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Although a good portion of elementary linear algebra concerns itself with matrices
over a field such as R or C, many combinatorial problems naturally surface when
we instead work with matrices over a finite field. As some recent work has been
done in these areas, we turn our attention to the problem of enumerating the
square matrices with entries in Z  that are diagonalizable over Z ,«. This turns
out to be significantly more nontrivial than its finite-field counterpart due to the
presence of zero divisors in Z .

1. Introduction

A classic problem in linear algebra concerns whether a matrix A € M, (K) (where
K is a field) is diagonalizable; that is, there exists an invertible matrix P € GL,(K)
and a diagonal matrix D € M, (K) such that A = PD P~ It is known that if A is
diagonalizable, then D is unique up to the order of its diagonal elements. Besides
being useful for computing functions of matrices (and therefore often giving a
solution to a system of linear differential equations), this problem has applications
in the representation of quadratic forms.

If we consider M, (K) when K is a finite field, one natural problem is to enu-
merate Eig, (K), the set of n x n matrices over K whose n eigenvalues, counting
multiplicity, are in K. OlSavsky [2003] initiated this line of inquiry and determined
that for any prime p

|Eig,(F,)| = 5(p* +2p° — p).

More recently, Kaylor and Offner [2014] gave a procedure to enumerate Eig, (F,),
thereby extending Olsavsky’s work for any n and any finite field [,.

Inspired by these works, we turn our attention to n X n matrices over Z ,x, where p
is a prime and k is a positive integer. More specifically, we investigate the problem of
enumerating Diag, (Z ), the set of nxn diagonalizable matrices over Z . This is
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significantly more involved when k >2, and many of the difficulties arise from having
to carefully consider the zero divisors of Z «, namely any integral multiple of p.

In Section 2, we review the pertinent definitions and notation for working with
matrices over commutative rings. Most notably, we give a crucial theorem that
essentially states that a diagonalizable matrix over Z ,« is unique up to the ordering
of its diagonal entries. In Section 3, we give the basic procedure for enumerating
Diag, (Z,+) and apply it to the case where n = 2 in Section 4. In order to deal
with the cases where n > 3 in a systematic manner, we introduce to any diagonal
matrix an associated weighted graph in Section 5 that allows us to find [Diag;(Z )|
and |Diag,(Z ,+)| in Sections 6 and 7, respectively. In the final sections, we use
our work to find the proportion of matrices that are diagonalizable over Z ,« and
conclude by giving ideas for future research based on the ideas in this article. As
far as we understand, all results and definitions from Proposition 3.4 in Section 3
onward are original.

2. Background

We give some definitions from matrix theory over rings that allow us to extend
some notions of matrices from elementary linear algebra to those having entries
in Z ,x. For the following definitions, we let R denote a commutative ring with
unity. For further details, we refer the interested reader to [Brown 1993].

To fix some notation, let M,,(R) denote the set of n x n matrices with entries
in R. The classic definitions of matrix addition and multiplication as well as
determinants generalize in M, (R) in the expected manner. In general, M, (R)
forms a noncommutative ring with unity /,,, the matrix with 1s on its main diagonal
and Os elsewhere.

Next, we let GL,,(R) denote the set of invertible matrices in M,,(R); that is,

GL,(R) ={A € M,(R): AB = BA = I,, for some B € M,(R)}.

Note that GL,, (R) forms a group under matrix multiplication and has the alternative
characterization
GL,(R) ={A € M,(R) : det A € R*},

where R* denotes the group of units in R. Observe that when R is a field K, we
have K* = K\{0}; thus we retrieve the classic fact for invertible matrices over K.
For this article, we are specifically interested in the case when R = Z ,x, where p is
prime and k € N. Then,

GL,(Z 1) ={A € My (Z ) : det A # 0 mod p};

in other words, we can think of an invertible matrix with entries in Z ,« as having a
determinant not divisible by p.
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Definition 2.1. We say that A € M,(R) is diagonalizable over R if A is similar to
a diagonal matrix D € M, (R); thatis, A = PDP~! for some P € GL,(R).

Recall that any diagonalizable matrix over a field is similar to a distinct diagonal
matrix that is unique up to ordering of its diagonal entries. Since Z ,« is not a
field whenever k > 2, we now give a generalization of this key result to matrices
over Z ,«. This provides a foundational result that allows us to use the methods from
[Kaylor and Offner 2014] to enumerate diagonalizable matrices over Z ,«. Although
we originally came up for a proof for this result, the following elegant proof was
suggested to the authors by an anonymous MathOverflow user.'

Theorem 2.2. Any diagonalizable matrix over Z ,x is similar to exactly one diagonal
matrix that is unique up to the ordering of its diagonal entries.

Proof. Suppose that D, D" € M, (Z ) are diagonal matrices such that D" = PDP!
for some P € GL,,(Z ). Writing D =diag(d, . .., d,), D' =diag(d,, ..., d,), and
P = (pij), we see that D' = PD P! rewritten as PD = D'P yields pijdi = pijdjf
for all i, j.

Since P € GL,(Z ), we know that det P € Z +*, and thus det P # 0 mod p.

