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We investigate a mathematical model of infection by the hepatitis B virus (HBV)
that includes cytolytic and noncytolytic immune response. The model exhibits
a variety of steady-state solutions depending on parameter values, including
nonunique and unique equilibrium solutions and periodic behavior. The disease-
free equilibrium E f and the positive-disease equilibrium Ed are examined. The
basic reproduction ratio R0 is computed in order to examine the uniqueness and
local asymptotic stability of equilibria and to understand the model’s biological
implications for HBV dynamics.

1. Introduction

Hepatitis B virus (HBV) is a virus that negatively impacts hundreds of millions
of people worldwide by causing chronic infections [Locarnini et al. 2015] in liver
cells (or hepatocytes) which may result in scarring of liver tissue and ultimately
liver cancer [Lavanchy 2004]. While advances in treatment have resulted in the
control or eradication of many infectious diseases, from 1993 to 2013 the rates
of death and disability caused by hepatitis rose by 63% and 34%, respectively
[Stanaway et al. 2016]. This makes HBV a vital public health concern across the
world. Mathematical models are often used to investigate the dynamics of biological
phenomena, and virology is an area of study that has been greatly impacted by
these models. For example, human immunodeficiency virus (HIV) was thought
to replicate at a slow rate, but applications of mathematical models suggested that
HIV-1 is in fact a rapidly reproducing virus. This was confirmed by experimental
observations [Perelson 2002].
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The first mathematical model of HBV is discussed in [Nowak et al. 1996] and is
given by

x ′ = λ− dx − bvx, (1-1a)

y′ = bvx − ay, (1-1b)

v′ = ky− uv, (1-1c)

where x is the density of uninfected cells, y is the density of infected cells, and v is
the number of free virus cells. Uninfected cells are assumed to be produced at a
rate, λ, which may be constant or depend on the total population size of uninfected
and infected cells. Uninfected cells die at rate d, and move to the infected class
at rate bv, where b is the rate constant describing the infection process. Infected
cells die at rate a. Free virions are produced from infected cells at rate k and are
removed at rate u.

Many models of HBV have subsequently been investigated including [Rodriguez
et al. 2017; Ciupe et al. 2007; Kim et al. 2012; Pang et al. 2012; Hews et al.
2010]. All of these models include variables that specify the density of healthy and
unhealthy hepatocytes as well as the density of viral cells in the liver. The dynamics
for the immune response is included in [Rodriguez et al. 2017; Ciupe et al. 2007;
Kim et al. 2012; Pang et al. 2012]. In general, immune response includes cytolytic
(direct killing) and noncytolytic activities. Noncytolytic immune responses use
chemical signaling via cytokines to stop the reproduction of HBV within the cell,
“curing” the cell without having to destroy it [Vargas-De-León 2014]. Since it is the
host’s response to the viral infection and not an innate part of the HBV life cycle
that causes hepatocyte destruction (as HBV is not pathological), the role of the
noncytolytic immune response is important. In [Wodarza et al. 2002] it was found
that if the virus replicates at a fast rate relative to the rate of viral cytopathicity, then
a combination of both cytolytic and noncytolytic immune response is more likely
to control the disease. On the other hand, if viral cytopathicity is high relative to
the replication rate of the virus then cytolytic and noncytolytic immune responses
may resolve the infection independently. Citing chimpanzee studies, the authors in
[Ciupe et al. 2007] suggest that the noncytolytic response may be the mechanism
that causes an early reduction in the HBV viral load, as this occurs much earlier
than any detectable cytolytic immune response, liver T cell infiltration, or liver
damage. These authors include a fifth variable in their model to account for a cell
population of previously infected cells that are refractory to new infection (because
of the continuing effects of a noncytolytic immune response) or a population of
infected cells not producing measurable amounts of virus.

In this paper a model of HBV dynamics based on these previous models is
formulated and analyzed. Here the dynamics for healthy and unhealthy hepato-
cytes, the virus cells, and the immune cells are included in the model equations.
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While [Ciupe et al. 2007; Kim et al. 2012] are mainly concerned with validating
HBV models and investigating HBV dynamics utilizing patient data and computer
simulations, in this paper the model equations are mathematically analyzed to
determine the reproduction ratio and give conditions that guarantee stability of the
disease equilibria, as in [Rodriguez et al. 2017; Pang et al. 2012; Hews et al. 2010].
Unlike [Rodriguez et al. 2017; Hews et al. 2010], the model here includes a fourth
equation for the immune response dynamics, and unlike [Pang et al. 2012] the
growth dynamics for healthy and unhealthy hepatocytes are logistic. The paper is
outlined as follows. In Section 2 the model equations are presented and described.
In Section 3 these equations are nondimensionalized and then the disease-free
equilibrium is analyzed in Section 4. The disease equilibrium is discussed in
Section 5 and in Section 6 a reduced system is presented, the disease equilibrium is
analyzed, and the main theorems are proven. Finally, these results are summarized
and future work is suggested in the conclusion, Section 7.

