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Let K be an extension of the p-adic numbers with uniformizer π . Let ϕ and ψ be
Eisenstein polynomials over K of degree n that generate isomorphic extensions.
We show that if the cardinality of the residue class field of K divides n(n− 1),
then v(disc(ϕ)− disc(ψ)) > v(disc(ϕ)). This makes the first (nonzero) digit of
the π-adic expansion of disc(ϕ) an invariant of the extension generated by ϕ.
Furthermore we find that noncyclic extensions of degree p of the field of p-adic
numbers are uniquely determined by this invariant.

1. Introduction

This paper is concerned with the classification of extensions of p-adic fields using
invariants. We introduce a new invariant and show how it is related to other invariants
of the extension.

For a field extension of finite degree, the discriminant of an integral basis yields
invariants of the extension. A change of integral basis results in the multiplication of
the discriminant by the square of a unit in the base ring, namely, by the determinant
of the transformation matrix. Because the only units in the ring of integers Z are ±1
and because −1 is not a square, the discriminant is an invariant of an extension of
the rational numbers Q.

When we consider extensions of the p-adic field Qp, the ring of p-adic numbers
Zp takes the place of Z. As Zp contains infinitely many units, the discriminant of
an integral basis is not an invariant of an extension of Qp. However, since changing
integral bases changes the discriminant by the square of a unit, the discriminant
modulo the square of units does produce an invariant of the extension; see [Cassels
1986, Chapter 7, Section 6] for details. Nevertheless, commonly only the valuation
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of the discriminant is used as an invariant of extensions of Qp, since it yields
information about the ramified part of the extension.

It is natural to ask whether this invariant can be refined by considering not the
complete discriminant but possibly some of the digits of its p-adic expansion. To
this end we restrict our investigation to discriminants of integral bases of a certain
form; namely, power integral bases, which are bases of the form 1, α, α2, . . . , αn−1,
where n is the degree of the extension. In the case of totally ramified extensions,
the discriminants of such a power integral basis is the same as the discriminant of
the Eisenstein polynomial with root α.

We find that the first digit of the p-adic expansion of the discriminant of gener-
ating Eisenstein polynomials is an invariant for most extensions. This allows for a
finer classification of totally ramified extensions. Most of our results also hold over
extensions of Qp; in this case we consider the π -adic expansion of the discriminant,
where π is a uniformizing element of the base field. As an application we show that
for extensions of Qp of degree p this new invariant already yields the Galois group.

Notation. We introduce the notation that we use throughout the paper and recall
some results about totally ramified extensions.

For a prime number p we denote by Qp the completion of the rational numbers Q

with respect to the p-adic exponential valuation vp, by Zp its valuation ring, and
by Qp a fixed algebraic closure of Qp. By K we denote a finite extension of Qp

with valuation ring OK , uniformizing element π , and maximal ideal (π). The
exponential valuation vπ on K is normalized such that vπ (π)= 1. The extensions
of vp and vπ to Qp are also denoted by vp and vπ . We write K for the residue class
field OK /(π) of K and for β ∈OK we set β = β + (π) ∈ K.

The extensions that we consider are totally ramified extensions. In the following
the ground field K will either be the p-adic field Qp or a finite extension of Qp.
Totally ramified extensions L/K can be generated by an Eisenstein polynomial ϕ ∈
OK [x]. For a root α of ϕ we have OL =OK (α). The discriminant disc(ϕ) of the gen-
erating polynomial ϕ is equal to the discriminant of the integral basis 1, α, . . . , αn−1

of OL/OK, where n is the degree of ϕ and thus the degree of L/K. The root α is a
uniformizing element of OL . We write vα for the valuation on OL that is normalized
such that vα(α)= 1. For γ ∈ K we have vα(γ )=n ·vπ (γ ). The minimal polynomial
of any uniformizing element of OL , that is, of any β ∈OL with vα(β)= 1, is also a
uniformizing element of L and its minimal polynomial is an Eisenstein polynomial.

2. Main results

In this section we present our main results. The proofs can be found in the following
sections. We start by investigating how the number of common digits of the
discriminants is related to the distance between the two polynomials.
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For a given n ∈ N there are finitely many totally ramified extensions of K of
degree n. Marc Krasner [1966] presented a formula for the number of the extensions
with given degree and valuation of the discriminant. To this end he introduced
a distance function d on the set of Eisenstein polynomials of a fixed degree and
valuation of the discriminant; also see [Pauli and Roblot 2001, Section 4].

Definition 2.1. Let ϕ, ψ ∈ OK [x] be Eisenstein of degree n with vπ (disc(ϕ)) =
vπ (disc(ψ)). Let α ∈Qp be a root of ϕ and define the distance between ϕ and ψ
as d(ϕ, ψ)= vπ (ψ(α)).