However, since
det P = Z (—1)%&n@ l_[ Dio(i)»

og€eS, i

and the set of nonunits in Z + (which is precisely the subset of elements congruent
to 0 mod p) is additively closed, there exists o € S, such that [ [, pi i) € Z pk* and
thus p; o) € Z,x* for all i.

Then for this choice of o, it follows that p; ;\d; = pi,g(,-)d(;(i) for each i, and
since p; o) € Zpk*, we deduce that d; = d(;(i) for each i. In other words, o is a

permutation of the diagonal entries of D and D', giving us the desired result. [J

Remark. Theorem 2.2 does not extend to Z,, for a modulus m with more than one
prime factor. As an example from [Brown 1993], the matrix

23
(4 3) € M>(Ze)

has two distinct diagonalizations

CIEICY -6

The resulting diagonal matrices are thus similar over Z¢ although their diagonal
entries are not rearrangements of one another.

ISee the response from user 44191 at https://mathoverflow.net/questions/303634/uniqueness-of-
diagonalizing-a-matrix-over-mathbbz-pk.
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3. How to determine |Diag, (Z )|

We give a procedure that allows us to determine |Diag,(Z )|, the number of
matrices in M,(Z ,x) that are diagonalizable over Z . The main idea is to use a
generalization of [Kaylor and Offner 2014, Lemma 3.1]. Before stating it, we first
fix some notation in the following definition.

Definition 3.1. Let R be a commutative ring with 1, and fix A € M,,(R).

e The similarity (conjugacy) class of A, denoted by S(A), is the set of matrices
similar to A:

S(A)={B e M,(R): B=PAP! for some P € GL,(R)}.

o The centralizer of A, denoted by C(A), is the set of invertible matrices that
commute with A:
C(A)={PeGL,(R): PA=AP}.

Note that P e C(A) ifandonlyif A= P AP~!, and moreover C(A) is a subgroup
of GL,(R).
Lemma 3.2. Let R be a finite commutative ring. For any A € M,(R), we have
|GL, (R)]
IC(A)|
Proof. This is proved verbatim as Lemma 3.1 in [Kaylor and Offner 2014] upon
replacing a finite field with a finite commutative ring. Alternatively, this is a direct

consequence of the orbit-stabilizer theorem where GL,, (R) is acting on M, (R) via
conjugation. O

1S(A)] =

To see how this helps us in M,,(Z ), recall by Theorem 2.2 that the similarity
class of a given diagonalizable matrix can be represented by a unique diagonal matrix
(up to the ordering of diagonal entries). Therefore, we can enumerate Diag,, (Z )
by first enumerating the diagonal matrices in M, (Z ) and then counting how many
matrices in M,(Z ,x) are similar to a given diagonal matrix. Then, Lemma 3.2

yields
Ding, 2= Y. Isoyi= 3 el (1)
DeMy(Z k) DeM,(Z k)
where it is understood that each diagonal matrix D represents a distinct similarity
class of diagonal matrices. Observe that diagonal matrices having the same diagonal
entries up to order belong to the same similarity class and are counted as different
matrices when computing the size of their similarity class.
First, we give a formula for |GL, (Z ). As this seems to be surprisingly not well
known, we state and give a self-contained proof of this result inspired by [Bollman
and Ramirez 1969]; for a generalization, see [Han 2006].
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n
Lemma 3.3. IGL,(Z )| = p" C D " = p'™H).
=1

Proof. First, we compute |GL, (Z,)| by enumerating the possible columns of its
matrices. For A € GL,(Z)), there are p" — 1 choices for the first column of A, as
the zero column vector is never linearly independent. Next, we fix [ € {2,3, ..., n}.
After having chosen the first / — 1 columns, there are (p" — 1) — (p!~! = 1) =
p"— p!~! choices for the I-th column, because we want these / columns to be linearly
independent over Z,, (and there are p multiples for each of the first / — 1 columns).
Therefore, we conclude that

n
IGL.Zp) =] [(p" =P ).
=1
Hereafter, we assume that k > 2. Consider the mapping v : M, (Z ,x) — My(Z )
defined by 1/ (A) = A mod p; note that v is a well-defined (due to p | p*) surjective
ring homomorphism. Moreover, since

keryy ={A € M, (Z,x) : ¥ (A) =0 mod p}

(so that every entry in such a matrix is divisible by p), we deduce that

2

P\ 2
|ker | = (;) = p=bm,

Then, restricting ¥ to the respective groups of invertible matrices, the first
isomorphism theorem yields

GL,(Z
M = GL,(Z,).
ker ¢
Therefore, we conclude that
) n
IGLA(Z )| = [ker /| |GLy (Z,)| = p" P T J(p" = p'™H. O
I1=1

We next turn our attention to the problem of enumerating the centralizer of a
diagonal matrix in Z .

Proposition 3.4. Let D € M, (Z ,x) be a diagonal matrix whose distinct diagonal

entries Ay, ..., hg have multiplicities my, ..., mg, respectively. Then,
§ g j-1
|C(D)| = (l_[|Gme (Zpk)|) (l_[ l_[ p2mimjl,-j)’
i=l j=2i=1

where l;; is the nonnegative integer satisfying plii | (Ai—Aj) for each i and j; that is,

Ai—Aj= rp'i for some r € Z;k—I,-j-
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Proof. Assume without loss of generality that all matching diagonal entries of D
are grouped together; that is, we can think of each A; with multiplicity m; as having
its own m; x m; diagonal block of the form A;I,,, within D.