2. Model equations

The following model for hepatitis B dynamics builds on the basic framework of
previous HBV models, including [Rodriguez et al. 2017; Ciupe et al. 2007; Kim
et al. 2012; Pang et al. 2012; Hews et al. 2010]. The state variables include healthy
hepatocyte density (X ), unhealthy hepatocyte density (Y ), and number of virus
cells (V ), just as in (1-1a), (1-1b), and (1-1c). A third variable I is now included to
account for the density of immune response cells. The equations are

X ′ = r1 X
(
1− X+Y

K

)
−βX V + f bY I, (2-1a)

Y ′ = r2Y
(
1− X+Y

K

)
+βX V − bY I, (2-1b)

V ′ = γY −µV, (2-1c)

I ′ = cY − d I + I0. (2-1d)

Here both the healthy hepatocyte cell population dynamics (2-1a) and the unhealthy
hepatocyte cell population dynamics (2-1b) are maintained by homeostasis as they
are governed by logistic dynamics, as in [Rodriguez et al. 2017; Ciupe et al. 2007].
That is, the first terms in (2-1a) and (2-1b) yield negative per-capita growth rates
when X + Y > K, where K > 0 is a parameter that defines hepatocyte carrying
capacity. Healthy hepatocytes and infected hepatocytes proliferate at rates r1 > 0
and r2 > 0. Here it will be assumed that r1 ≥ r2 as in [Rodriguez et al. 2017] so
that healthy cells proliferate at least as fast as unhealthy cells. The parameter β > 0
controls the rate at which healthy hepatocytes are infected by virions so that the
rate of infection is directly proportional to β and the density of healthy hepatocytes
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(i.e., mass action), just as in [Rodriguez et al. 2017; Ciupe et al. 2007; Kim et al.
2012; Pang et al. 2012]. The last terms in (2-1a) and (2-1b) represent the immune
response to disease. The parameter b > 0 controls the cytolytic clearance rate of
infected cells and the noncytolytic “curing” of infected cells, given by the last term
in (2-1a), includes a scaling parameter f . Here f ∈ (0, 1] as in [Kim et al. 2012],
where the authors refer to f as a “calibration coefficient”.

The viral dynamics (2-1c) and immune response dynamics (2-1d) are linear.
The parameters γ > 0 and c > 0 control the rates at which virions and immune
cells are produced in response to the number of unhealthy hepatocytes respectively.
Thus 1/µ and 1/d specify the average lifetime of a free virus particle [Nowak and
Bangham 1996] and an immune cell [Ciupe et al. 2007] respectively. In the absence
of unhealthy hepatocytes, immune cells grow at a constant rate I0, as in [Ciupe
et al. 2007; Kim et al. 2012; Pang et al. 2012], and the ratio I0/d quantifies the
basal level of immune cells [Ciupe et al. 2007] in the body.

The model presented here is distinct from the various models that have been
studied previously. For example, in [Nowak et al. 1996; Kim et al. 2012; Pang
et al. 2012], healthy hepatocytes (in the absence of immune response) grow at a
constant rate. In [Nowak et al. 1996; Pang et al. 2012; Hews et al. 2010] unhealthy
hepatocyte growth occurs only by infection of healthy cells. While the investigators
in [Kim et al. 2012] allow for growth of unhealthy hepatocytes in the absence of
infection, the growth dynamics is linear (proportional to the density of unhealthy
cells) rather than logistic.

Example parameter values determined from patient data can be found in the
literature. Table 1 displays typical values or ranges of values from [Rodriguez et al.

parameter description value ref.

r1 healthy-cell proliferation rate (0,4] day−1 R
r2 unhealthy-cell proliferation rate (0,4] day−1 R
K carrying capacity 1.9× 107 mL−1 R
β healthy-cell infection rate (10−10, 10−6) mL day−1 R
f noncytolytic scaling parameter (0, 1] K
b cytolytic clearance rate 7× 10−4 mL day−1 K
γ viral production rate [1.4,164] day−1 K
µ viral clearance rate [0.18, 1] day−1 R
c CTL response rate 0.5 day−1 K
d CTL death rate 0.5 day−1 K
I0 CTL production rate 9.33 mL−1 day−1 K

Table 1. Example parameter values. Here R stands for [Rodriguez
et al. 2017] and K for [Kim et al. 2012].
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Figure 1. Simulation of (2-1a)–(2-1d). The left panel shows X
(solid) and Y (dashed), where Y has been scaled by a factor of 10.
The right panel shows I (solid) and V (dashed). Here r1 = 1,
r2 = 0.5, β = 10−6, f = 0.1, γ = 6.24, µ = 0.67 and the
remaining parameters are as in Table 1.

2017; Kim et al. 2012]. The last column displays the reference. The units assume
that X , Y, and I are measured as the number of cells per mL, and V is measured as
number of virions.

Simulations of (2-1a)–(2-1d) are shown in Figures 1 and 2. In each case, the
initial conditions are that X (0) = 1000, Y (0) = 100, V (0) = 10, and I (0) = 0.
Figure 2 illustrates that if the cytolytic clearance rate b is much smaller than the
value listed in Table 1, the model exhibits periodic solutions as in [Hews et al.
2010].
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Figure 2. Simulation of (2-1a)–(2-1d). The left panel shows X
(solid) and Y (dashed) and the right panel shows I (solid) and V
(dashed). Here b = 10−8, r1 = 1, r2 = 0.5, β = 10−7, f = 0.1,
γ = 6.24, µ= 0.67 and the remaining parameters are as in Table 1.
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3. Nondimensional equations

In order to analyze the steady-state solutions, it will be useful to nondimensionalize
the model equations (2-1a)–(2-1d). The nondimensional parameters that will be
used are

t̂ := r2t, x̂ :=
X
K
, ŷ :=

Y
K
, v̂ :=

(
β

r2

)
V, α̂ :=

I
K
.

