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Each series
∑
∞

n=1 an of real strictly positive terms gives rise to a topology on N=

{1, 2, 3, . . . } by declaring a proper subset A⊆N to be closed if
∑

n∈A an<∞. We
explore the relationship between analytic properties of the series and topological
properties on N. In particular, we show that, up to homeomorphism, |R|-many
topologies are generated. We also find an uncountable family of examples
{Nα}α∈[0,1] with the property that for any α < β, there is a continuous bijection
Nβ→ Nα , but the only continuous functions Nα→ Nβ are constant.

1. Introduction

Consider a series
∑
∞

n=1 an whose terms are strictly positive real numbers. For any
A⊆N= {1, 2, 3, . . . }, we will use the notation

∑
A an as a shorthand for

∑
n∈A an .

If A1, A2 ⊆ N are chosen so that
∑

A1
an <∞ and

∑
A2

an <∞, then∑
A1∪A2

an ≤
∑
A1

an +
∑
A2

an <∞.

Further, if
∑

A an <∞ and B⊆ A, then
∑

B an ≤
∑

A an <∞. Thus, the collection{
A :
∑

A an <∞
}
∪{N} forms a topology of closed sets on N. We use the notation

Nan to refer to N equipped with this topology.
If one does not include N in the topology, then one obtains an ideal of sets I ⊆

P(N), called a summable ideal. Summable ideals have been studied considerably
by set theorists (see, for example [Flašková 2008; Hrušák 2011; Katětov 1968;
Kwela and Tryba 2017; Mrożek 2016]), but do not seem to have been considered
from the topological perspective before.

One focus of our paper is to relate analytic properties of the series with some of
the usual basic topological properties. For example, we can characterize when Nan

is connected.

Theorem 1.1. The series
∑

N an diverges if and only if Nan is connected.
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Likewise, we have a characterization of compactness.

Theorem 1.2. The series
∑

N an has inf{an}> 0 if and only if Nan is compact.

Another focus of this paper is on continuity of maps to and from an Nan . We first
establish that continuous maps between an Nan and a “nice” topological space are
constant, unless Nan is discrete. More specifically, we prove the following theorem.

Theorem 1.3. If X is compact, connected, and Hausdorff , or X is path-connected
then any continuous map f : X → Nan is constant. If Y is metrizable and

∑
N an

diverges, then any continuous function f : Nan → Y is constant.

We also investigate continuous maps Nan → Nbn . Our main theorem finds
sufficient conditions for Nan and Nbn to have distinct homeomorphism types.

Theorem 1.4. Suppose
∑

N an and
∑

N bn are both series consisting of positive
terms and assume limn→∞ an = limn→∞ an/bn = 0 and that

∑
N bn diverges. Then

Nan and Nbn are not homeomorphic.

By considering an = 1/n p and bn = 1/nq for 0 ≤ p < q ≤ 1, we show, as a
simple corollary, that this theorem gives |R|-many homeomorphism types among
the Nan .

In fact, Theorem 1.4 can be strengthened in the case where an = 1/n p and
bn = 1/nq for p ∈ [0, 1], p < q .

Theorem 1.5. Suppose 0≤ p ≤ 1 and p < q. Then the only continuous functions
N1/n p → N1/nq are constant.

Often when initially learning topology, one questions whether a continuous bijec-
tion is necessarily a homeomorphism. Of course, there are simple counterexamples
to this conjecture, e.g., eiθ

: [0, 2π)→ S1, but Theorem 1.5 provides an interesting
uncountable family of counterexamples: the identity function N1/nq → N1/n p

is a continuous bijection, but the only continuous functions N1/n p → N1/nq are
constants.

We also find an interesting uncountable family of spaces with diversity one. Recall
that a topological space is said to have diversity one or to have homeomorphic open
sets if any two nonempty open sets are homeomorphic. Such topological spaces
have been previously studied [Rajagopalan and Franklin 1990], under the added
restriction that the underlying topology is Hausdorff.

Theorem 1.6. Suppose inf{an} = 0 and
∑

N an diverges. Then every nonempty
open subset of Nan is homeomorphic to Nan .