To find the centralizer of D, we need to account for all A € GL,,(Z ) such that
AD = DA. Writing A = (A;;), where A;; is an m; X m; block, computing the
necessary products and equating like entries yields

)»,'Al'j =)»J'Alj.

If i # j, then (A; —A;)A;; =0 mod pk. Therefore, A;; = 0 mod pk_l"f, and thus
A;j =0 mod p. Observe that this gives pi possible values for each entry in A; j
(and similarly for those in Aj;).

Therefore, A is congruent to a block diagonal matrix modulo p with blocks A;;

having dimensions m; x m; for each i € {1, ..., g}. Finally since A € GL,(Z ),
this means that A;; € GL,;, (Z ¢) for all i. With this last observation, the formula
for |C(D)| now follows immediately. U

Proposition 3.4 motivates the following classification of diagonal matrices in Z ,x.

Definition 3.5. Let D € M, (Z,x) be a diagonal matrix whose distinct diagonal
entries Ay, ..., A, have multiplicities m, ..., mg, respectively. The type of D is
given by the following two quantities:

o the partition n =my +- - - +mg,
o the set {/;;} indexed over all 1 <i < j < g, where p'i/ || (A; — X;).
Then we say that two diagonal matrices D, D’ € M,,(Z p+) have the same type if

and only if D and D’ share the same partition of n, and there exists a permutation

o € 5, such that [;; = l(’r(i)a(j) forall 1 <i < j < g. We denote the set of all distinct

types of diagonal n x n matrices by 7T (n).

Example. Consider the following three diagonal matrices from M3(Zs):

100 100 100 700
Di=1020), D;=1010), D3=|010), Ds=]050
003 005 003 007

Since D; has partition 1 4+ 1 4+ 1, while D,, D3, and D4 have the partition 2 4 1,
D, does not have the same type as any of D,, D3, and D4. Moreover, D, and D3
do not have the same type, because 221(5— 1), while 2! || (3 — 1). However, D3
and D, have the same type, because they share the same partition 2 4+ 1 and 2!
exactly divides both 3 —1 and 7 —5.

It is easy to verify that if D and D’ are two n x n diagonal matrices of the same
type, then |C(D)| = |C(D’)| and thus |S(D)| = |S(D’)|. Consequently for any
type T, define ¢(T) and s(T') by ¢(T) = |C(D)| and s(T) = |S(D)|, where D is
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any matrix of type 7. Then, letting #(7") denote the number of diagonal matrices
(up to permutations of the diagonal entries) having type T, we can rewrite (1) as

|GL, (Z )|

Diag, (Z,)| = Y t(T) T

TeT(n)

(@)

4. Enumerating the 2 x 2 diagonalizable matrices
We now illustrate our procedure for determining the value of [Diag,(Z ¢)|.

Theorem 4.1. The number of 2 x 2 matrices with entries in Z i that are diagonal-
izable over Z i is

PP —D(p*—1)
2(p>—1) '

Proof. In order to find |Diag,(Z ,+)|, we need to enumerate all of the 2 x 2 diagonal
matrix types. First of all, there are two possible partitions of 2, namely 2 and 1 + 1.
The trivial partition yields one distinct type of diagonal matrix

A0
n= (2 0):nez)

which consists of the 2 x 2 scalar matrices. Since there are p* choices for A, we
have 1(T7) = p". Moreover ¢(T1) = |GL2(Z ,¢)|, because any invertible matrix
commutes with a scalar matrix.

The nontrivial partition 2 =141 yields the remaining k distinct types of matrices
that we index by i € {0, 1, ...,k —1}:

i PSENY i
T§)={<O‘ xz)‘f’ ||<m—xz>}.

Fixi €{0,1, ...,k — 1}; we now enumerate t(Tz(i)) and c(Tz(i)). For t(Tz(i)), we
first observe that there are pk choices for A;. To find the number of choices for A,,
observe that A; — A, = rp’ mod p" for some unique r € (Z pk—i)*. Hence, there are
o( pk_i ) choices for r and thus for A,. (As a reminder, ¢ denotes the Euler phi
function, and ¢(pl) = pl_1 (p —1).) Since swapping A; and A, does not change
the similarity class of the diagonal matrix, we conclude that

Pk (p*=)
2

IDiag,(Z )| = p* +

W) =
Next, applying Proposition 3.4 yields

(V) = pPep (ph)2.



330 C. FALVEY, H. HAH, W. SHEPPARD, B. SITTINGER AND R. VICENTE

Finally, we use (2) to enumerate the 2 x 2 diagonal matrices and conclude that

|GL, (£ )I+Z (T (l))IGL n(Z )|

|Diag, (Z )| = t(T1) «(TD) (T(’))

k ,4(k—1) k—i
_x, Pp (P> = D(P* = p) | ¢(p )
LA o) Z
VO el et V]Vl Ok AR
R T P

4k—2,.2 k—1
k., P (pr 1) 1
Py

2 i—o P
4k—=20,2 D1— —3k
=pF+ P ) P (using the geometric series)
2 1—p3
k+1,0,2 1 3k _ 1
_ kP (p”=D(p ). 0

2(p3 -1

Remarks. In the case where k = 1, the formula reduces to %( p*— p? + p), which
can be found at the end of Section 3 in [Kaylor and Offner 2014] after you remove
the contributions from the 2 x 2 Jordan block case. Moreover, for the diagonal
matrix types corresponding to the nontrivial partition and i > 1, we are dealing
with differences of diagonal entries yielding zero divisors in Z ,«; these scenarios
never occur when k = 1 because Z,, is a field.