This distance is symmetric with respect to the input polynomials and is inde-
pendent of the choice of root. It satisfies the ultrametric inequality, and clearly
d(ϕ, ψ)=∞ if and only if ϕ = ψ .

We find that when we choose two polynomials ϕ and ψ that generate isomorphic
extensions such that they are close enough, that is, when d(ϕ, ψ) is large enough, we
can ensure that arbitrarily many digits of the π -adic expansion of their discriminants
coincide.

Theorem 2.2. Let ϕ, ψ ∈ OK [x] be Eisenstein of degree n with vπ (disc(ϕ)) =
vπ (disc(ψ))= n+ j − 1. If d(ϕ, ψ) > (n+ 2 j)/n, then

vπ (disc(ϕ)− disc(ψ))≥
(

1− 1
n

)
vπ (disc(ϕ))+ d(ϕ, ψ).

From now on we concentrate on the first digit of the π-adic expansion of the
discriminants of polynomials. We use this notation:

Definition 2.3. For β ∈OK we set tc(β)= (β/πvπ (β))∈ K. This is the first nonzero
digit (or the trailing coefficient) of the π -adic expansion of β as an element of K.

Clearly we have:

Lemma 2.4. For α, β ∈ K we have tc(α ·β)= tc(α) · tc(β).

We find that this first π-adic digit of the valuation of the generating Eisenstein
polynomial is an invariant in many cases.

Theorem 2.5. Let ϕ,ψ ∈OK [x] be Eisenstein and of degree n such that K [x]/(ϕ)∼=
K [x]/(ψ). If (#K − 1) | (n(n− 1)) then tc(disc(ϕ))= tc(disc(ψ)).

In these cases, the trailing coefficient of the discriminant is independent of the
generating Eisenstein polynomial and thus is an invariant of power integral bases
of a totally ramified extension. Thus, if (#K − 1) | (n(n − 1)), then the trailing
coefficient of the discriminant is an invariant of the extension. Some classes of
extensions always have the same invariant.
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Proposition 2.6. Let p be odd and ϕ ∈Qp[x] be Eisenstein of degree pm such that
Qp[x]/(ϕ) is cyclic. Then

tc(disc(ϕ))=


1 if m is even,
−1 if m is odd and p ≡ 1 mod 4,

1 if m is odd and p ≡ 3 mod 4.

We end with examples of information that can be obtained from this invariant.
Extensions of Qp of degree p have been described in detail; see [Amano 1971;
Jones and Roberts 2006]. We show that they can also be classified using the
discriminant and its trailing coefficient, that is, the first nonzero coefficient of its
p-adic expansion.

Theorem 2.7. Let ϕ be an Eisenstein polynomial of degree p in Qp such that
Gal(ϕ) 6∼= C p and vp(disc(ϕ)) 6= 2p − 1. Then the isomorphism class of the
extension generated by ϕ is uniquely determined by vp(disc(ϕ)) and tc(disc(ϕ)).

The Galois group of an Eisenstein polynomial ϕ of degree p over Qp can be
determined from the valuation of its discriminant disc(ϕ) and its trailing coefficient
tc(disc(ϕ)).

Corollary 2.8. Let p be an odd prime, and let ϕ be an Eisenstein polynomial of de-
gree p over Qp. Let v=vp(disc(ϕ)), j=v−p+1, and γ = (−1)(p−1)/2 tc(disc(ϕ)).
Then

Gal(ϕ)∼=


C p oC p−1 if v = 2p− 1,
C p if v = 2p− 2 and γ = p− 1,
C p oCd otherwise,

where

d =
p− 1

gcd((p− 1)/m, j)
,

with m being the order of a j in F×p for a = γ · (−1) j+1 j−1.

3. Proof of Theorem 2.2

We recall some of the results from [Krasner 1966] (see also [Pauli and Roblot
2001]) about the distance function d. Assume that ϕ(x) =

∑n
i=0 ϕi x i

∈ OK [x]
and ψ(x)=

∑n
i=0 ψi x i

∈OK [x] are Eisenstein polynomials whose discriminants
have the same valuation, say vπ (disc(ϕ))= vπ (disc(ψ))= n+ j − 1. Denote by
α = α(1), . . . , α(n) the roots of ϕ in Qp.

If d(ϕ, ψ) > (n+2 j)/n then there is a root β ∈Qp of ψ such that vπ (α−β) >
vπ (α−α(i)) for 2≤ i ≤ n. In this case Krasner’s lemma implies that K (α)= K (β).
So the assumption of Theorem 2.2 implies that the extensions generated by ϕ and
ψ are isomorphic.
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Furthermore, again assuming that vπ (α−β) > vπ (α−α(i)) for some 2≤ i ≤ n,
we obtain another expression for the distance of two polynomials:

d(ϕ, ψ)=
n∑

i=1

min{vπ (α−β), vπ (α−α(i))} = vπ (α−β)+
n∑

i=2

vπ (α−α(i)).