Theorems 1.4, 1.5, and 1.6 can be deduced from more general results in [Kwela
and Tryba 2017; Mrożek 2016]. We choose to include proofs of these theorems
for two reasons. First, our proofs use simpler tools. In fact, they employ nothing
beyond the curriculum of a standard American calculus II course. Second, [Kwela
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and Tryba 2017; Mrożek 2016] are intended for set theorists. While the intersection
of topologists and set theorists is large, we hope that by expressing the results in
topological language, they become more widely accessible.

The outline of this paper is as follows. In Section 2, we establish the connection
between analytic properties of the series and basic topological properties (com-
pactness, connectedness, etc.), proving Theorems 1.1 and 1.2. In Section 3, we
establish properties about continuous maps between “nice spaces” and Nan , proving
Theorem 1.3. Finally, in Section 4, we study continuous functions Nan → Nbn ,
proving Theorems 1.4, 1.5, and 1.6.

2. Basic topological properties

As mentioned in the introduction, given any series of positive terms
∑

N an , one
can construct a topology on N by declaring a subset A⊆N to be closed if and only
if
∑

A an <∞ or A=N. The restriction that all an be positive serves two purposes.
First, it means that the convergence of a series of the form

∑
A an for A ⊆ N is

independent of the order we take the sum. Second, as the following example shows,
allowing a mixture of infinitely many positive and negative terms can lead to cases
where the above prescription does not actually define a topology.

Proposition 2.1. The set
{

A ⊆ N :
∑

A(−1)n+1/n <∞
}
∪ {N} is not a topology

of closed sets on N.

Proof. For each n∈N, let An denote the set N\{2, 4, 6, . . . , 2n}. Then
∑

An
an<∞,

because An differs from N only on a finite set and
∑

N an = ln(2) <∞.
On the other hand

⋂
n∈N An is precisely the odd numbers O , and∑

O

an =
∑

N

1
2n+ 1

=∞. �

Of course, the above proof can be adapted to any conditionally convergent series.
Henceforth, all the terms in any sum will be positive real numbers.

We begin with some basic topological properties of Nan .

Proposition 2.2. For any series of positive terms
∑

N an , the topological space Nan

has the following properties:

(1) Points are closed.

(2) If B ⊆ A ( N with A closed, then B is closed.

(3) For any A ⊆ N, either A = A or A = N.

Proof. First, (1) follows because every finite sum automatically converges.
For (2), let B ⊆ A ( N with A closed. Then

∑
B an ≤

∑
A an <∞, so B is

closed as well.
For (3), if A 6=N, then

∑
A an ≤

∑
A an <∞, so A is closed, that is, A= A. �
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In fact, the second and third properties in Proposition 2.2 are equivalent in any
topological space, as shown in the next proposition.

Proposition 2.3. Suppose X is a topological space. Then X has the property that
every subset is closed or dense if and only if X has the property that every subset of
a proper closed set is closed.

Proof. Assume initially that the closure of every set is itself or X . Let A ( X be
a closed set and let B ⊆ A be arbitrary. Then, B ⊆ A, so B 6= X . By assumption,
B = B so B is closed.

Conversely, assume every subset of a proper closed set is closed and let A ⊆ X
be arbitrary. If A 6= X , then A is a proper closed set. Since A ⊆ A, the set A must
be closed. �

By taking complements, it follows immediately that supersets of nonempty open
sets are open, and, equivalently, that the interior of any subset is either itself or
empty.

We now show that many familiar topological properties are equivalent to natural
analytic properties. We begin with a characterization of the discrete topology, which
in particular, proves Theorem 1.1.

Theorem 2.4. The following are equivalent:

(1)
∑

N an converges.

(2) Nan is discrete.

(3) Nan is disconnected.

(4) Nan is Hausdorff

Proof. To show (1)=⇒ (2), suppose
∑

N an converges and let A ⊆ N be arbitrary.
Then

∑
A an ≤

∑
N an <∞, so every set is closed. This shows Nan is discrete.

The implication (2) =⇒ (4) is obvious, as is (2) =⇒ (3) for any set with more
than one point.