After substituting these into (2-1a)–(2-1d) the system is transformed into

x̂ ′ = r x̂(1− x̂ − ŷ)− x̂ v̂+ f ϕ ŷα̂, (3-1a)

ŷ′ = ŷ(1− x̂ − ŷ)+ x̂ v̂−ϕ ŷα̂, (3-1b)

v̂′ = p1 ŷ− q1v̂, (3-1c)

α̂′ = p2 ŷ− q2α̂+ I0r2K , (3-1d)
where

ϕ := bKr2, p1 := Kγβr2
2 , p2 := cr2, q1 := µr2, q2 := dr2. (3-2)

Next we define
ω := I0 d K (3-3)

and substitute α = α̂−ω in (3-1a)–(3-1d) to get the homogeneous system

x ′ = r x(1− x − y)− xv+ f ϕy(α+ω), (3-4a)

y′ = y(1− x − y)+ xv−ϕy(α+ω), (3-4b)

v′ = p1 y− q1v, (3-4c)

α′ = p2 y− q2α. (3-4d)

If the right side of each equation (3-4a)–(3-4d) is denoted by F j (x1, x2, x3, x4),
with j = 1, 2, 3, 4 and x1 = x , x2 = y, x3 = v, and x4 = α, the system clearly
satisfies Fk(x1, x2, x3, x4) ≥ 0 whenever xk = 0 and x j ∈ [0,∞), k 6= j. This
implies solutions are nonnegative for nonnegative initial data [Thieme 2003]. The
long-term behavior of the system is governed by any stable steady-states that may
exist, so it is essential to understand how these solutions arise. Here only the
constant steady-states (or equilibria) will be analyzed. In fact, this system has
multiple equilibria. The trivial equilibrium is E0 = (0, 0, 0, 0) and the disease-
free equilibrium is E f = (1, 0, 0, 0). The disease equilibrium will be denoted by
Ed = (x∗, y∗, v∗, α∗), where x∗, y∗, v∗, α∗ > 0 since this is the sustained infection
case. In the following sections the existence, uniqueness, and stability properties
will be investigated for E f and Ed . The trivial equilibrium is not considered as it
represents total death of all hepatocytes. Furthermore, the equilibrium (0, y∗, v∗, α∗)
will not be considered as it represents death of all healthy hepatocytes.
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4. Disease-free equilibrium

The Jacobian of (3-4a)–(3-4d) is the matrix

J (x, y, v, α)=


r(1−2x−y)−v −r x+ f ϕ(α+ω) −x f ϕy
−y+v 1−x−2y−ϕ(α+ω) x −ϕy

0 p1 −q1 0
0 p2 0 −q2

 . (4-1)

Substituting E f into (4-1) yields the matrix

J (1, 0, 0, 0)=


−r −r+ f ϕω −1 0

0 −ϕω 1 0
0 p1 −q1 0
0 p2 0 −q2

 , (4-2)

which results in the following characteristic equation for the eigenvalue λ:

p(λ)= (r + λ)(q2+ λ)[λ
2
+ (q1+ϕω)λ+ϕωq1− p1]. (4-3)

Thus two eigenvalues are λ=−r < 0 and λ=−q2< 0, while the remaining two are

λ=−(q1+ϕω)±
√
(q1−ϕω)

2
+ 4p12.

It follows that all eigenvalues are real. Furthermore, since

(q1−ϕω)
2
+ 4p1 = (q1+ϕω)

2
− 4(ϕωq1− p1),

each eigenvalue is negative if and only if ϕωq1− p1 > 0. It follows from [Thieme
2003; Allen 2007] that a necessary and sufficient condition for the disease-free
equilibrium to be locally asymptotically stable is that p1/(ϕωq1) < 1. This yields
the basic reproduction ratio, denoted by R0, defined by

R0 := p1ϕωq1. (4-4)

This ratio measures the average number of newly infected cells generated from
one infected cell at the beginning of the infectious process [Wodarza et al. 2002;
Pang et al. 2012; Thieme 2003]. Typically, for infectious disease models the
basic reproduction ratio specifies a parameter grouping that provides a threshold
[Diekmann et al. 1990] for infection to occur. That is, the disease will invade if R0>

1 or will not invade if R0< 1. Figure 3 shows simulations of healthy- and unhealthy-
cell densities for the nondimensionalized equations (3-4a)–(3-4d), which illustrate
this threshold behavior. When R0=0.9, the steady-state value of healthy-cell density
is 1 and the steady-state value of unhealthy-cell density is 0. However, for R0 > 1
the disease state exists and steady-state values for healthy-cell density decrease with
R0, whereas the steady-state values for unhealthy-cell density increase with R0.
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Figure 3. Simulations of (3-4a)–(3-4d) with healthy-cell density (x)
on the left and unhealthy-cell density (y) on the right for R0 = 0.9,
R0 = 1.1, R0 = 2, and R0 = 20, where R0 is defined in (4-4).
Dashed curves depict R0 = 0.9 and solid curves correspond to
values of R0 > 1. The steady-state for R0 = 0.9 is the disease-free
equilibrium E f , while the steady-state for R0 > 1 is the disease
equilibrium Ed . As R0 increases, steady-state values of x decrease,
while steady-state values of y increase.

The sections that follow investigate how the disease equilibrium Ed is affected by
the parameters in the model. Section 5 establishes parameter ranges that guarantee
uniqueness of Ed . In Section 6, parameter ranges are determined that guarantee the
local asymptotic stability of Ed in a reduced model.