So we can write the valuation of α−β in terms of d(ϕ, ψ) and disc(ϕ):

vπ (α−β)= d(ϕ, ψ)−
n∑

i=2

vπ (α−α(i))

= d(ϕ, ψ)− vπ

( n∏
i=2

(α−α(i))

)
= d(ϕ, ψ)− 1

n
vπ (disc(ϕ)). (1)

We now are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Let α = α(1), . . . , α(n) and β be as above. As K (α)= K (β),
there is γ ∈ K (α) with vα(γ )= 0 such that β =α+γαm, where m= vα(α−β). We
order the roots β(1), . . . , β(n) ofψ such that β(1)=β=α+γαm, β(2)=α(2)+γ(2)αm

(2)
and so on. For the discriminant of ψ we get

disc(ψ)=
∏
i< j

(β(i)−β( j))
2
=

∏
i< j

(
(α(i)+ γ(i)α

m
(i))− (α( j)+ γ( j)α

m
( j))
)2

=

∏
i< j

(
(α(i)−α( j))+ (γ(i)α

m
(i)− γ( j)α

m
( j))
)2

=

∏
i< j

(α(i)−α( j))
2
∏
i< j

(
1−

m∑
k=1

(γ( j)α
m−k
(i) αk−1

( j) )−α
m
(i)
γ( j)− γ(i)

α( j)−α(i)

)2

= disc(ϕ)
∏
i< j

(
1− γ( j)

m∑
k=1

(αm−k
(i) αk−1

( j) )−α
m
(i)
γ( j)− γ(i)

α( j)−α(i)

)2

.

Let

Ci j =

(
1− γ( j)

m∑
k=1

(αm−k
(i) αk−1

( j) )−α
m
(i)
γ( j)− γ(i)

α( j)−α(i)

)2

.

We have vα(Ci j − 1)≥ m− 1. With disc(ψ)= disc(ϕ)
(∏

i< j Ci j
)

we get

vπ (disc(ϕ)− disc(ψ))= vπ

(
disc(ϕ)− disc(ϕ)

(∏
i< j

Ci j

))

= vπ (disc(ϕ))+ vπ

(
1−

(∏
i< j

Ci j

))
≥ vπ (disc(ϕ))+ m−1

n
.
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With m = vα(α−β)= n · vπ (α−β) and (1) we obtain

vπ (disc(ϕ)− disc(ψ))≥ vπ (disc(ϕ))+ n ·vπ (α−β)−1
n

= vπ (disc(ϕ))+ d(ϕ, ψ)− 1
n
(vπ (disc(ϕ))+ 1). �

4. Proof of Theorem 2.5

Proof of Theorem 2.5. Let α be a root of ϕ. Since ϕ and ψ generate isomorphic
extensions, there exists β ∈ K (α) such that ψ(β)= 0. So β =

∑n−1
k=0 bkα

k for some
bk ∈OK . As vα(β)= vα(α)= 1, we have v(b1)= 0. Let α(1), α(2), . . . , α(n) be the
conjugates of α and let σ1, σ2, . . . , σn be the isomorphisms such that σi (α)= α(i).
Let β(1), β(2), . . . , β(n) be the roots of ψ , defined by

β(i) = σi (β)= σi

( n−1∑
k=0

bkα
k
)
=

n−1∑
k=0

σi (bk)σi (α)
k
=

n−1∑
k=0

bkα
k
(i).

We now compute the discriminant of ψ , with the goal of writing it in terms of the
discriminant of ϕ:

disc(ψ)=
∏
i< j

(β(i)−β( j))
2
=

∏
i< j

(n−1∑
k=1

bk(α
k
(i)−α

k
( j))

)2

=

∏
i< j

(α(i)−α( j))
2
∏
i< j

[n−1∑
k=1

(
bk

k−1∑
`=0

α
(k−1−`)
(i) α`( j)

)]2

= disc(ϕ) ·
∏
i< j

[n−1∑
k=1

(
bk

k−1∑
`=0

α
(k−1−`)
(i) α`( j)

)]2

.

We write disc(ϕ)− disc(ψ)= disc(ϕ) · (1− γ ), where

γ =
∏
i< j

[n−1∑
k=1

(
bk

k−1∑
`=0

α
(k−1−`)
(i) α`( j)

)]2

.