5. Enumerating n x n diagonal matrices of a given type

Representing a diagonal matrix with a valuation graph. As we increase the value
of n, the enumeration of n x n diagonalizable matrices over Z,» becomes more
involved, because the number of distinct types becomes increasingly difficult to
catalog. The difficulties come both from the powers of p dividing the differences of
the diagonal entries of the matrix as well as the increasing number of partitions of n.
In order to aid us in classifying diagonal matrices into distinct types, we introduce
an associated graph to help visualize these scenarios.

Let D € M, (Z ) be diagonal with distinct diagonal entries A, ..., g € Z
Ordering the elements in Z,x by 0 <1 <2 <-.- < p* — 1, we can assume without
loss of generality that A; < A < --- < A, (since D is similar to such a matrix by
using a suitable permutation matrix as the change of basis matrix). Associated to D,
we define its associated weighted complete graph Gp (abbreviated as G when no
ambiguity can arise) as follows: we label its g vertices with the diagonal entries
Al, A2, ..., Aq, and given the edge between the vertices A; and A;, we define its
weight /;; as the unique nonnegative integer satisfying Pl | (n — A i)
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Definition 5.1. Let D € M,,(Z,«) be diagonal. We call the weighted complete
graph G associated to D as constructed above the valuation graph of D.

The following fundamental property of such graphs justifies why we call these
valuation graphs.

Proposition 5.2 (triangle inequality). Let G be a valuation graph. Given vertices A,
A, and Ac in G and edges E,p, Eqc, and Epc, the weights satisfy lp. = min{lyp, L}
In particular, Iy, = min{lyp, loe} if lap 7 Lac.

Proof. By hypothesis, we know that /5 and [, are the biggest nonnegative integers
satisfying

Ao —Ap = rpl“b and A, — A, = spl”" for some r, s € Zpk*.
Without loss of generality, assume that /,, > [,.. Then, we obtain
o= e = (hg = he) = O — hp) = plec(s — rplerlee),

If lop > lge, then (s — rple~lac) € Z 4* and if Iy = lqc then s — r may or may not
be a zero divisor in Z jx. The claim now immediately follows. (]

Observe that since the valuation graph arises from a diagonal matrix in M, (Z ),
it is clear that its weights can only attain integral values between 0 and k— 1 inclusive.
In fact, we can give another restriction on the possible values of its weights.

Lemma 5.3. A valuation graph G on g vertices has no more than g — 1 weights.

Proof. We prove this by induction on the number of vertices g. This claim is true
for g = 2, because such a graph has exactly one weight. Next, we assume that
the claim is true for any valuation graph on g vertices, and consider a valuation
graph G with vertices Aq, ..., A,41. By the inductive hypothesis, the valuation
subgraph H of G with vertices Ap, ..., Ay has no more than g — 1 weights. It
remains to consider the weights of the edges from these vertices to the remaining
vertex Ag41. If none of these edges have any of the g — 1 weights of H, then we are
done. Otherwise, suppose that one of these edges (call it E) has an additional weight.
Then for any edge E’ other than E that has A, as a vertex, the triangle inequality
(Proposition 5.2) implies that £’ has no new weight. Hence, G has no more than
(g — 1)+ 1 = g weights as required, and this completes the inductive step. ]

We know that for any diagonal matrix D € M, (Z ,¢), its valuation graph G satis-
fies the triangle inequality. Moreover, any complete graph on n vertices satisfying
the triangle inequality necessarily corresponds to a collection of diagonal matrices
with distinct diagonal entries in M), (Z ,x) as long as there are at most n — 1 weights
and the maximal weight is at most k — 1. Moreover, such a graph also corresponds
to a collection of diagonal matrices with nondistinct diagonal entries in My (Z y¢),
where N is the sum of these multiplicities.
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Enumerating diagonalizable matrices with a given valuation graph. Throughout
this section, we assume that the diagonal matrix in M, (Z ,+) has distinct diagonal
entries. Given its valuation graph G, we construct a specific kind of spanning tree
that will aid us in enumerating the diagonal matrices in M, (Z ,«) having valuation
graph G. In a sense, such a spanning tree concisely shows the dependencies among
the diagonal entries of a given diagonal matrix.

Proposition 5.4. Given a diagonal matrix D € My(Z ) with distinct diagonal
entries having valuation graph G, there exists a spanning tree T C G from which
we can uniquely reconstruct G. We call T a permissible spanning tree of G.

Proof. Suppose that G is a valuation graph on n vertices with r distinct weights
ai, as, ..., a, listed in increasing order. In order to construct a permissible spanning
tree for G, we consider the following construction.

For each weight a; with 1 <i <r, define G,, to be the subgraph of G consisting
of the edges with weight at most a; along with their respective vertices. From
the definition of a weight, we immediately see that G,, 2 G4 2 -+ 2 G,.
Moreover, Proposition 5.2 implies that each connected component of G, is a
complete subgraph of G.