To see that (3) =⇒ (1) and (4) =⇒ (1), we note that both conditions (3) and
(4) imply there are two nonempty proper closed A1, A2 for which A1 ∪ A2 = N.
For (3), one can obtain A1 and A2 as complements of any two disconnecting open
sets. For (4), one can obtain A1 and A2 as complements of any two disjoint proper
open sets. Because both Ai are proper,

∑
Ai

an <∞. Thus,∑
N

an ≤
∑
A1

an +
∑
A2

an <∞,

so the series converges. �

We now give a similar characterization of when the topology on N is the cofinite
topology, which will encompass Theorem 1.2.
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Theorem 2.5. The following are equivalent:

(1) inf{an}> 0.

(2) Nan is the cofinite topology.

(3) Nan is compact.

Before proving this, we need a lemma which will be used again in Section 4.

Lemma 2.6. Suppose inf{an} = 0. Then there is an infinite closed set.

Proof. Because inf{an} = 0, there is an n1 ∈ N with an1 ≤ 1/12. Continuing
inductively, there is an nk ∈N for which both nk >nk−1 and ank ≤ 1/k2. Setting A=
{n1, . . . , nk, . . . }, we see that

∑
A an ≤

∑
N 1/k2<∞. Thus, A⊆Nan is closed. �

We now prove Theorem 2.5.

Proof. For (1)=⇒ (2), let L = inf{an} and assume L > 0. If A ⊆N is infinite, then∑
A an ≥

∑
A L =∞, so A is not closed, unless A = N. Since we have previously

shown that finite sets are closed, this is precisely the cofinite topology.
For (2)=⇒ (3), we note that any nonempty open set can only miss finitely many

points. It follows easily that the cofinite topology on any set is compact.
Finally, we show (3) =⇒ (1) via the contrapositive. So, assume inf{an} is not

greater than 0. Since the terms an are all positive, this implies inf{an} = 0. By
Lemma 2.6, there is an infinite closed subset A = {n1, n2, . . . , nk, . . . }.

Now, for each i ∈ N, we let Ui = Ac
∪ {n1, . . . , ni }. We claim {Ui } forms an

open cover of Nan with no finite subcover. To see that each Ui is open, simply note
that U c

i = A \ {n1, . . . , ni } is a subset of the closed set A, and so is closed. Further,
the Ui cover N because for each ni ∈ A, we have ni ∈Ui and for n /∈ A, we have
n ∈U1.

On the other hand, if {Ui1, . . . ,Uik } is a finite collection of the Ui and l >
max{i1, . . . , ik}, then nl /∈Ui1 ∪ · · · ∪Uik . So, there is no finite subcover. �

3. Continuous functions to and from “nice” spaces

In this section, we study continuous functions between “nice” spaces and an Nan ,
proving Theorem 1.3. In fact, Propositions 3.1 and 3.2 together are equivalent to
Theorem 1.3.

We begin this section with a characterization of continuous functions f : X→Nan

where X is a continuum or X is path-connected. We recall that a topological space
is called a continuum if it is compact, connected, and Hausdorff.

Proposition 3.1. Suppose
∑

N an is a series of positive terms. If X is a continuum
or path-connected, then any continuous function f : X→ Nan is constant.

In fact, the result holds more generally (with the same proof) if Nan is replaced
with any countable topological space for which points are closed.
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Proof. Assume initially that X is a continuum. As discussed previously, in any
series topology, finite sets are closed. Now, since f is continuous, for each n ∈ N,
f −1(n) is a closed subset of X . Thus, we may write X as a countable disjoint union
of closed sets: X =

∐
n∈N f −1(n). According to [Sierpinski 1918], this is only

possible if at most one of the closed sets is nonempty. That is, f is constant.
Now, assume X is path connected and f : X→Nan is continuous. Let p, q ∈ X

be arbitrary and let γ : [0, 1] → X be a curve with γ (0)= p and γ (1)= q. Then,
since f ◦ γ is continuous and [0, 1] is a continuum, f ◦ γ must be constant. Thus,
f (p)= f (q) as claimed. It follows that f is constant. �

In particular, each Nan is totally path disconnected. This contrasts with
Theorem 1.1, which asserts that Nan is connected if

∑
N an diverges.

We now change focus to the case where the domain is an Nan . If
∑

N an converges,
then the induced topology is discrete (Theorem 2.4), so any function f : N→ Y is
continuous for any topological space Y. In particular, there are many nonconstant
continuous functions f : Nan → Y. Nonetheless, we now show this behavior is
limited to convergent series.