5. Disease equilibrium

In this section, the disease equilibrium Ed = (x∗, y∗, v∗, α∗) is computed and its
parameter-dependence is investigated numerically. Assuming x∗, y∗, v∗, α∗ are
positive constants, then using (3-4b)–(3-4d) these constants satisfy

y∗ = 1θ(1−ϕω− ρx∗), v∗ =
p1

q1
y∗, α∗ = p2q2 y∗, (5-1)

where
θ := 1+ p2q2ϕ, ρ := 1−

p1

q1
. (5-2)

Substituting these values in (3-4a) results in the quadratic equation for the healthy-
cell density κ2x2

+ κ1x + κ0 = 0, where

κ2 := −ρ

(
rλ−

p1

θq1

)
− r

p1

q1
+

f
θ
λρ2, (5-3a)

κ1 := (1−ϕω)
(

rλ−
p1

θq1

)
+ rϕω− f

ρ

θ
[ϕω+ 2λ(1−ϕω)], (5-3b)

κ0 :=
f
θ
{λ(1−ϕω)2+ϕω(1−ϕω)}, (5-3c)
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Figure 4. The healthy-cell density computed from (5-5) for the
disease equilibrium Ed plotted as a function of 1< R0 < 20. Here
ω is varied, while all other parameters are fixed and R0 is computed
from (4-4). The healthy-cell infection rates are β = 10−6 mL day−1

(left) and β = 10−8 mL day−1 (right). In both panels the remaining
parameter values are as in Table 1, with r1= 1, r2= 0.5, f = 0.01,
γ = 6.24, and µ= 0.67. Solid curves are stable positive equilibria,
while dashed curves (near zero) are unstable positive equilibria.

with λ defined as
λ := ϕp2θq2 = ϕp2ϕp2+ q2. (5-4)

The healthy-cell density for the disease equilibrium is then

x∗ =−12κ2
[
κ1±

√
κ2

1 − 4κ2κ0
]
, (5-5)

where κi (i = 0, 1, 2) are given by (5-3a)–(5-3c). The remaining values for the
disease equilibrium are then easily computed from (5-1). After some algebra, we
get from (5-3a), (5-3b), and (5-3c) that

κ2
1−4κ2κ0=

[
(1−ϕω)

(
rλ−θ−1 p1

q1

)
+rϕω+ρϕω f θ−1

]2

+4rϕω f θ−1(R0−1)[ϕω(1−λ)+λ], (5-6)

κ2=−r
{

p1

q1
+λρ

}
+θ−1ρ

{
p1

q1
+λ fρ

}
, (5-7)

κ2+κ1+κ0=ϕωr(R0−1)(λ−1)+(ϕω)2θ−1(R0−1)[ f (1−λ)−R0(1−λ f )]. (5-8)

Note from the definition of R0 in (4-4) that if all parameters are fixed except ω,
then R0 ↓ 1 if and only if ω ↑ ω̄, where

ω̄ := p1ϕq1. (5-9)
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Figure 5. The healthy-cell density computed from (5-5) for the
disease equilibrium Ed plotted as a function of noncytolytic scaling
f ∈ (0, 1] (left) and cytolytic clearance rate b (right) when f = 0.1.

The healthy-cell infection rate is β = 10−6 mL day−1. In both panels
R0 = 10 and the remaining parameter values are as in Table 1, with
r1 = 1, r2 = 0.5, γ = 6.24, and µ= 0.67. Solid curves are stable
positive equilibria, while dashed curves (near zero) are unstable
positive equilibria. Note the difference in vertical scale in each plot.

In this case, x∗ ↑ 1, since κ1+ κ2+ κ0 = 0 when R0 = 1. Furthermore, ω ↓ 0 is
equivalent to R0 ↑∞ and in this case

x∗ ↓ −12κ2
[
κ1(0)±

√
κ1(0)2− 4κ2κ0(0)

]
,

where κ0(0) and κ1(0) are from (5-3b) and (5-3c) respectively when ω = 0.

Figure 4 shows the density of healthy cells x∗ for the disease equilibrium as a
function of R0 when 1< R0 < 20. Here R0 is determined from ω as in (4-4) with
all other parameters fixed. The two plots in the figure represent two different values
for the healthy-cell infection rate β. If β = 10−6 mL day−1 (as in the left panel),
there are two positive equilibria for each value of R0 where the smaller is near zero
and the larger decreases from a value of 1 to a value of approximately 0.33. If
β = 10−8 mL day−1, there is a bifurcation at R0≈ 3.5 so that two positive equilibria
exist for R0 < 3.5 and there is a unique positive equilibrium for R0 > 3.5. In each
case, stability was determined from Matlab by computing the eigenvalues of (4-1)
evaluated at Ed .

Figures 5 and 6 show the density of healthy cells x∗ for the disease equilibrium
when R0 = 10 as it depends on both the noncytolytic scaling parameter f and the
cytolytic clearance rate b. When healthy-cell infection rate β is relatively large as
in Figure 5, the density of healthy cells is much more sensitive to changes in f
than b. Conversely, when β is relatively small as in Figure 6, the density of healthy
cells is much more sensitive to changes in b than f . The logarithm of x∗ is shown
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Figure 6. The logarithm (base 10) of the healthy-cell density com-
puted from (5-5) for the disease equilibrium Ed plotted as a function
of noncytolytic scaling f ∈ (0, 1] (left) and cytolytic clearance rate
b (right) when f = 0.1 and R0 = 10. The healthy-cell infection
rate is β = 10−9 mL day−1. In both panels the remaining parameter
values are as in Table 1, with r1= 1, r2= 0.5, γ = 6.24, µ= 0.67,
c = d = 0.5. Here the parameters satisfy the conditions of
Theorem 5.1.

in Figure 6 to illustrate that these solutions obey 0< x∗ < 1. Furthermore, there is
a unique value for x∗ over all parameter values given in the figure. In Figure 6 the
parameter ρ defined in (5-2) is positive and it will next be shown in Theorem 5.1
that this condition is sufficient so that the disease equilibrium is real, bounded, and
unique when R0 > 1.