Note that γ is a symmetric polynomial in α(1), . . . , α(n). Let e1, . . . , en denote the
elementary symmetric polynomials in α(1), . . . , α(n). By the fundamental theorem
of symmetric polynomials, there is a polynomial γ ∗ ∈ OK [x1, . . . , xn] such that
γ = γ ∗(e1, . . . , en). If we expand γ ∗, all terms consist of sums of products of
α(1), . . . , α(n) except for the constant term, bn(n−1)

1 . So

γ ∗ = m(1)e1+m(2)e2+ · · ·+m(n)en +m(n+1)e2
1+m(n+2)e1e2+ · · ·+ bn(n−1)

1

for some m(1), . . . ,m(n(n−1)−1) ∈ OK . Note that e1, . . . , en are exactly the coeffi-
cients of ϕ. Since the coefficients of ϕ have π -adic valuation greater than or equal
to 1, π divides all of its coefficients. This implies γ = bn(n−1)

1 .
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The next step is to show bn(n−1)
1 = 1. Since both ϕ and ψ are Eisenstein and

generate the same extension, vα(β)= 1. So

1= vα(β)= vα

(n−1∑
k=0

bkα
k
)
= min

0≤k≤n−1
{vα(bkα

k)}.

Equality holds because each bk has α-adic valuation 0 or a positive multiple of n,
so each term has a different valuation. For all k, we have vα(bkα

k)≥ 1. For k ≥ 1,
this is obviously true. For k = 0, we have vα(b0) is equal to 0 or a positive multiple
of n. As vα(b0) must be at least 1, the lowest multiple of n it can be is n. For
k 6= 1, we now have that vα(bkα

k) ≥ 2. Thus vα(b1α) = 1, implying vα(b1) = 0,
i.e., b1 /∈ (π). By the generalization of Fermat’s little theorem, b1 /∈ (π) implies
b#K−1

1 = 1. By assumption (#K − 1) | n(n− 1), so this implies bn(n−1)
1 = 1.

We have
(1− γ )= (1− bn(n−1)

1 )= (1− 1)= 0.

Because π | (1− γ ) we can write 1− γ = π · c for some c. So

disc(ϕ)− disc(ψ)= disc(ϕ) · (1− γ )= disc(ϕ) ·π · c.

Therefore,
vπ (disc(ϕ)− disc(ψ))≥ vπ (disc(ϕ))+ 1

and thus tc(disc(ϕ))= tc(disc(ψ)). �

5. Proof of Proposition 2.6

Because of Lemma 2.4 we only need to consider the trailing coefficients of the
differences of roots in our considerations.

In the proof of the proposition we will use information obtained from the ramifi-
cation polygon of the polynomial ϕ ∈Qp[x] under consideration. We recall some
of the information that can be obtained from the ramification polygon; see [Greve
and Pauli 2012] for details.

Let α be a root of ϕ. The ramification polynomial of an Eisenstein polynomial ϕ
of degree n

ρ(x)=
ϕ(αx +α)

αn =

n∑
i=0

ρi x i
∈Qp(α)[x]

has the roots (α∗ − α)/α, where α∗ is a root of ϕ. The Newton polygon of the
ramification polynomial is called the ramification polygon of ϕ, it is independent of
the choice of α and an invariant of the extension Qp(α)≡Qp[x]/(ϕ). Its breaks
can only be at powers of p and the negatives of the slopes λ of the segments are the
valuations of the differences of the roots of ϕ. The length of the segment (in the
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i

vα(ρi )

1 p p2 pm−1 pm

−λ1

−λ2

−λm

(1, j)

(pm, 0)

Figure 1. Ramification polygon of an Eisenstein polynomial ϕ ∈
Qp[x] of degree pm with disc(ϕ)= pm

+ j − 1 generating a normal
cyclic extension, where ρ(x)= ϕ(αx +α)/(α pm

)=
∑pm

i=0 ρi x i
∈

Qp(α)[x] with α a root of ϕ is the ramification polynomial of ϕ.

direction of the horizontal axis) with slope λ is the number of roots α∗ of ϕ such
that vα(α−α∗)= λ+ 1.

When Qp[x]/(ϕ) is normal the differences of the roots of ϕ are in Qp[x]/(ϕ)
and thus the slopes λi of the segments of the ramification polygon are integral.
Furthermore the roots of the residual polynomials of the segment of slope λ are of
the form

γ =

(
α∗−α

αλ+1

)
,

and thus tc(α∗−α)= γ . As Qp[x]/(ϕ) is normal we have γ ∈ Fp. The normality
also implies that the lengths of the segments of the ramification polygon are pi

−pi−1

for 1≤ i ≤ m and that all elements of F×p are roots of the residual polynomial of
each segment.