Proposition 3.2. Suppose Nan is associated to a divergent series
∑

N an . If X is
metrizable, then any continuous function f : N→ X is constant.

Proof. By Theorem 1.1, the topology on N is connected, so f (N) is a connected
subset of X . We recall that a connected set in a metrizable space is either a
single point, or has cardinality at least that of R. Indeed, suppose C is connected
with 1 < |C | < |R|, and let c1, c2 ∈ C be distinct. Let d : X × X → R be any
compatible metric. Then, because the interval [0, d(c1, c2)) has the cardinality of R,
there must be an r ∈ (0, d(c1, c2)) for which d(c1, c) 6= r for any c ∈ C . Then
U = {c ∈ C : d(c, c1) < r} and V = {c ∈ C : d(p, c1) > r} disconnect C .

So, as f (N) is connected and countable, it must consist of a single point. �

4. Continuous functions Nan → Nbn

We begin with the following observation about continuous maps Nan → Nbn .

Proposition 4.1. Suppose f : Nan → Nbn is continuous and
∑

N an diverges. If f
is nonconstant, then the image of f is dense. In particular, f (N) must be an infinite
subset of N.

Proof. This is obvious if f is surjective, so we assume f (N)(Nbn . By Theorem 2.4,
since

∑
N an diverges, Nan is connected. Now, if f (N)⊆ Nbn is closed, then in the

subspace topology, the connected set f (N) is discrete, and so must consist of a
single point. In particular, if f is nonconstant, f (N) cannot be closed. But, we
showed in Proposition 2.2 that in any series topology, a subset is either closed or
dense. �
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We now work towards providing partial results characterizing the homeomor-
phism type of Nan . Our first proposition provides some simple sufficient conditions
which guarantee Nan is homeomorphic to Nbn .

Proposition 4.2. Nan and Nbn are homeomorphic if any of the following conditions
is satisfied:

(1) There is a bijection σ : N→ N for which an = bσ(n) for all n.

(2) The limit limn→∞ an/bn exists and is positive.

(3) The space Nbn is not cofinite, and a2n−1 = bn , while
∑

N a2n converges.

The last condition essentially says that a convergent series and a series
∑

N bn

with inf{bn} = 0 can be spliced together to give a space homeomorphic to Nbn .
Using the first condition, it can be inserted anywhere and in any order.

Proof. For the first statement, σ :Nan →Nbn is a homeomorphism. In more detail,
suppose X ⊆ Nbn is proper.

Since ∑
σ−1(X)

an =
∑
σ−1(X)

bσ(n) =
∑

X

bn,

we see that X ⊆ Nbn is closed if and only if σ−1(X)⊆ Nan is closed.
For the second statement, suppose L = limn→∞ an/bn with 0< L <∞. Then

there is a natural number N with the property that for any n > N ,∣∣∣∣an

bn
− L

∣∣∣∣< L
2
.

In particular,
L
2

bn < an <
3L
2

bn

for all n > N .
We claim the identity function Nan→Nbn is a homeomorphism. Suppose A⊆Nan

is proper and closed. Decompose A as A = A0 ∪ A1, with A0 = A∩ {0, 1, . . . , N }
and A1 = A \ A0. Then∑

n∈A

bn =
∑
A0

bn +
∑
A1

bn <
∑
A0

bn +
2
L

∑
A1

an.

The first sum contains only finitely many terms, and so converges, and the second
is bounded by

2
L

∑
A

an <∞,

so A is also closed in Nbn . This shows the identity map is a closed map. Inter-
changing an and bn and using the fact that an < (3L/2)bn shows the identity is
continuous, so it is a homeomorphism.
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For the last statement, since Nbn is not cofinite, inf{bn} = 0 (Theorem 2.5),
so, by Lemma 2.6 there is an infinite closed subset of Nbn . By shrinking this
subset, we may assume the complement is infinite. Then, by (1) of this proposition,
we may assume this subset is E , the even numbers. Let ψ : E → D, where
D = {n ∈ N : n 6∼= 1 (mod 4)}, denote any bijection. Now, our homeomorphism
σ : Nbn → Nan is the map

σ(n)=
{

2n− 1 n odd,
ψ(n) n even.