To use these subgraphs to construct a permissible spanning tree for G, we start
with the edges in G,,. For each connected component of G,,, we select a spanning
tree and include all of their edges into the edge set E. Next, we consider the edges
in G,,_,. For each connected component of G,,_,, we select a spanning tree that
includes the spanning tree from the previous step. We inductively repeat this process
until we have added any pertinent edges from G,,. (Note that since G,, contains
only one connected component, 7 must also be connected.) The result is a desired
permissible spanning tree T for our valuation graph G.

Next, we show how to uniquely reconstruct the valuation graph G from 7. To
aid in this procedure, we say that the completing edge of two edges e, e> in G that
share a vertex is the edge ez which forms a complete graph K3 with e; and e;.

Start by looking at the edges having the largest weight a, in T. If two edges with
weight a, share a vertex, then their completing edge in G must also have weight a,
by the maximality of a,. Upon completing this procedure, there can be no other
edges in G of weight a,, as this would violate the construction of 7.

Next consider the edges having weight a,_; (if they exist). For any two edges of
weight a,_ that share a vertex, their completing edge must have weight a,_; or
a, by the triangle inequality. If the completing edge has weight a,, then we have
already included this edge in the previous step. Otherwise, we conclude that the
completing edge must have weight a,_;.

Continuing this process to the lowest edge coloring a;, we reconstruct G as
desired. (]
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We now return to the problem of enumerating diagonal n x n matrices over Z
of a given type. We begin with the case that A € M,,(Z ,+) is a diagonal matrix over
Z p« with distinct diagonal entries. Let G be its associated valuation graph with r
distinct weights a;, az, .. ., a,.

Definition 5.5. Let 7 be a permissible spanning tree of a valuation graph G. We
say that a subset of edges in T all with weight a; are linked if there exists a subtree
S of T containing these edges such that each edge in S has weight at least a;.

We use the notion of linked edges to partition the set of edges from our permissible
tree T beyond their weights as follows. Let L’ denote the set of edges in T with
weight a,. Then, L' decomposes into pairwise disjoint sets L/, ..., L;m for some
positive integer £(t), where each L} is a maximal subset of linked edges from L’.

Definition 5.6. Let T be a permissible spanning tree for a given valuation graph G.
For a given weight a,, we say that L1, ..., L}, are the linked cells of the weight a;.

Theorem 5.7. Let G be a valuation graph having r distinct weights ay, ay, . . ., a,
listed in increasing order, and let T be a permissible spanning tree of G with linked
cells L’ Then, the total number of diagonal matrix classes having distinct diagonal
entrles in My (Z ) with an associated valuation graph isomorphic to G equals

roe@) L]

|Aut(G)| 1'[1'[]'[¢l<p" “),

=1i=I

where ¢;(p)) = p/ —ip/~!, and Aut(G) denotes the set of weighted graph auto-
morphisms of G.

Proof. Fix a valuation graph G. The key idea is to consider the edges of its
permissible spanning tree via linked cells, one weight at a time in descending order.
Throughout the proof, we use the following convention: if an edge E has vertices
A1, A with Ay > A, we refer to the value A, — A as the edge difference associated
with E.

First consider the edges in the linked cell of the maximal weight a,. Without
loss of generality, we start with the edges in L. Since a, is maximal, we know that
L7 is itself a tree. For brevity, we let m = |L]|. Then, L} has m edges connecting
its m + 1 vertices. We claim that there are [ /L, ¢; ( p*=%) ways to label the values
of the edge differences.

To show this, we start by picking an edge in L/, and let | and A, denote its
vertices. Since A, — A = s1p% for some 51 € Z*,_, , we see that A, — Aj can
attain ¢ (p*¥~%) = ¢; (p*~¢) distinct values. Next, we pick a second edge in L’ that
connects to either A or A,; without loss of generality (relabeling vertices as needed),
suppose it is Ap. Letting A3 denote the other vertex of this edge, A3 — Ay = 5o p™
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for some s, € Z;H,- However because a, is the maximal weight in G, the edge
connecting A and A3 also has weight a,. On the other hand, we have

A —h=R3— )+ Qo —A) = (2+s)p”, where sy +s1 €7,

Hence, s, —s; mod p*~%, and therefore there are ¢ (p*~%)— p* =4~ =g, (p*F—*)
possible values for s,. Repeating this procedure, we can assign ¢; (p*~%) values to
the difference of the vertices from the i-th edge in L}. Now the claim immediately
follows.

The preceding discussion applies to any of the linked cells of weight a,, because
edges in distinct linked cells never share a common vertex. Hence, we conclude
that the number of possible values of edge differences in L” equals

er) 14!
[T] ] .
j=li=1

Next, suppose that we have enumerated all edge differences from all linked cells
having weights a,41, ..., a, for some fixed r. We now consider linked cells for the
weight a,. The procedure proceeds just as before, with the only difference being
that two edges of any weight lower than a, may be linked via some subtree of T’
containing other higher weights. However this presents no new difficulties.