Theorem 5.1. Assume R0 > 1, ρ > 0, 0 < f ≤ 1, and r ≥ 1. Then system
(3-4a)–(3-4d) has a unique, positive-disease equilibrium Ed .

Proof. If R0 > 1, then from (5-6) it is clear that κ2
1 − 4κ2κ0 > 0 since 0 < λ < 1.

From (5-7), the coefficient κ2 < 0 if and only if

rθ > ρ
p1

q1
+ λ fρ

p1

q1
+ λρ,

which follows immediately from the bounds θ > 1, 0 < λ < 1, and the assump-
tions of the theorem. Using the definition of ρ, ϕ, and ω from (3-2), (3-3) and
(5-2) and the assumption that ρ is positive means that p1/q1 < 1 and noting that
p1/q1 is equivalent to ϕωR0, it follows that ϕω < 1 and hence κ0 > 0. Therefore
κ2x2
+ κ1x + κ0, where κi (i = 0, 1, 2) are given by (5-3a)–(5-3c), has two real

solutions with opposite signs. From (5-8), the sum κ2+ κ1+ κ0 < 0 follows easily
since f ≤ 1< R0 and λ< 1. It then follows that the positive root of κ2x2

+κ1x+κ0

must be less than 1, and we get 0< x∗ < 1. In this case, since R0 > 1 is equivalent
to ρ < 1−ϕω, inspection of (5-1) shows that y∗ > 0, v∗ > 0, and α∗ > 0. �



466 JOHN G. ALFORD AND STEPHEN A. MCCOY

In the following section the local asymptotic stability of the disease equilibrium
will be considered using a reduced system. In particular, a system of three equations
is presented which mimics x , y, and v from (3-4a), (3-4b), and (3-4c) under certain
parameter constraints and allows for a more tractable analytical result.

6. Reduced system

The parameter values in Table 1 have thus far provided baseline values for simula-
tions. There is evidence in the literature that supports the investigation of smaller
values for both b (cytolytic clearance rate) and c (CTL response rate). The authors
in [Ciupe et al. 2007] conjecture that a patient who was immunosuppressed because
of a corticosteroid drug regimen had weak cytotoxic clearance rate and low immune
response rate which corresponds to reductions in the values of both b and c. In
[Zapata et al. 2014] the ratio of the rate of immune response activation to the death
rate of immune response (i.e., c/d in (2-1d)) is given as 0.02, which is much smaller
than c/d = 1 from Table 1.

Inspection of (3-2) shows that decreasing b corresponds to decreasing ϕ and
decreasing c/d corresponds to decreasing p2/q2. Numerical experimentation shows
that as either ϕ or p2/q2 get smaller and smaller from the baseline values that are
suggested by Table 1, the values x , y, and v computed from (3-4a)–(3-4d) are better
and better approximated by solutions of the reduced system given by

x ′ = r x(1− x − y)− xv+ f ϕy(α∗+ω), (6-1a)

y′ = y(1− x − y)+ xv−ϕy(α∗+ω), (6-1b)

v′ = p1 y− q1v, (6-1c)

where α∗ = ηy∗ with η := p2/q2, which is the equilibrium value for α obtained
from (3-4d).

The disease equilibrium (x∗, y∗, v∗) for the reduced system (6-1a)–(6-1c) is
equivalent to Ed from Section 5 when α∗ is included. Thus, Theorem 5.1 also
applies to (6-1a)–(6-1c). The Jacobian evaluated at the disease equilibrium is

J (x∗, y∗, v∗)=

 t1 t3 −x∗

−ρy∗ t2 x∗

0 p1 −q1

 , (6-2)

where

t1 = r(1− 2x∗− y∗)− (1− ρ)y∗, (6-3)

t2 = 1− x∗− 2y∗−ϕ(ηy∗+ω)=−(1− ρ)x∗− y∗, (6-4)

t3 =−r x∗+ f ϕ(ηy∗+ω). (6-5)
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Here t2 simplifies using 1− x∗− y∗ = ϕ(α∗+ω)− (1− ρ)x∗ from (6-1b). The
characteristic equation is cubic λ3

+ a1λ
2
+ a2λ+ a3 = 0, where

a1 = q1− t1− t2, (6-6)

a2 = t1t2− q1(t1+ t2)− p1x∗+ ρt3 y∗, (6-7)

a3 = q1t1t2+ p1t1x∗+ ρq1t3 y∗− ρp1x∗y∗. (6-8)

The Routh–Hurwitz conditions [Edelstein-Keshet 1988] will be used to derive
necessary and sufficient conditions so that (x∗, y∗, α∗) is locally asymptotically
stable. These conditions are that

a1 > 0, a3 > 0, a1a2 > a3. (6-9)

Inspection of the dimensional system (2-1a)–(2-1d) shows that the constant
cytolytic immune response rate I0 will affect the steady-states for α. In the nondi-
mensional system, I0 controls ω= I0/(d K ) from (3-3). The following analysis uses
ω as the main parameter to derive bounds on the other parameters and show that
the Routh–Hurwitz conditions hold. Recall that x∗ is determined from solutions of
the quadratic equation

κ2x2
+ κ1(ω)x + κ0(ω)= 0, (6-10)

where κi (i = 0, 1, 2) are given by (5-3a)–(5-3c). Note that the coefficient κ2 does
not depend on ω, while κ1 and κ0 both depend on ω, and this has been made explicit
in the notation. Therefore, x∗ also depends on ω, which will be denoted as x∗(ω).
Assuming the conditions in Theorem 5.1, 0< x∗(ω) < 1 and x∗(ω) is defined for
ω ∈ (0, ω̄), where ω̄ is defined in (5-9). Furthermore, (5-3b) shows that κ1 is a
linear function of ω and that

κ ′1(ω)=
dκ1

dω
= ϕ

{
−

(
rλ−

p1

θq1

)
+ r − f

ρ

θ
[1− 2λ]

}
,

κ1(0)= rλ−
p1

θq1
− 2λ f

ρ

θ
.