Proof of Proposition 2.6. The polynomial ϕ is an Eisenstein polynomial of degree pm.
As the extension generated by ϕ is normal, the slopes of the segments are integers.
It follows from the symmetry of the roots and the normality of the extension that
the breaks in the polygon are exactly at 1, p, p2, . . . , pm−1; see Figure 1. So the
lengths of the segments with finite slope are p− 1, p2

− p, . . . , pm
− pm−1.

As Q×p = F×p only has p− 1 distinct elements it follows from the symmetry of
the roots that we get for any root α of ϕ that∏

vp(α−α∗)=λ1

tc(α−α∗)=
∏
γ∈F×p

γ =−1, (2)

where the α∗ are roots of ϕ and −λ1 is the slope of the first segment of the
ramification polygon from Figure 1. Similarly, again because of normality and
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symmetry, taking into consideration the lengths of the segment for the second to
the n-th segments with slopes λi of length pi

− pi−1 using that p is odd, we get∏
vp(α−α∗)=λi

tc(α−α∗)=
(∏
γ∈F×p

γ

)pi−1

= (−1)pi−1
=−1. (3)

Equations (2) and (3) yield

tc(disc(ϕ))= (−1)
pm (pm

−1)
2

∏
α∗ 6=α

tc(α−α∗)

= (−1)
pm (pm

−1)
2

∏
α

m∏
i=1

∏
vp(α−α∗)=λi

tc(α−α∗)

= (−1)
pm (pm

−1)
2 ((−1)m)pm

= (−1)m+
pm (pm

−1)
2 .

Recall that p is odd. When m is even we have pm
≡ 1 mod 4 so (pm

− 1)/2 ≡
0 mod 4, which implies tc(disc(ϕ)) = 1. Similarly, if m is odd and p ≡ 1 mod 4
then (pm

−1)/2≡ 0 mod 4, so tc(disc(ϕ))=−1, and if m is odd and p≡ 3 mod 4
then (pm

− 1)/2≡ 1 mod 4, so tc(disc(ϕ))= 1. �

6. Proof of Theorem 2.7 and Corollary 2.8

Before we get to the proof of the theorem and corollary we give some auxiliary
results. In the proofs below we use that tc(Res(ϕ, ϕ′))= tc(disc(ϕ))(−1)n(n−1)/2,
where Res(ϕ, ϕ′) denotes the resultant of ϕ and ϕ′ and the degree of ϕ is n.

To determine the trailing coefficient of the discriminant of Eisenstein polynomials
ϕ of degree p over Qp for p odd we distinguish the three cases presented in Table 1.
The case vpdisc(ϕ)= 2p− 2 in which Galϕ ∼= C p is covered by Proposition 2.6.

Lemma 6.1. Let p be an odd prime and ϕ∈Qp[x] be of degree p, with vp(disc(ϕ))=
2p−1. Then tc(disc(ϕ))= (−1)p(p−1)/2.

Proof. If ϕ is a degree-p polynomial with vp(disc(ϕ)) = 2p − 1, it must be of
the form ϕ(x)= x p

+ p(1+ ap) for a ∈ {1, . . . , p− 1} or generate an isomorphic
extension to such a polynomial [Jones and Roberts 2006, Table 2.1]. However, using
Theorem 2.5, we can reduce to the case where the polynomials are exactly of this
form since we are only concerned with the trailing coefficient of the discriminant.
We compute ϕ′(x)= px p−1. Then 0 is a root of ϕ′ with multiplicity p−1. To show
tc(disc(ϕ))= (−1)p(p−1)/2 we show tc(Res(ϕ, ϕ′))= 1. We have

Res(ϕ, ϕ′)= p p(p(1+ ap))p−1
= p2p−1(1+ ap)p−1.

Thus
tc(Res(ϕ, ϕ′))= (1+ ap)p−1

= 1p−1
= 1. �



756 C. AWTREY, A. GAURA, S. PAULI, S. RUDZINSKI, A. UY AND S. ZINZER

ϕ ∈Qp[x] parameters vp(disc(ϕ)) Gal(ϕ)

1≤ a ≤ p−1
x p
+apx j

+ p 1≤ j ≤ p−1 p+ j−1 C p oCd

( j, a) 6= (p−1, p−1)

x p
− px p−1

+ p(1+ap) 0≤ a ≤ p−1 2p−2 C p

x p
+ p(1+ap) 0≤ a ≤ p−1 2p−1 C p oC p−1

Table 1. Families of generating polynomials of extensions of
degree p of Qp for p odd with their Galois group. We have
d = (p−1)/ gcd((p−1)/m, j), where m is the order of aj in F×p

for a = γ ·(−1) j+1 j−1. See [Jones and Roberts 2006].

Lemma 6.2. Let ϕ be an Eisenstein polynomial in Qp of the form x p
+ apx j

+ p
for a, j ∈ {1, . . . , p−1} and j and a not both equal to p−1. Then tc(Res(ϕ, ϕ′))=
(−1) j+1aj .