To see that σ is surjective, note that by the definition of ψ , we need only show
that 2n− 1, n odd, represents every number which is congruent to 1 (mod 4). But
2n−1= 4k+1 is solved by the odd number n = 2k+1. The fact that σ is injective
follows because both n 7→ 2n− 1 and ψ are injective, together with the fact that
2n− 1 is always congruent to 1 (mod 4) if n is odd.

We now show that σ and σ−1 are continuous, beginning with σ . So, suppose
A ⊆ Nan is proper and closed. Decompose A as A = A0 ∪ A1, where A0 = A∩ D
and A1 = A \ A0. Then, σ−1(A0)= ψ

−1(A0)⊆ E . By assumption,
∑

E bn <∞,
so
∑

σ−1(A0)
bn ≤

∑
E bn <∞.

Also, we compute that∑
σ−1(A1)

bn =
∑

σ−1(A1)

a2n−1 =
∑
A1

an <∞.

Thus, ∑
σ−1(A)

bn =
∑

σ−1(A0)

bn +
∑

σ−1(A1)

bn <∞.

This shows that σ−1(A)⊆ Nbn is closed.
Finally, assume A ⊆ Nbn is closed and proper. We must show σ(A) is closed.

Decompose A as A = A0 ∪ A1, where A0 = A∩ E and A1 = A \ A0. Then∑
σ(A0)

an =
∑
ψ(A0)

an ≤
∑

D

an =
∑

E

bn +
∑

E

an <∞.

Also, ∑
σ(A1)

an =
∑
A1

aσ(n) =
∑
A1

a2n−1 =
∑
A1

bn ≤
∑

A

bn <∞.

Thus, ∑
σ(A)

an =
∑
σ(A0)

an +
∑
σ(A1)

an <∞. �

Theorem 1.6 is a corollary of Proposition 4.2(3).
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Proof of Theorem 1.6. Suppose U ⊆Nan is a nonempty open set. Then U c is a proper
closed set. If U is finite, then

∑
N an =

∑
U an +

∑
U c an <∞, a contradiction, so

U must be infinite. List the elements of U as U = {u1, u2, . . . }, with u1 < u2 < · · · .
Consider the series

∑
N bn , where bn = aun . Then

∑
N an is obtained from

∑
N bn

by adjoining the convergent series
∑

U c an . Proposition 4.2(c) now implies that U
an Nan are homeomorphic. �

A proof of Theorem 1.4. We now establish Theorem 1.4, using a proof due to
Alexey Lebedev.1 For the remainder of this section, we will assume limn→∞ an =

limn→∞ an/bn = 0 and that
∑

N bn diverges. Notice in this case that {an} has a
largest element, and a second largest element, etc. Thus, by Proposition 4.2(1), we
assume without loss of generality that the sequence {an} is nonincreasing.

We prove Theorem 1.4 via a sequence of lemmas. We let Sn =
∑n

i=1 ai and
Tn =

∑n
j=1 bj be the partial sums.

Lemma 4.3. We have limn→∞ Sn/Tn = 0.

Proof. Because limn→∞ an/bn = 0, for any ε > 0, there is an N with the property
that n > N implies an/bn < ε. Then, for n > N, we have

Sn

Tn
=

SN +
∑

N+1≤i≤n ai

Tn
<

SN + ε
∑

N+1≤i≤n bi

Tn
=

SN + ε(Tn − TN )

Tn
.

Thus, Sn/Tn < SN − εTN/Tn + ε. Now, SN and TN are constants, and Tn→∞

as n→∞, so clearly, we can make Sn/Tn as small as we like by taking n large
enough. �

Now, suppose f : N→ N is any bijection. For any ε > 0, we define

Mε = {i ∈ N : a f (i) < εbi }.

Lemma 4.4. For any ε > 0, the sum
∑

Mε
bi diverges.

Proof. Since f is a bijection and an is nonincreasing, we have∑
i≤n

a f (i) ≤
∑
i≤n

ai = Sn.

Thus, we compute

Sn

Tn
≥

∑
i≤n a f (i)

Tn
≥

∑
i≤n,i /∈Mε

a f (i)

Tn
≥
ε
∑

i≤n,i /∈Mε
bi

Tn
=
ε
(
Tn −

∑
i≤n,i∈Mε

bi
)

Tn
.