(6-11)

The following lemma derives a lower bound on x∗(ω) by replacing κ0(ω) in (6-10)
with a lower bound.

Lemma 6.1. Assume all parameters are fixed except ω. Suppose that R0> 1, ρ > 0,
0< f ≤ 1, and r ≥ 1. Define

ψ(ω) :=
f
θ
{λρ2
+ϕωρ}, (6-12)

and let x∗(ω) denote the unique, positive value of the healthy-cell density predicted
by Theorem 5.1 and found by solving (6-10). Then there is a unique positive root
of κ2x2

+ κ1(ω)x +ψ(ω) = 0. Denote this root as z(ω). Then 0 < z(ω) < x∗(ω)
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and 0 < z′(ω) <∞, |z′′(ω)| <∞, and the sign of z′′(ω) does not change and is
equivalent to the sign of ζ , where

ζ = κ2(ψ
′κ ′1)

2
− κ1(0)ψ ′κ ′1+ψ(0). (6-13)

Proof. The assumption that R0 > 1 is equivalent to the inequality ρ < 1− ϕω.
Thus, comparing ψ with κ0 from (5-3c) shows that 0 < ψ(ω) < κ0(ω). There-
fore, since κ2 < 0 (as was shown in the proof of Theorem 5.1), the equation
κ2x2
+ κ1(ω)x + ψ(ω) = 0 has two real roots of opposite sign. Denoting the

positive root as z, it follows that 0< z(ω) < x∗(ω). Since κ2 is independent of ω,
differentiating both sides of κ2x2

+ κ1(ω)x +ψ(ω)= 0 yields

z′(ω)=−κ ′1(ω)z(ω)+ψ
′(ω)2κ2z(ω)+ κ1(ω). (6-14)

Note that both κ ′1(ω) and ψ ′(ω) > 0 are independent of ω so the functional depen-
dence onωwill be dropped for convenience. Since θ=1+p2ϕ/q2 and ρ=1−p1/q1,
(6-11) yields that κ ′1 is positive if and only if r + 1> ρ+ fρ(1− 2λ), which holds
since λ < 1 and r ≥ 1, 0 < ρ < 1, 0 < f < 1 by assumption. Since κ2 < 0 and
z(ω) is the positive root of the quadratic equation κ2x2

+ κ1(ω)x +ψ(ω) = 0, it
follows that the denominator in (6-14) is negative and 0< z(ω) < x∗(ω).

Differentiating dz/dω from (6-14) yields that

z′′(ω)= κ ′1(κ
′

1z(ω)+ψ ′)− z′(ω)(κ ′1κ1(ω)− 2κ2ψ
′)(2κ2z(ω)+ κ1(ω))

2.

This shows that |z′′(ω)|<∞. We substitute z′(ω) from (6-14) to get that z′′(ω) is
positive if and only if

(κ ′1z(ω)+ψ ′){κ ′1+ κ
′

1κ1(ω)− 2κ2ψ
′2κ2z(ω)+ κ1(ω)}> 0,

and using the conditions κ2< 0 and κ ′1z(ω)+ψ ′> 0, it follows that z′′(ω) is positive
if and only if

z(ω)+ κ1(ω)κ2−ψ
′κ ′1 = κ1(ω)2κ2−

√
κ1(ω)2− 4κ2ψ(ω)2κ2−ψ

′κ ′1 > 0,

which is equivalent to

κ2(ψ
′κ ′1)

2
− κ1(ω)ψ

′κ ′1+ψ(ω) > 0.

The first term is independent of ω and note that the derivative of the last two terms is
zero so that the last two terms are also independent of ω. Since κ ′1 and ψ ′ = f ϕρ/θ
are positive, this inequality holds by the assumption (6-13). �

In order to prove local asymptotic stability of the disease equilibrium under
certain parameter constraints, it will be necessary to use the properties of z(ω),
z′(ω), and z′′(ω) from Lemma 6.1.
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Lemma 6.2. Assume the hypotheses in Lemma 6.1 hold. Define the function F(ω) by

F(ω) := mz(ω)+ s(ω), ω ∈ [0, ω̄], (6-15)

where ω̄ is as in (5-9) and

m := 2rθ − ρ(r + 1− ρ)(1+ θ), s(ω) := (r + 1− ρ)(1−ϕω)− rθ. (6-16)

Then F(ω)≥ 0 on (0, ω̄).

Proof. The constant m is positive if and only if

r > ρθ(1− ρ)+ 1− ρθ(1− ρ)+ θ − ρ,

which follows since θ > 1 and ρ < 1. Therefore, since s ′′(ω) = 0 and F ′′(ω) =
mz′′(ω), we have F ′′(ω) is finite and has the same sign as ζ from (6-13). Since
R0 = 1 if and only if ρ = 1−ϕω̄, comparing (5-3c) and (6-12) shows that ψ(ω̄)=
c(ω̄) so that z(ω̄)= x∗(ω̄)= 1. Now use ρ = 1−ϕω̄ to get

F(ω̄)= m+ s(ω̄)= θ(1− ρ)(r − ρ) > 0.