Proof. As ϕ(x)= x p
+ apx j

+ p we have

ϕ′(x)= px p−1
+ apj x j−1

= px j−1(x p− j
+ aj).

The polynomial ϕ′ has 0 as a root with multiplicity j−1 and p− j roots r0, . . . ,rp− j−1

with r p− j
k =−aj for 0≤ k ≤ p− j − 1 of multiplicity 1.

Let ξ ∈Qp be a primitive (p− j)-th root of unity and fix a nonzero root r0 of ϕ′;
then the other nonzero roots are of the form rk = ξ

krp− j , where k= 1, . . . , p− j−1.
Writing ϕ(x)= x j (x p− j

+ ap)+ p and evaluating ϕ at the roots of ϕ′ we obtain

Res(ϕ,′ )= p p p j−1k = 0p− j−1
[(ξ kr0)

j (r p− j
0 + ap)+ p].

Hence

tc(Res(ϕ, ϕ′))=
p− j−1∏

k=0

[(ξ kr0)
j
· (r p− j

0 + ap)+ a]

=

p− j−1∏
k=0

[ξ k j
· r j+p− j

0 ] = r p(p− j)
0 ·

p− j−1∏
k=0

ξ k j

= (r0)
p− j
· ξ j

∑p− j−1
0 k

= (−aj) · ξ j (p− j)(p− j−1)
2

=−aj · (ξ
p− j

2 ) j (p− j−1)
= (−1) j+1aj . �

Proof of Theorem 2.7. Let ϕ ∈Qp[x] be Eisenstein of degree p such that Gal(ϕ) 6=
C p and vp(disc(ϕ)) 6= 2p− 1. For each of these extensions, there is exactly one
polynomial of the form x p

+ apx j
+ p for a, j ∈ {1, . . . , p− 1} where p+ j − 1
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is the valuation of the discriminant and j and a are both not equal to p− 1 [Jones
and Roberts 2006, Proposition 2.3.1].

Thus there exists some ψ(x)= x p
+apx j

+ p (for fixed a and j ) that generates
an extension isomorphic to ϕ. By Theorem 2.5, vp(Res(ϕ, ϕ′))= vp(Res(ψ,ψ ′))
and tc(Res(ϕ, ϕ′))= tc(Res(ψ,ψ ′)). With Table 1 and Lemma 6.2 we get

j = vp(Res(ϕ, ϕ′))− p+ 1 and a = tc(Res(ϕ, ϕ′))= (−1) j+1 j−1.

No two distinct j ∈ {1, . . . , p− 1} have the same multiplicative inverse modulo p.
Also for a fixed j , no two distinct possible values of tc(Res(ϕ, ϕ′)) give the same
value of a. Thus vp(Res(ϕ, ϕ′)) and tc(Res(ϕ, ϕ′)) uniquely determine ψ , and
therefore the extension. �

Proof of Corollary 2.8. If vp(Res(ϕ, ϕ′))= 2p− 1, then Gal(ϕ)= C p oC p−1.
Suppose vp(Res(ϕ, ϕ′))= 2p− 2 and tc(Res(ϕ, ϕ′))=−1. Then ϕ is either in

the first or second family in Table 1, since vp(Res(ϕ, ϕ′))= 2p−2. By Lemma 6.2
we have tc(Res(ϕ, ϕ′))= (−1) j+1aj . Since j = p− 1,

−1= tc(Res(ϕ, ϕ′))= (−1)pa(p− 1)= a.

Hence ϕ must be in the second row of the table, that is, Gal(ϕ)= C p.
Otherwise, compute a and j as in Theorem 2.7. In Table 1,

d =
p− 1

gcd((p− 1)/m, j)
,

where m is the order of aj in F×p [Jones and Roberts 2006]. The size of the Galois
group is p · d and the Galois group is C p oCd . �

Acknowledgments

The results presented in this paper were obtained during the Research Experience
for Undergraduates “Computational research on local fields and Galois groups” at
Elon University in the summer of 2018, which was supported by Elon University,
the National Security Agency (grant H98230-18-1-0012), and the University of
North Carolina Greensboro. We also would like to thank the anonymous referee
for the helpful comments.