Fix a linked cell with weight a, and choose a first edge with vertices A, and A, .
As above, this edge corresponds to one of ¢ (p*~%) possible differences between
values A., and XA.,. Given another edge linked to the aforementioned edge in this
linked cell, it either shares or does not share a vertex with the first edge. We consider
these cases separately.

First, suppose the two edges share a common vertex A.,. Then as in the previous
case, the connecting edge between A., and A., must have weight at least a, (as this
edge otherwise has weight greater than @, and such vertices have been previously
considered), and thus we can choose the value for A., — A, in ¢a( pk*“') ways.

Alternatively, suppose that the two edges are connected through already estab-
lished edges of higher weights on the vertices Ay, Ag,, ..., Ag,. Without loss of
generality, assume that the vertices A, and A., are the initial and terminal vertices, re-
spectively, in this second edge. We know that A., —A., =rp*~% and Ao, — Ao, =1/ p“
for some r, r’ € Z*,_,, . Also since the edges connecting A., to Ag,, Ag, tO A¢,, and
Ad; 10 Ag; for all 1 <i < j <s have weights higher than a,, it follows that

0=Ag, —he, = he; — hd, = hg, — Ag, mod p*!

and these observations give us

)"C4_)\'C1 = ()\'Cz _)"C1)+()\'d1 _)\'Cz)+()"d2_)\'d1)+' : +<)\'C2 _)\ds)'i'()\a;_)\q)

= (r+r")p™ mod p“’H.
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However, by an inductive use of the triangle inequality, we see that the edge directly
connecting ¢ and ¢4 must have weight a;. Thus, » 4+’ £ 0 mod p, and the number
of permissible choices for ' is therefore

pk—a, _ 2pk_a’_1 — ¢2(pk—a,).

Continuing this process, we can see that when we add the i-th edge in this linked
cell (if it exists), we can find a path between it and the previous i — 1 edges in T
sharing the same linked cell, giving ¢; (p*~%) choices for the corresponding edge
differences.

At this point we have considered every edge in 7. The number of possible edge
differences among all of the edges in 7" equals

o 15
[TT1] e .
=1 j=1i=1
In summary, we have specified the number of values that the differences of the
vertices to each of the edges in our permissible tree can attain. Consequently, as
soon as we specify the value of one vertex, in which there are p* possible choices,
we have uniquely determined (by our work above) the values of the remaining
vertices through their differences. Therefore, the number of possible diagonal
matrices with the given valuation graph equals

e 15
PTTTTT T
=1 j=1i=1
Finally, we note that permuting the order of the diagonal entries of any diagonal
matrix associated with G yields a valuation graph isomorphic to G. Since these
correspond to the weighted graph automorphisms of G, dividing our last formula
by |Aut(G)| yields the desired enumeration formula. O

Remark. Note that the group of weighted automorphisms of G is a subgroup
of all automorphisms (under composition of isomorphisms) of the corresponding
unweighted graph version of G. Since G is a complete graph with n vertices, we
know that there are |S,,| = n! unweighted graph automorphisms of G (which can be
represented by n x n permutation matrices). Then, Lagrange’s theorem for groups
implies that |[Aut(G)| =n!/o (G), where o (G) = [S,, : Aut(G)] denotes the number
of vertex permutations yielding nonisomorphic valuation graphs from G. In this
manner, one can determine the value of |Aut(G)| by directly computing o (G).

So far, Theorem 5.7 allows us to enumerate diagonal matrices with distinct
diagonal entries with an associated valuation graph. The following proposition
addresses how to extend this theorem to also enumerate diagonal matrices whose
diagonal entries are not distinct.
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Figure 1. The valuation graph G corresponding to D.

Proposition 5.8. Let D € M, (Z ) be a diagonal matrix with distinct diagonal
entries Ay, ..., Ag, and let D" € M(Z ,+) be the corresponding diagonal matrix
with (distinct) diagonal entries A, ..., Ag. If D has exactly n,, distinct m x m
diagonal blocks for eachm € {1,2, ..., g}, then

g—! t(T/),

nil---ng!

t(T) =

where T and T' are the types of D and D/, respectively.

Proof. Since we know by hypothesis that D and D’ share the same number of distinct
diagonal entries, it suffices to count the number of ways to arrange the diagonal
blocks (each of which is distinguished by a different scalar on their respective
diagonals) in D. Since the number of ways of arranging these diagonal blocks
in D equals g!/(n!---ng!), the conclusion of this theorem is now an immediate
consequence. U

Now that we have Theorem 5.7 and Proposition 5.8 at our disposal, we are more
than ready to enumerate the diagonalizable n x n matrices in the cases where n =3
and 4; this we address in the next two sections. Before doing this, we would like
to put our theory of valuation graphs into perspective by giving an example that
illustrates the theory we have developed for the valuation graph.

Example. Consider the diagonal matrix D € M¢(Z53) whose diagonal entries are 0,
1,2,4,5, and 11. Then, its corresponding valuation graph G is depicted in Figure 1.
Observe the number of distinct weights in G is 3, consistent with Lemma 5.3, and
that the highest edge weight is 2.

Next, we give examples of permissible spanning trees for G and partition their
edges into linked cells. Figure 2 shows three permissible spanning trees 77, T», T3
for G and their linked cells L%, L%, L%, and L{’.