Now, if
∑

Mε
bi converges, then the fact that Tn→∞ as n→∞ implies that

Sn/Tn ≥ ε/2 for n large enough. This contradicts Lemma 4.3. �

We can now finish the proof of Theorem 1.4.

1https://math.stackexchange.com/q/2429818.

https://math.stackexchange.com/q/2429818
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Proof. We now construct a set A for which
∑

f (A) an converges, but
∑

A bn diverges.
Assuming we can do this, this shows that f cannot be a homeomorphism.

We construct A as a disjoint union A =
⋃

m Am , where each Am is finite. The
sets Am are defined inductively, beginning with A0 =∅.

Now, assuming A0, A1, . . . , Am−1 have been defined and are finite, we now
define Am . To do so, consider the set

Xm := M2−m \

(
{i ∈ N : a f (i) ≥ 2−m

} ∪

⋃
i<m

Ai

)
.

Notice {i ∈N :a f (i)≥2−m
} is a finite set since limn→∞ an=0. Likewise, inductively,⋃

i<m Ai is a finite set. Since Xm and M2−m differ in only a finite set, Lemma 4.4
implies that

∑
Xm

bn diverges. In particular, there is a finite subset Ym ⊆ Xm for
which

∑
Ym

bn > 1. Among all the subsets of Zm ⊆ Ym for which
∑

Zm
bn > 1, we

let Am denote one with minimal cardinality. Then
∑

Am
bn > 1 but, for any x ∈ Am ,∑

Am\{x} bn ≤ 1.
Now, set A =

⋃
Am . We claim that

∑
A bn diverges. Indeed, we have∑

A

bn =

∞∑
m=1

∑
Am

bn ≥

∞∑
m=1

1.

We next claim that
∑

f (A) an converges. To see this, first, let xm be any element
in Am . Since xm ∈ Am ⊆ Xm , we have a f (xm) < 2−m. Further, since Am ⊆ M2−m

and
∑

Am\{xm}
bn ≤ 1, ∑

Am\{xm}

a f (n) ≤ 2−m
∑

Am\{xm}

bn ≤ 2−m .

Thus, we see that∑
f (Am)

an = a f (xm)+

∑
f (Am\{xm})

an < 2−m
+

∑
Am\{xm}

a f (n) ≤ 2−m
+ 2−m

= 2−m+1.

So, ∑
f (A)

an =

∞∑
m=1

∑
f (Am)

an <

∞∑
m=1

2−m+1 <∞. �

As a simple corollary, we see that, for 0< p< q ≤ 1, the spaces N1/n p and N1/nq

are not homeomorphic. Thus, forming a series topology generates at least |R|-many
topologies which are distinct up to homeomorphism. On the other hand, there
are only |R||N| = |2|N|||N| = |2|N||N|| = |R| series. So there are precisely |R|-many
topologies on N derived from series.
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4.1. A proof of Theorem 1.5. We conclude with a proof of Theorem 1.5. We will
henceforth assume p ∈ [0, 1] and p < q. We must prove that any continuous map
f : N1/n p → N1/nq is constant.

We handle the case p=0 separately from the case p>0. For, if p=0, then N1/n0

is the N with the cofinite topology, whereas N1/nq is not cofinite. Since any noncon-
stant continuous function f : N1/n0 → N1/nq has infinite image (Proposition 4.1),
Lemma 2.6 gives an infinite closed A ⊆ f (N1/n0). Then f −1(A) is infinite, and so
not closed in N1/n0 .

We prove the case p > 0 following an approach of Georgiy Shevchenko.2 The
following lemma is due to Georgiy Shevchenko.

Lemma 4.5. Suppose an and bn are positive,
∑

N bn =∞, and limn→∞ bn =

limn→∞ an/bn = 0. Then there is a subset A ⊆ N with the property that
∑

A bn

diverges, while
∑

A an converges.

Proof. For each k ∈ N, we let Nk be a natural number with the property that
an/bn ≤ 1/k for any n ≥ Nk . Because limn→∞ bn = 0, but

∑
N bn =∞, we can

find n′1, n1 ≥ N1 with n′1 > n1 for which
n′1∑

i=n1

bi ∈ (1, 2).