References

[Amano 1971] S. Amano, “Eisenstein equations of degree p in a p-adic field”, J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 18 (1971), 1–21. MR Zbl

[Cassels 1986] J. W. S. Cassels, Local fields, London Mathematical Society Student Texts 3, Cam-
bridge University Press, 1986. MR Zbl

[Greve and Pauli 2012] C. Greve and S. Pauli, “Ramification polygons, splitting fields, and Galois
groups of Eisenstein polynomials”, Int. J. Number Theory 8:6 (2012), 1401–1424. MR Zbl

http://msp.org/idx/mr/308086
http://msp.org/idx/zbl/0231.12019
http://dx.doi.org/10.1017/CBO9781139171885
http://msp.org/idx/mr/861410
http://msp.org/idx/zbl/0595.12006
http://dx.doi.org/10.1142/S1793042112500832
http://dx.doi.org/10.1142/S1793042112500832
http://msp.org/idx/mr/2965757
http://msp.org/idx/zbl/1286.11201


758 C. AWTREY, A. GAURA, S. PAULI, S. RUDZINSKI, A. UY AND S. ZINZER

[Jones and Roberts 2006] J. W. Jones and D. P. Roberts, “A database of local fields”, J. Symbolic
Comput. 41:1 (2006), 80–97. MR Zbl

[Krasner 1966] M. Krasner, “Nombre des extensions d’un degré donné d’un corps p-adique”,
pp. 143–169 in Les tendances géom. en algèbre et théorie des nombres, Editions du Centre National
de la Recherche Scientifique, Paris, 1966. MR Zbl

[Pauli and Roblot 2001] S. Pauli and X.-F. Roblot, “On the computation of all extensions of a p-adic
field of a given degree”, Math. Comp. 70:236 (2001), 1641–1659. MR Zbl

Received: 2019-04-22 Revised: 2020-02-17 Accepted: 2020-09-15

cawtrey@elon.edu Department of Mathematics and Statistics, Elon University,
Elon, NC, United States

agaura@princeton.edu Department of Mathematics, Princeton University,
Princeton, NJ, United States

s_pauli@uncg.edu Department of Mathematics and Statistics,
University of North Carolina, Greensboro, NC, United States

sbrudzin@uncg.edu Department of Mathematics and Statistics,
University of North Carolina, Greensboro, NC, United States

auy@andrew.cmu.edu Department of Mathematical Sciences,
Carnegie Mellon University, Pittsburgh, PA, United States

szinzer@aurora.edu Department of Mathematics, Aurora University, Aurora, IL,
United States

mathematical sciences publishers msp

http://dx.doi.org/10.1016/j.jsc.2005.09.003
http://msp.org/idx/mr/2194887
http://msp.org/idx/zbl/1140.11350
http://msp.org/idx/mr/0225756
http://msp.org/idx/zbl/0143.06403
http://dx.doi.org/10.1090/S0025-5718-01-01306-0
http://dx.doi.org/10.1090/S0025-5718-01-01306-0
http://msp.org/idx/mr/1836924
http://msp.org/idx/zbl/0981.11038
mailto:cawtrey@elon.edu
mailto:agaura@princeton.edu
mailto:s_pauli@uncg.edu
mailto:sbrudzin@uncg.edu
mailto:auy@andrew.cmu.edu
mailto:szinzer@aurora.edu
http://msp.org


involve
msp.org/ involve

INVOLVE YOUR STUDENTS IN RESEARCH
Involve showcases and encourages high-quality mathematical research involving students from all
academic levels. The editorial board consists of mathematical scientists committed to nurturing
student participation in research. Bridging the gap between the extremes of purely undergraduate
research journals and mainstream research journals, Involve provides a venue to mathematicians
wishing to encourage the creative involvement of students.

MANAGING EDITOR
Kenneth S. Berenhaut Wake Forest University, USA

BOARD OF EDITORS
Colin Adams Williams College, USA

Arthur T. Benjamin Harvey Mudd College, USA
Martin Bohner Missouri U of Science and Technology, USA

Amarjit S. Budhiraja U of N Carolina, Chapel Hill, USA
Pietro Cerone La Trobe University, Australia

Scott Chapman Sam Houston State University, USA
Joshua N. Cooper University of South Carolina, USA
Jem N. Corcoran University of Colorado, USA

Toka Diagana University of Alabama in Huntsville, USA
Michael Dorff Brigham Young University, USA

Sever S. Dragomir Victoria University, Australia
Joel Foisy SUNY Potsdam, USA

Errin W. Fulp Wake Forest University, USA
Joseph Gallian University of Minnesota Duluth, USA

Stephan R. Garcia Pomona College, USA
Anant Godbole East Tennessee State University, USA

Ron Gould Emory University, USA
Sat Gupta U of North Carolina, Greensboro, USA

Jim Haglund University of Pennsylvania, USA
Johnny Henderson Baylor University, USA
Glenn H. Hurlbert Virginia Commonwealth University, USA

Charles R. Johnson College of William and Mary, USA
K. B. Kulasekera Clemson University, USA

Gerry Ladas University of Rhode Island, USA
David Larson Texas A&M University, USA

Suzanne Lenhart University of Tennessee, USA
Chi-Kwong Li College of William and Mary, USA