Now s(0) = 1 − ρ − r(θ − 1) so that if r(θ − 1) ≤ 1 − ρ and s(0) ≥ 0, it
follows directly that F(0) > 0 since z(0) > 0. Otherwise, consider the case where
r(θ − 1) > 1− ρ and s(0) < 0. Note that F(0) > 0 if and only if z(0) >−s(0)/m.
Since κ2 < 0, ψ(ω)> 0, and z(ω) is the positive root of κ2x2

+κ1(ω)x+ψ(ω)= 0,
it follows that F(0) > 0 whenever

κ2(s(0)m)2− κ1(0)s(0)m+ψ(0) > 0. (6-17)

After substituting 1− ρ = p1/q1 in (5-3a), (5-3b) and (6-12), we get

κ2=−ρθ
−1(rθλ−1+ρ)−r(1−ρ)+ψ(0), κ1(0)= θ−1(rθλ−1+ρ)−2ρψ(0).

We substitute these expressions into (6-17) and multiply by θm2 to get that F(0)> 0
if and only if

(ρ(rθλ− 1+ ρ)+ rθ(1− ρ))s(0)2+m(rθλ− 1+ ρ)s(0)

< θψ(0)(s(0)2+ 2ρs(0)m+m2). (6-18)

Since ρ < 1, m > 0 and s(0) < 0, it follows that

s(0)2+ 2ρs(0)m+m2 > (s(0)+m)2 > 0,

and the right side of the inequality in (6-18) is positive. The left side is the product
of s(0) and

[ρ(rθλ− 1+ ρ)+ rθ(1− ρ)]s(0)+m(rθλ− 1+ ρ),
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so that (6-18) holds whenever this quantity is positive. After substituting s(0), m,
and θ − 1= θλ and then simplifying, this becomes

θ(1− ρ){r2(θ − 1)− r [ρ(θ − 1)− (1− ρ)] + ρ(1− ρ)},

so that (6-18) holds whenever

r2(θ − 1)− r [ρ(θ − 1)− (1− ρ)] + ρ(1− ρ) > 0. (6-19)

The left side is a quadratic function of r and, after some algebra, its minimum value
is computed as −(ρθ − 1)2/[4(θ − 1)], so there are two real zeros for the left side.
Therefore, since r ≥ 1, the inequality (6-19) holds whenever the larger of these
two roots is less than 1. Equivalently, when r = 1 the left side of (6-19) must be
positive. We substitute r = 1 to get (1− ρ)(θ − ρ) > 0, which follows since ρ < 1
and θ > 1. Therefore, (6-18) follows and F(0) > 0.

Next, it will be shown that F(ω) is nonnegative on the entire interval (0, ω̄). First
assume ζ ≤ 0. Then by Lemma 6.2, it follows that F(ω) is either linear or concave
down on (0, ω̄). Since F(0) > 0 and F(ω̄) > 0, it follows that F(ω) is positive on
the entire interval. Next assume ζ > 0 so that F(ω) is concave up on (0, ω̄). If
F ′(0) and F ′(ω̄) have the same sign, then F(ω) is either increasing or decreasing
on (0, ω̄), which again implies that F(ω) is positive on the entire interval. If F ′(0)
and F ′(ω̄) have opposite signs, there must exist ω∗ ∈ (0, ω̄) for which F ′(ω∗)= 0
and F(ω∗) is a minimum. If F(ω∗) < 0, there exist two values ω1 ∈ (0, ω̄) and
ω2 ∈ (0, ω̄), where ω1 6= ω2 and F(ω1) = F(ω2) = 0. The corresponding values
of z are given by −s(ω1)/m and −s(ω2)/m. After squaring F(ω), it follows that
these zeros for F(ω) must also obey

m2z(ω)2+ 2mz(ω)s(ω)+ s(ω)2 = 0.

Since z obeys κ2z2
+ κ1(ω)z + ψ = 0 and z(ω) = −s(ω)/m, this equation is

equivalent to
κ2s(ω)2−mκ1(ω)s(ω)+m2ψ(ω)= 0.

Here κ2 < 0 and m2ψ > 0 so that this equation has two real roots with opposite sign.
Since z(ω) must be positive, this leads to a contradiction, and therefore F(ω)≥ 0
on (0, ω̄). �

The next theorem uses Lemma 6.2 to show the disease equilibrium of the reduced
system is locally asymptotically stable.

Theorem 6.3. Assume R0 > 1, ρ > 0, 0 < f ≤ 1, and r ≥ 1. Then the disease
equilibrium for the reduced system (6-1a)–(6-1c) is locally asymptotically stable.

Proof. First use 1−ρ = p1/q1 with (6-4) to see that t2+ (p1/q1)x∗ =−y∗ so that

a3 = q1 y∗{−t1− rρx∗+ ρ f ϕ(ηy∗+ω)− ρ(1− ρ)x∗}, (6-20)
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after substituting t3 from (6-5). It follows that a3 > 0 if and only if

−t1 > rρx∗+ ρ(1− ρ)x∗− ρ f ϕ(ηy∗+ω). (6-21)

We substitute t1 from (6-3) to get that (6-21) is equivalent to

r(2x∗− 1)+ (r + 1− ρ)(y∗− ρx∗)+ ρ f ϕ(ηy∗+ω) > 0. (6-22)

Then, after substituting for y∗ from (5-1) and rearranging terms, it follows that
a3 > 0 if and only if

mx∗+ s(ω)+ ρθ f ϕ(ηy∗+ω) > 0, (6-23)

with m and s(ω) defined in (6-16). Since m > 0 and 0< z(ω) < x∗, it follows that
a sufficient condition for (6-23) is that

F(ω)+ ρθ f ϕ(ηy∗+ω) > 0 (6-24)

for all ω ∈ (0, ω̄). Using Lemma 6.2, F(ω) ≥ 0 on (0, ω̄). Furthermore, the
inequality ρθ f ϕ(ηy∗+ω) > 0 implies that (6-24) holds and a3 > 0 on (0, ω̄).