Although each of these spanning trees have different degrees, they all have
the same edge decomposition into linked cells. Thus, we can use any of these
permissible spanning trees to enumerate the number of similarity classes of diagonal
matrices sharing G as their valuation graph. To this end, it remains to compute
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Figure 2. Three permissible spanning trees for G and their linked cells.

|Aut(G)|. Since we can permute the vertices 2 and 11, as well as the vertices 1
and 4 without altering G, this implies |Aut(G)| = 2!2!. Therefore by Theorem 5.7,
the number of similarity classes of diagonal matrices with valuation graph G equals

2 e L]l

[TTTI]¢G ™= 24—7 $1(3%) $2(3%) $1(3%) 1(3%) $1 (3') = 78732.

1=0 j=1i=1

33
2121

6. Enumerating the 3 x 3 diagonalizable matrices

Theorem 6.1. The number of 3 x 3 matrices with entries in Z i that are diagonal-
izable over Z . is

k+2¢,3 Sk k+3¢,,3 8k
. _ x, P =D(p =D pr(pP=D(p=2)(p+D(p™—1)

+pk+3(p2_1) p8k_p8_p5k_p5
2 p3—1 pi—1 )
Proof. We first enumerate all of the 3 x 3 diagonal matrix types. There are three

partitions of 3, namely 3, 2+ 1, and 1+ 1 4 1. The trivial partition yields the type
of scalar matrices

A
T1= A Z)»Gzpk
A

As with this type of 2 x 2 scalar diagonal matrices, we have ¢(T;) = p* and
c(Th) = |GL3(Zp1)].
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Al Al
. a
. e e—a
A2

A3 Ao A3

Figure 3. Two valuation graph classes in the 3 x 3 case.

The partition 3 =2+ 1 comprises k distinct types asi € {0, 1, ...,k — 1}:

. )\‘1 .
T, = o P IO —2)
A2

Proposition 5.8 relates these types to the nonscalar types of 2 x 2 diagonal matrices,
and thus
20 pro (Pt

@)y _
117 = 11! 2!

=Pl o (" ).
Next, Proposition 3.4 gives us c(T,") = ¢ (p*) - IGLa(Z )| - p*.
Finally, the partition 3 = 14 1 4 1 comprises two distinct classes of diagonal
matrix types that we concisely give by their respective valuation graphs in Figure 3.
For the first valuation graph, leti € {0, 1, ..., kK — 1} denote the common weight
of the three edges on the first valuation graph given above. Letting T3(;) denote this
type, Theorem 5.7 yields

PO (P o (p* )
3! ’

HTy) =

and Proposition 3.4 gives us c(T3(;)) = ¢ (ph)3 pOi.

For the second valuation graph, let i and j denote the weights in the second
valuation gre_lph given above; note thati € {0, ..., k—2}and je{i+1,...,k—1}.
Letting TS(;”] ) denote this type, Theorem 5.7, gives us

P (p* e (pF7)
2! ’

I(T;;J’J)) —

and Proposition 3.4 yields c(T3(;’j )y = ¢ (pk)3 pHi+2i,
Finally, we use (2) to enumerate the 3 x 3 diagonal matrices and conclude that

PP =D(P*=1)  pFB P (p—2)(p+D(p¥*-1)
p—1 6(p3—-1)
pk+3(p2_1)(p8k_p8 pSk—p5>' -

2 ps—1  pi—1

|Diags(Z ¢)| = p*+

+
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7. Enumerating the 4 x 4 diagonalizable matrices

We first address the 4 x 4 diagonal matrices with repeated diagonal entries. By
using Propositions 3.4 and 5.8, we obtain the results in the following tables. Table 1
deals with the cases where there are at most two distinct diagonal entries.

In Table 2, we consider the more involved case where a given diagonal matrix
has three distinct diagonal entries.

type T valuation graph t(T) c(T)
A
A A
N . r' IGL4(Z )]
A
Al
Al a1 kg (ki 6i bk
o rLio——eiy | PP (p"") | pTP(PHIGL3(Z )]
A2
Al 4
A a pro(pt) ;
b ro——eiy | ———— | PYIGL2AZ,0
2 2
A2

Table 1. 4 x 4 diagonal matrix types with at most two distinct
diagonal entries.

type T valuation graph t(T) c(T)
)Ll )\1
ko pk—i k—i
Al 3 —a p ¢(p 2)4’2([7 ) p10i¢(pk)2|GL2(Zpk)|
A A2 A3
)\1 )\.1 . .
A . 3pkp (P DS (P ) | i
' 1] 5 PO () IGLA(Z 1)
A3 Ay A3
)Ll )\.1 . .
A —ay | 3PP TP ) | g
' I\ 5 PG (P IGLAZ )]

A3 A2 A3

Table 2. 4 x 4 diagonal matrix types with three distinct diagonal entries.
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valuation graph t(T) c(T)
Ao A
@ ko oki k—i ki
pio(p )¢2§|.l'7 Vo3 (p*) p12[¢(pk)4
4\ pk k—i k—j k—j o
(3) p ¢(p )¢(4p' )¢2(P ) p61+61¢(pk)4

1 (4> P e (/)

5(5 2 p8i+4j¢(pk)4

p10i+2j¢(pk)4

e (4> P (P (P e (P )
2 41

(4) <3) Pro(p* e (pF g (p*m) P4 m iy

3/\1 4!

p8i+2j+2m¢(pk)4

<4> <4> Pro(pF e (pF e (pk—m)
4)\2 41

Table 3. 4 x 4 diagonal matrix types with distinct diagonal entries.

