is the same argument that is used in
the proof of Theorem 4.1.

By Lemma 3.7, A is a UFD. Since T is a domain, it is equidimensional; hence, A
is formally equidimensional and therefore universally catenary. In addition, because
the map A — T/q is surjective for all ideals q of T of height at least 2, we claim
that the formal fibers at all prime ideals of A of height at least 2 are geometrically
regular. Let p be a prime ideal of A with height at least 2. Then, by the going down
theorem, p7 is an ideal of T of height at least 2. Because the map A — T/q is
surjective for all ideals q of T of height at least 2, we have that the map A — T/pT
is a surjection; hence by the first isomorphism theorem, we obtain A/p = T /pT.
Since p is a prime ideal of A, we know A/p is a domain, so 7/p7T is a domain.
Therefore, pT is a prime ideal of 7. In fact, as A/p is complete, p7T is the only
prime ideal of T whose intersection with A is p, so, in order to prove that the formal
fiber of A at p is geometrically regular, we need only prove that the ring (T/pT ),
is a regular local ring. Now, (T /pT),r = T,/pT, is a field, and hence a regular
local ring. This implies that the formal fiber of A at p is geometrically regular.

We now show that the generic formal fiber of A is geometrically regular. Since
Q C T, it is enough to show that (7'/(0)T), is a regular local ring for all q € Spec T
such that g N A = (0). This is equivalent to showing that 7} is a regular local ring
for all q € Spec T such that g N A = (0). Recall that a ring T satisfies Serre’s (R;)
condition if Tp is regular for all prime ideals P of 7 with height at most 1. By
Theorem 23.8 in [Matsumura 1986], since T is normal, T satisfies Serre’s (R;)
condition. Thus, for all g € Spec T with htq < 1, T} is a regular local ring. We claim
that this is enough; in other words, we claim that all elements of the generic formal
fiber of A have height at most 1. By our use of Lemma 3.9 in the construction of A,
for all prime ideals q of T with height at least 2, ¢ N A # (0); thus g cannot be in
the generic formal fiber of A. Therefore, all elements of the generic formal fiber of
A have height at most 1 and the generic formal fiber of A is geometrically regular.

Define

weq Ro 18 our desired

8 ={pT €8 | pT NA = puA for some unit u € T}.

Then, by construction, 8’ is uncountable, if q € 8/, then qN A # (0) and if g, ' € &’
with q # g, then qN A #q NA. Let q = pT € 8. Then qN A = puA for some
unit # in 7. Suppose Q is a prime ideal of T such that 0 N A = puA. We claim
O = pT = q. If the height of Q is at least 2, then, by construction, A — T/Q is
surjective, and so A/puA = T/Q. Since A is catenary, the dimension of A/puA
is dim A — 1. But the dimension of 7/Q is less than dim 7T — 1, a contradiction.
It follows that Q is a height-1 prime ideal of 7. Hence, as pT C Q, we have
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Q = pT = q. Therefore, to show that the formal fiber of A at qN A is geometrically
regular, it suffices to show that (7'/(q N A)T)q is a field. This argument is given in
the proof of Theorem 4.1. U

We present an example of a class of rings that satisfies the hypotheses of
Theorem 4.3.

Example 4.4. Let T = C[[x1, x2, ..., x|/ (x1x2 —x32), where n > 3. Then T is the
completion of a local UFD A satisfying the properties in Theorem 4.3.

Proof. We must show that T satisfies the hypotheses of Theorem 4.3. Note that T is
a complete local ring. Since (x1x, —x32) is a prime ideal of C[[xy, x2, ..., x,], T isa
domain. One can check that T is normal and depth T > 1. Now, |T'| = |T /m|=|C]|,
and we must show that |T| =|8|. Let q4 = (x; +ax;). We claim that for all nonzero
a € C, the ideal q, is prime. To prove this, consider the ring

T/qo = Cllx1, X2, . .., X/ (x1X2 — X3, q¢) = ClLx1, X2, - . ., X1/ (—0tx3 — x3).

Since —ozxg — x32 is an irreducible polynomial in C[[xy, x3, ..., x,], the ideal
(—axg — x?) is prime in C[[x1, x2, ..., x,]; hence T /q, is a domain. Therefore,

qe is a prime ideal of 7, and one can verify that q, = qg if and only if « = . We
then consider the set of prime ideals Q = {q, | @ € C and o # 0} € 8. We thus have
the following string of inequalities:

ICl =191 =8| = IT|=C]|.

Therefore, we obtain that |S| = |T'|, and so |8| = |T'| = |T/m|. We can thus apply
Theorem 4.3 to T. ]
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