To show that a1 > 0 note that when (6-21) holds, this implies that t1 < 0. Since
ρ < 1, it is clear from (6-4) that t2 < 0 and it follows by inspection of (6-6) that
a1 > 0. Finally, in order to show a1a2 > a3, start with the identity

a3

q1
= a2+ q1(t1+ t2)+ p1x∗+

(
p1

q1

)
t1x∗− ρ

(
p1

q1

)
x∗y∗,

which is easily verified by inspection of (6-7) and (6-8) and simple algebra. Thus,

a2 >
a3

q1
− t1

(
q1+

(
p1

q1

)
x∗
)
− q1

(
t2+

(
p1

q1

)
x∗
)
.

Now use the fact that t1 < 0 and t2+ (p1/q1)x∗ =−y∗ to see that

a1 > q1 and a2 >
a3

q1
,

which shows that a1a2 > a3. The Routh–Hurwitz conditions (6-9) hold, and the
disease-free equilibrium (x∗, y∗, α∗) is locally asymptotically stable. �

In certain parameter ranges, the reduced model may inform the full model (3-4a)–
(3-4d). The Jacobian evaluated at the disease equilibrium for the full model is

J (x∗, y∗, v∗, α∗)=


t1 t3 −x∗ f ϕy∗

−ρy∗ t2 x∗ −ϕy∗

0 p1 −q1 0
0 p2 0 −q2

 . (6-25)

In general, the eigenvalues of the reduced model determined from (6-2) cannot be
used to determine the eigenvalues of (6-25). However, as discussed at the beginning
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of this section, the time courses for x , y, and v in the reduced model (6-1a)–(6-1c)
approximate these same time courses in the full model when ϕ is small and it is
easily seen from (6-2) and (6-25) that as ϕ→ 0, the eigenvalues for the full model
are given by the three eigenvalues of (6-2) and a fourth eigenvalue equal to −q2 < 0.
These eigenvalues depend continuously on ϕ and this suggests that Theorem 6.3
should also hold for the full model when ϕ is small. A full analysis of the full
model will not be presented here.

7. Conclusions

In this paper a new model of viral dynamics is presented in Section 2. These equa-
tions are given by (2-1a)–(2-1d). The healthy- and unhealthy-cell growth dynamics
are logistic. In addition, this model includes both immune response behavior and
the noncytolytic mediated curing of infected cells. The main parameter values
are obtained from the literature and presented in Table 1. Simulations using these
parameter values show that the model exhibits a range of typical behaviors including
constant solutions as in Figure 1 and periodicity as in Figure 2. In Section 3,
the model equations are nondimensionalized. The basic reproduction ratio R0 is
computed in Section 4 and defined in (4-4). Simulations in Figure 3 show how
healthy and unhealthy-cell densities depend on R0 and it is shown that a necessary
and sufficient condition that the disease-free equilibrium E f is locally asymptotically
stable is that R0 < 1. The disease equilibrium Ed is computed in Section 5 and
Figures 4 and 5 illustrate that there may be critical parameter values for which Ed bi-
furcates from a unique positive value to two positive values. For the parameter values
used in these figures it can also be seen that the unique disease equilibrium is locally
asymptotically stable and in the case of nonuniqueness, the smaller equilibrium is
unstable, while the larger equilibrium is locally asymptotically stable. In Section 6
a reduced system is analyzed by considering the immune response variable α to be
at its steady-state value and eliminating the equation for α in the full model. This
reduced system approximates the full model when the cytolytic clearance rate b or
the ratio c/d of CTL response rate to CTL death rate is small. The Routh–Hurwitz
conditions are then used to determine parameter values that guarantee a unique,
locally asymptotically stable disease equilibrium in this reduced system.

The basic reproduction ratio can be used to understand how the parameters
influence the disease state. Substituting dimensional parameters from (3-2) and
(3-3) into (4-4) yields

R0 =
βKγ d
µbI0

.

Thus, R0 decreases with bI0/d. This ratio controls the effects of the immune
response dynamics. In particular, increasing the rate at which the cytolytic immune
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response occurs, b, or the basal level of immune response cells, I0/d, decreases
the total density of unhealthy hepatocytes, Y, and increases the total density of
healthy hepatocytes, X . When the healthy-cell infection rate β is relatively large,
as in Figure 5, noncytolytic response controlled by the scaling parameter f in
(2-1a) is more significant than cytolytic response b. On the other hand when β
is relatively small as in Figure 6, healthy cells remain near carrying capacity for
all values of f , but increase rapidly with the cytolytic clearance rate. Thus these
simulations suggests that the healthy-cell infection rate may play a significant role
in the effectiveness of cytolytic vs. noncytolytic immune response.

The results presented here provide only a partial analysis of the model (2-1a)–
(2-1d). For example, only local asymptotic stability is considered and neither the
nonunique disease equilibrium nor periodic behavior (as in Figure 2) have been
investigated in detail. Thus future work should include examining global stability
of E f , analyzing local asymptotic and global stability of Ed in the full system
(2-1a)–(2-1d), and further investigations of the limit cycle behavior.
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