Robert B. Lund Clemson University, USA
Gaven J. Martin Massey University, New Zealand

Mary Meyer Colorado State University, USA
Frank Morgan Williams College, USA

Mohammad Sal Moslehian Ferdowsi University of Mashhad, Iran
Zuhair Nashed University of Central Florida, USA

Ken Ono Univ. of Virginia, Charlottesville
Yuval Peres Microsoft Research, USA

Y.-F. S. Pétermann Université de Genève, Switzerland
Jonathon Peterson Purdue University, USA

Robert J. Plemmons Wake Forest University, USA
Carl B. Pomerance Dartmouth College, USA

Vadim Ponomarenko San Diego State University, USA
Bjorn Poonen UC Berkeley, USA

Józeph H. Przytycki George Washington University, USA
Richard Rebarber University of Nebraska, USA

Robert W. Robinson University of Georgia, USA
Javier Rojo Oregon State University, USA

Filip Saidak U of North Carolina, Greensboro, USA
Hari Mohan Srivastava University of Victoria, Canada

Andrew J. Sterge Honorary Editor
Ann Trenk Wellesley College, USA
Ravi Vakil Stanford University, USA

Antonia Vecchio Consiglio Nazionale delle Ricerche, Italy
John C. Wierman Johns Hopkins University, USA
Michael E. Zieve University of Michigan, USA

PRODUCTION
Silvio Levy, Scientific Editor

Cover: Alex Scorpan

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2020 is US $205/year for the electronic
version, and $275/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues and changes of
subscriber address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of
California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

Involve peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/involve
http://msp.org/involve
http://msp.org/
http://msp.org/


inv lve
a journal of mathematics

involve
2020 vol. 13 no. 5

721Set-valued domino tableaux and shifted set-valued domino tableaux
FLORENCE MAAS-GARIÉPY AND REBECCA PATRIAS

747The first digit of the discriminant of Eisenstein polynomials as an invariant of
totally ramified extensions of p-adic fields

CHAD AWTREY, ALEXANDER GAURA, SEBASTIAN PAULI, SANDI

RUDZINSKI, ARIEL UY AND SCOTT ZINZER

759Counting pseudo progressions
JAY CUMMINGS, QUIN DARCY, NATALIE HOBSON, DREW HORTON,
KEITH RHODEWALT, MORGAN THROCKMORTON AND RY

ULMER-STRACK

781Growth series for graphs
WALTER LIU AND RICHARD SCOTT

791Peg solitaire in three colors on graphs
TARA C. DAVIS, ALEXXIS DE LAMERE, GUSTAVO SOPENA, ROBERTO

C. SOTO, SONALI VYAS AND MELISSA WONG

803Disagreement networks
FLORIN CATRINA AND BRIAN ZILLI

823Rings whose subrings have an identity
GREG OMAN AND JOHN STROUD

829Simple graphs of order 12 and minimum degree 6 contain K6 minors
RYAN ODENEAL AND ANDREI PAVELESCU

845Mixed volume of small reaction networks
NIDA OBATAKE, ANNE SHIU AND DILRUBA SOFIA

861Counting profile strings from rectangular tilings
ANTHONY PETROSINO, ALISSA SCHEMBOR AND KATHRYN

HAYMAKER

871Isomorphisms of graded skew Clifford algebras
RICHARD G. CHANDLER AND NICHOLAS ENGEL

879Eta-quotients of prime or semiprime level and elliptic curves
MICHAEL ALLEN, NICHOLAS ANDERSON, ASIMINA HAMAKIOTES,
BEN OLTSIK AND HOLLY SWISHER

involve
2020

vol.13,
no.5

http://dx.doi.org/10.2140/involve.2020.13.721
http://dx.doi.org/10.2140/involve.2020.13.747
http://dx.doi.org/10.2140/involve.2020.13.747
http://dx.doi.org/10.2140/involve.2020.13.759
http://dx.doi.org/10.2140/involve.2020.13.781
http://dx.doi.org/10.2140/involve.2020.13.791
http://dx.doi.org/10.2140/involve.2020.13.803
http://dx.doi.org/10.2140/involve.2020.13.823
http://dx.doi.org/10.2140/involve.2020.13.829
http://dx.doi.org/10.2140/involve.2020.13.845
http://dx.doi.org/10.2140/involve.2020.13.861
http://dx.doi.org/10.2140/involve.2020.13.871
http://dx.doi.org/10.2140/involve.2020.13.879

	1. Introduction
	2. Main results
	3. Proof of Theorem 2.2
	4. Proof of Theorem 2.5
	5. Proof of Proposition 2.6
	6. Proof of Theorem 2.7 and Corollary 2.8
	Acknowledgments
	References
	
	