Inductively, we can find n′k, nk ≥ Nk with n′k > nk > n′k−1 for which
n′k∑

i=nk

bi ∈

(
1
k
,

2
k

)
.

Finally, we set A =
⋃

k{nk, nk + 1, nk + 2, . . . , n′k}. Because∑
{nk ,nk+1,...,n′k}

bn >
1
k
,

∑
A bn >

∑
N 1/n, so diverges. On the other hand,∑

{nk ,nk+1,...,n′k}

an ≤
1
k

∑
{nk ,nk+1,...,n′k}

bn ∈

(
1
k2 ,

2
k2

)
,

so
∑

A an ≤ 2
∑

N 1/n2 <∞. �

Now, suppose 0< p ≤ 1 and p < q and f : N1/n p → N1/nq is any nonconstant
continuous function. For each i ∈N, we let ui =

∑
f −1(i) 1/n p, with the convention

that this sum is zero if f −1(i) is empty. Note
∑

f −1(i) 1/n p is finite, as f −1(i) is a
closed subset of N1/n p .

2https://math.stackexchange.com/q/2434530.

https://math.stackexchange.com/q/2434530
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Proposition 4.6. If f is continuous, then limn→∞ un = 0.

Proof. Assume not. Then there is some ε > 0 with the property that un ≥ ε for n in
some infinite set A ⊆ N. From Lemma 2.6, we can find an infinite subset B ⊆ A
for which

∑
B 1/nq <∞. Then B is closed in N1/nq , but∑

f −1(B)

1
n p =

∑
B

un ≥
∑

N

ε,

which diverges. This contradicts the fact that f is continuous. �

Now, we claim that
∑

N u1/p
n diverges. Indeed, since 1/p ≥ 1, the function

x 7→ x1/p is convex, and thus, superadditive. In particular, for each term

u1/p
i =

( ∑
f −1(i)

1
n p

)1/p

≥

∑
f −1(i)

1
n
.

Then ∑
N

u1/p
i ≥

∑
N

∑
n∈ f −1(i)

1
n
=

∑
N

1
n
,

so
∑

N u1/p
n diverges.

Now, let r ∈ (1, q/p). Then clearly∑
{n:u1/p

n ≤1/nr }

u1/p
n ≤

∑
N

1
nr <∞,

so it follows that ∑
{n:u1/p

n >1/nr }

u1/p
n

diverges. We let

C =
{

n ∈ N : u1/p
n >

1
nr

}
and write C = {c1, c2, . . . }, where c1 < c2, etc. Thus

∑
N u1/p

cn diverges. Since
1/p ≥ 1 and un→ 0 as n→∞, it follows that for large n, we have ucn ≥ u1/p

cn . In
particular, we have the following proposition.

Proposition 4.7. The series
∑

N ucn diverges.

Finally, we have the following proposition.

Proposition 4.8. We have

lim
n→∞

1/(cn)
q

ucn

= 0.
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Proof. Since cn ∈ C , each ucn > 0, so the terms in the limit are defined. Now, note
that if u1/p

n > 1/nr , then un > 1/nr p. For large n, we see

0≤
1/(cn)

q

ucn

≤
1/(cn)

q

1/(cn)r p = cr p−q
n .

Since r < q/p, we have r p − q < 0. Further, cn → ∞ as n → ∞. Thus
limn→∞ cr p−q

n = 0. The result now follows from the squeeze theorem. �

If f is continuous, then Propositions 4.6, 4.7, and 4.8 exactly show that the
sequences an = 1/(cn)

q and bn = ucn satisfy the conditions of Lemma 4.5. In
particular, there is a set A ⊆ N for which

∑
A ucn diverges, but

∑
A 1/(cn)

q con-
verges. This, in turn, means there is a subset B ⊆N for which

∑
B un diverges, but∑

B 1/nq converges. However, we have∑
f −1(B)

1
n p =

∑
i∈B

∑
n∈ f −1(i)

1
n p =

∑
B

un =∞.

Thus, B is closed in N1/nq , but f −1(B) is not closed in N1/n p . This contradicts the
fact that f is continuous, and concludes the proof of Theorem 1.5.
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