It remains to enumerate the diagonal matrix types where the diagonal entries
are distinct. By inspection, we find that there are six distinct classes of valuation
graphs if we disregard the actual weights of their edges. We summarize the pertinent
information for each of these six valuation graphs in Table 3.

By using (2), one can now find the number of 4 x 4 diagonalizable matrices
over Z . In light of the many cases from the three tables above, the final formula
will be quite long and messy to explicitly write out, and we therefore have chosen not
to include it here (although the curious reader should have no problem constructing
it if necessary).
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8. The proportion of diagonalizable matrices over Z

Kaylor and Offner [2014] noted that as the size of the field [, increases, the
proportion of matrices in M, (F,) with all eigenvalues in [, approaches 1/n!; that is,
Eig, (F 1
lim &Gl 1
4o M, (Fp)|  n!
In particular, [Kaylor and Offner 2014] also implies that as the size of [, increases,
the proportion of matrices in M, (I, ) that are diagonalizable over [, approaches 1/n!
as well. We generalize this latter result by replacing [, in the case of ¢ = p with Z

Theorem 8.1. Fix positive integers n and k, and let p be a prime number. Then,

Diag, (Z,0)| _ 1

im =—.
p=00 | My(Z pr)l n!

Proof. Letting i index the distinct types of diagonal matrices, we let 7, ; denote

the i-th distinct type of a diagonal matrix in M, (Z,+). Note that we can view

|Diag, (Z,+)| as a polynomial in powers of p. Since we are taking a limit as

p — o0, it suffices to determine which diagonal matrix types contributes to the

leading term of |Diag, (Z,+)|. We accomplish this by first computing its degree:

[T (n)]
deg |Diag, (Z )| = deg( 3 t(Tn,i)sm,i))

i=1
= max deg(t(7,,;)s(T,,))

1<i<|T(n)|
GL,(7Z
= max deg(t(Tn,,')M>
1<i<|T (n)| c(T, )
=, mlaTX( )(deglGL n(Zpe)| +degt(Ty ;) — deg c(Ty.i))
= max (kn +deg (T, ;) —degc(Ty.i)).
1<i<|T ()]

By Proposition 3.4, we find that

i=1 I<i<j<k

—kZm + Z 2mim;l;;

I<i<j<k
>k Z ml2 (since each [;; > 0)

> kn (since each m; > 1).
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Moreover, Theorem 5.7 yields
g 1L v

t

deg t(T,.;) =k+iz Y tk—a) <k+Y Y kL | =k+k(n—1)=kn.

=1 j=1 i=I =1 j=I
Therefore degt (7, ;) < degc(T,,;), with equality occurring if and only if the di-
agonal matrix is of the type in which its diagonal entries are distinct and their
differences are units in Z . Hence, deg |Diag, (Z +)| = kn?, and using the afore-
mentioned diagonal matrix type, the leading coefficient of [Diag, (Z )| equals 1/n!
by Theorem 5.7. Thus, we have

[Diag, @] _ (1/n)p!" +0(p*" )
|Mn(Zpk)| pkn2 :
The desired limit immediately follows by letting p — oo. 0

9. Future research

As we have seen, given a ring of the form Z ,+ and a positive integer n, we have
given a procedure to compute |Diag,(Z,)|. The main difficulty that remains
is enumerating the possible valuation graph classes (up to automorphism and
disregarding the actual values of the weights) corresponding to n x n diagonal
matrices. As demonstrated in the previous sections, it suffices to enumerate such
classes corresponding to n x n diagonal matrices with distinct diagonal entries; let
a, denote this quantity. We have seen that a, = 3 and a4 = 6, and it turns out that
as = 20 (see Figure 4 for these classes). It would be of interest to find at least a
recursive formula that determines a, for a given value of .

In addition to this, it would be of interest to extend our work to include matrices
with Jordan canonical forms (JCFs) over Z ,«, that is, matrices similar to a block
diagonal matrix comprised of the Jordan matrices

A10---00
oOr1---00
0Oo0x---00
000 --- 21
000 :.--- 04

for some A € Z,x. One would have to be careful performing such an enumeration,
because it is possible for a given matrix to have more than one distinct JCF over Z .
For instance in Z4, we have

CO-CNENED
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o a4

Figure 4. The twenty 5 x 5 valuation graph classes.

Although finding an enumeration formula for the centralizer of a Jordan matrix
should be straightforward, this is not expected to be the case for an arbitrarily
chosen JCF.

As a final remark, besides the potential nonuniqueness of a JCF, there is a reason
why we have not enumerated |Eig,(Z ,¢)|. Unlike in the finite-field case where
any matrix in Eig, (F;) has a JCF (see [Kaylor and Offner 2014] for more details),
this is not even necessarily the case in Eig, (Z,+). For example in Z 2, any matrix
of the form (g f\’) has double eigenvalue X, but lacks a Jordan canonical form
over Z ,>. Determining all similarity classes of such matrices is in general still an
open question.
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